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Distributed Optimal Steady-state Control Using Reverse- and
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Abstract— In this paper, we consider the problem of distributed control for linear network systems to achieve optimal
steady-state performance. Motivated by recent research on reengineering cyber-physical systems, we propose a reverse- and
forward-engineering framework which consists of two steps.
Firstly, we reverse-engineer a dynamic system as a gradient
algorithm to solve an optimization problem. Secondly, we
use a forward-engineering approach to systematically design
distributed control or modify the existing control. As a result,
the system can automatically track the optimal solution of
a predefined optimization problem and the control scheme
can be implemented in a distributed and closed-loop manner.
In order to investigate how general this framework is, we
establish necessary and sufficient conditions under which a
linear dynamic system can be reverse-engineered as a gradient
algorithm to solve an optimization problem. Those conditions
are characterized using properties of system matrices and
relevant linear matrix inequalities. A practical example regarding frequency control in power systems demonstrates the
effectiveness of the proposed framework.

I. I NTRODUCTION
In recent years, smart communication, computing, sensing,
and actuation technologies have been stimulating the emergence of multi-agent network systems, including the smart
grid [1], smart home [2], mobile robots [3], and intelligent
transportation systems [4]. The efficient and robust operation
of the network systems plays a key role in economic development and environmental sustainability of modern society.
Because those network systems are usually operated under
an uncertain environment and with incomplete information,
to ensure their economic efficiency and stability, the conventional operation is usually divided into two different
time-scales. At a slow time-scale, efficient nominal operating points are determined using optimization methods with
predictions of future uncertainties, e.g., disturbances. At
a fast time-scale or in real time, the efficient points are
tracked and stability of the system is ensured using control
techniques. However, as the uncertainties fluctuate faster and
by a larger amount, this time-scale separation framework
could induce economic inefficiency, poor robustness, and
even instability. For example, in power grids, increasing
penetration of distributed energy sources introduce fast and
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large fluctuations in both supply and demand. As a result,
conventional frequency control schemes, e.g., automatic generation control, become much less economically efficient [5].
The objective of this paper is to modify/redesign the
existing system dynamics and built-in control mechanisms
so that the fast time-scale controller can track the efficient
operating points automatically. We call this control as optimal steady-state control. The idea of using a dynamic
system to track an implicitly defined optimal point originated
in [6]. Also, this problem was recently studied in [7]–[9], in
which the controllers were designed based on a dynamic
extension of the Karush-Kuhn-Tucker (KKT) condition, a
method of saddle point flows with backstepping, and a dual
-subgradient method respectively.
In this paper, we propose a reverse- and forwardengineering approach to address the problem of optimal
steady-state control in network systems. Firstly, we reverseengineer a dynamic system as a gradient algorithm to
solve an optimization problem. Secondly, we use a forwardengineering approach to systematically design control or
modify the existing control mechanisms. As a result, the
redesigned system can automatically track the optimal solution of a predefined optimization problem. Moreover, under this approach, the resulting controller (i) has a distributed/decentralized structure and can be implemented in
a closed-loop manner (i.e., no information of external disturbances is needed); (ii) respects the system operating constraints; (iii) ensures an efficient and reliable network operation. Recent research in frequency control of power grids and
Internet congestion control has successfully demonstrated
that these systems can be re-engineered using a reverse- and
forward-engineering framework [5], [10]–[13].
However, there is not much work investigating the general
network systems – how general the reverse- and forwardengineering approach is. Specifically, (i) what kind of systems can be reverse-engineered; (ii) if a system can be
reverse-engineered, how to use forward-engineering to do
control (re)design. This paper will answer both of these questions, concentrating on Linear Time-Invariant (LTI) systems.
In Section II, we provide a formal problem setup on optimal
steady-state control and the concept of reverse- and forwardengineering using a saddle point method. In Section III, we
present a forward-engineering procedure to modify control
schemes for a special class of network systems to achieve
optimal steady-state performance. In Section IV, we develop
necessary and sufficient conditions under which a system
can be reverse-engineered as gradient algorithms to solve
optimization problems. Section V presents a practical ex-
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ample regarding frequency control in power networks and
Section VI concludes the paper.
Notations: x ∈ Rm is a column vector in an m-dimensional
Euclidean space Rm . X ∈ Rm×n is an m × n real matrix.
diag{?} is a diagonal matrix with corresponding entries ?
on the main diagonal. xT (xH ) is the transpose (conjugate
transpose) of x. Im is an identity matrix of size m × m. 0 is
a matrix of zeros with an appropriate dimension determined
by the context. eig(X) is the spectrum of a square matrix X.
X  0 (X  0) denotes that a square matrix X is positive
semi-definite (positive definite). ∇x f (x) or ∂f
∂x is the gradient
(as a column vector) of a scalar function f ∈ C 1 with respect
to x, where C n is the class of functions that are n times
continuously differentiable. ∇2x f (x) is the Hessian matrix
of a scalar function f ∈ C 2 with respect to x. The positive
projection of a function h(y) on a variable x, (h(y))+
x is:

h(y)
if x > 0
(h(y))+
.
x =
max(0, h(y)) if x = 0
II. P ROBLEM S ETUP AND P RELIMINARIES
A. Problem Setup
Consider a network system consisting of N subsystems
X
ẋi =
Aij xj + Bi ui + Ci wi , i = 1, · · · , N
(1)
j∈N (i)

and each subsystem is equipped with a built-in controller
X
X
u̇i =
Dij xj +
Eij uj + Fi wi , i = 1, · · · , N (2)
j∈N (i)

j∈N (i)

where xi (t) ∈ Rni is the state vector of subsystem i,
N (i) is the set of neighbouring subsystems of subsystem
i, Aij ∈ Rni ×nj , Bi ∈ Rni ×mi , ui (t) ∈ Rmi is the control
input vector to subsystem i, Ci ∈ Rni ×pi , wi (t) ∈ Rpi is
the exogenous input vector to subsystem i, e.g., disturbance
injection, Dij ∈ Rmi ×nj , Eij ∈ Rmi ×mj and Fi ∈ Rmi ×pi .
Here the dynamic feedback controller (2) is assumed to
have a distributed structure. For convenience, let x =
{x1 , P
· · · , xN }, u = P
{u1 , · · · , uN } and P
w = {w1 , · · · , wN },
N
N
N
n = i=1 ni , m = i=1 mi and p = i=1 pi .
Remark 1. System (1)-(2) describes a general class of network systems with built-in control mechanisms. Equation (2)
represents any distributed dynamic feedback controller with
order one or more. Moreover, Dij = 0, Eij = 0, Fi =
0, ∀j ∈ N (i) means that there is no such controller equipped
with subsystem i. Note that aPzero-order distributed state
feedback controller, i.e., ui = j∈N (i) Kij xj where Kij ∈
Rmi ×nj , can be included in the system dynamics (1) through
Aij . Lastly, Fi = 0 indicates that the controller of subsystem
i does not use any information of disturbance wi .
Suppose that the exogenous disturbance w is constant, and
that the closed-loop system (1)-(2) is stabilized and each
trajectory
converges to one point in the equilibrium
set X :=
P
P
{x|
A
x
+
B
u
+
C
w
=
0,
ij
j
i
i
i
i
j∈N (i)
j∈N (i) Dij xj +
P
E
u
+
F
w
=
0,
i
=
1,
·
·
·
,
N
}.
Now consider
i i
j∈N (i) ij j

the following optimization problem associated with the system under a constant disturbance w:
N
N
X
X
min
f
(x
)
+
gi (ui )
(3a)
i
i
n
m
x∈R ,u∈R

s.t.

X

i=1

i=1

Aij xj + Bi ui + Ci wi = 0

(3b)

j∈N (i)

X

Dij xj +

j∈N (i)

hi (xi , ui ) ≤ 0

X

Eij uj + Fi wi = 0

(3c)

j∈N (i)

(3d)

where i = 1, · · · , N , fi ∈ C 2 : Rni → R, gi ∈ C 2 : Rmi → R,
hi ∈ C 2 : Rni × Rmi → R. We assume that (3) is convex
(i.e., ∇2xi fi  0, ∇2ui gi  0 and ∇2xi ,ui hi  0 hold), feasible
and satisfies Slater’s constraint qualification [14]. This optimization problem usually defines a desired operating point
for the network system. For instance, in power systems,
problem (3) may be an Optimal Power Flow (OPF) problem
in which generation cost is minimized and consumption
utility is maximized subject to power flow balance constraints
and network operating constraints [15]. Another example is
the space satellite formation control in which problem (3) is
usually formulated as a consensus problem with respect to
the positions and velocities of space satellites [16].
Remark 2. In (3), there can be more inequality constraints
for each subsystem, i.e., Equation (3d) can be reformulated in
a vector form. For convenience, in this paper, we consider the
case in which there is only one inequality constraint for each
subsystem, while the result can be immediately extended.
The problem we study in this paper is to modify the existing controller (2) in a distributed and closed-loop manner
so that the system can track the optimal solution of (3)
automatically. In the existing literature and practice, e.g.,
frequency control in power systems, controller (2) is designed to drive the system to a predefined nominal operating
point which is derived by solving (3) using a prediction on
the future w. Moreover, the optimization problem is usually
solved (i) at a much slower time-scale compared with system
dynamics (1)-(2) and (ii) by using centralized optimization
or distributed optimization methods, both of which require
a certain amount of communication and computation. If
controller (2) can be modified to track the optimal solution
of (3) automatically and be implemented in a distributed
and closed-loop manner, then the system itself can adapt to
changes of uncertain disturbance w. Furthermore, measurement, communication and computation can be saved.
B. Preliminaries
In this paper, we focus on a special class of systems (1)(2), which can be interpreted as a primal-dual gradient algorithm [11], [17] to solve an unconstrained quadratic saddle
point problem. Given a function f ∈ C 2 : Ra × Rb → R,
(ỹ, z̃) is a saddle point of f if f (ỹ, z) ≤ f (ỹ, z̃) ≤ f (y, z̃)
for all y, z. Assume that for all y, z, ∇2y f  0, ∇2z f  0, and
the set {(y, z)|∇y,z f = 0} is nonempty. Then a primal-dual
gradient algorithm to solve maxz miny f (y, z) is:
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ẏ = −Ky
a×a

∂f
,
∂y

ż = Kz

∂f
∂z

can track the optimal solution of (3) automatically, under the
premise that system (1)-(2) belongs to Class-S 0 .
(4)

b×b

where Ky ∈ R
, Kz ∈ R
are positive definite constant matrices. We have the following lemma regarding the
convergence of (4) which can be inferred from [11], [17].
Lemma 1. Let f ∈ C 2 : Ra × Rb → R satisfy: for all
y, z, ∇2y f  0, ∇2z f  0, and the set {(y, z)|∇y,z f =
0} is nonempty. Then the trajectories of the primal-dual
gradient dynamics/saddle point dynamics (4) are bounded.
Furthermore, if f is either strictly convex in y or strictly
concave in z, each trajectory of (4) asymptotically converges
to a saddle point of f .
Formally speaking, we focus on a network system (1)-(2)
which belongs to following class:
Class-S 0 : System (1)-(2) belongs to Class-S 0 means that
there exists a function Lsys (x(1) , x(2) , u) : Rm+n → R and
positive definite matrices Px(1) , Px(2) and Pui , i = 1, · · · , N
such that ∇2x(1) Lsys  0, ∇2x(2) ,u Lsys  0, the saddle
point set {(x(1) , x(2) , u)|∇x(1) ,x(2) ,u Lsys = 0} is nonempty,
and (1)-(2) is a primal-dual gradient algorithm to solve
maxx(1) minx(2) ,u Lsys , i.e.,
ẋ = diag {Px(1) , −Px(2) }
u̇i = −Pui

Step 1): Introduce auxiliary decision variables
Modify problem (3) by replacing x (xi ) with an auxiliary
decision vector y ∈ Rn (yi ∈ Rni ):
N
N
X
X
min
f
(y
)
+
gi (ui )
(5a)
i i
n
m
y∈R ,u∈R

subject to

X

Dij yj +

j∈N (i)

(5b)

Eij uj + Fi wi = 0 (5c)

j∈N (i)

hi (yi , ui ) ≤ 0, where i = 1, · · · , N.

(5d)

Step 2): Merge objective functions
Since problem (5) is convex and strong duality holds, derive
a saddle point problem corresponding to (5), given by
min
n

maxm

ζi ∈Rni ,λi ∈R

−

N
X

i ,µi ≥0

y∈R ,u∈R

Lop =
m

fi (yi ) +


X

ζiT 

i=1

N
X

Aij yj + Bi ui + Ci wi  +

gi (ui )

i=1
N
X

µi hi (yi , ui )

i=1

j∈N (i)

N
X

N
X

i=1






X

λTi 

i=1

The motivation to consider this special class includes:
(i) recent research has demonstrated that there are many
cyber-physical systems, such as power systems and Internet
congestion control protocols, belonging to this class [12],
[13]; (ii) if a system belongs to Class-S 0 , then we have a
‘forward-engineering’ procedure to modify the controller (2)
for achieving the optimal steady-state performance described
in (3), which is demonstrated in Section III.
Although some recent work has shown that power system
frequency control and Internet congestion control belong to
Class-S 0 , fundamental questions remain. For example, how
general this class is? Do we have a rigorous and general
characterization of this class in terms of the property of
system matrices? These questions lead to Section IV in which
we study reverse-engineering for general LTI systems.

i=1

Aij yj + Bi ui + Ci wi = 0

X

−

Remark 3. In the above definition, (i) state x is partitioned
into x(1) and x(2) ; (ii) u is required as a minimizer; (iii) the
gain matrix for u̇ is block diagonal consisting of Pui , i =
1, · · · , N , i.e, u̇ has a distributed structure. The definition
can be extended to the case where u is required as a
maximizer (by adding a minus sign before Lsys ). For ease of
exposition, we only focus on the class in the above definition.

i=1

j∈N (i)

∂Lsys
∂x

∂Lsys
, i = 1, · · · , N.
∂ui

X

X

Dij yj +

j∈N (i)

Eij uj + Fi wi 

(6)

j∈N (i)

where ζi ∈ Rni , λi ∈ Rmi , µi ≥ 0 are Lagrangian multipliers (dual variables) for the constraints in (5). By adding
Lsys , we obtain an augmented saddle point problem:
max

min
(1)

ζi ∈Rni ,λi ∈Rmi ,µi ≥0,x(1) ∈Rn

(2)

Lau

y∈Rn ,u∈Rm ,x(2) ∈Rn

= Lsys + γLop

(7)

where γ > 0. The next lemma shows the properties of Lau .
Lemma 2. ∇2y,u,x(2) Lau  0 and ∇2ζi ,λi ,µi ,x(1) Lau  0 hold.
Moreover, if A is invertible in (1) (here we rewrite (1) as ẋ =
Ax + Bu + Cw, where A ∈ Rn×n , B ∈ Rn×m , C ∈ Rn×p ),
then (y, u, x, ζi , λi , µi ) is a saddle point of Lau if and only
if (y, u, ζi , λi , µi ) is a saddle point of Lop and (x, u) is a
saddle point of Lsys .
Proof. See the Appendix.
Step 3): Forward-engineering
With the new saddle point function Lau , derive the following
saddle point dynamics:
X
ẋi =
Aij xj + Bi ui + Ci wi
(8a)

III. F ORWARD - ENGINEERING FOR C ONTROL
M ODIFICATION

j∈N (i)

u̇i =

X
j∈N (i)

−BiT ζi −

In this section we will provide a procedure to modify the
controller of system (1)-(2) so that the closed-loop system
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Dij xj +

X

Eij uj + Fi wi − γPui

j∈N (i)

X

T
Eji
λj + µi

j∈N (i)

û˙ i =K̂eui (ui − ûi )

∂gi
∂ui


∂hi
+ Keui (ui − ûi ) (8b)
∂ui
(8c)

˙
ζ̂i =K̂eζi (Kζi (ζ̃i − xi ) − ζ̂i )
(10b)

X
∂gi
˙
λ̃i =
Dij (xj − yj ) − γPui
− BiT Kζi (ζ̃i − xi )
∂ui


X
X
∂fi
∂hi
T
−
ATji ζj −
Dji
λj + µi
∂yi
∂yi
j∈N (i)
j∈N (i)

+ Keyi (yi − ŷi )
(8d)

ẏi = − Kyi 

j∈N (i)

−

ŷ˙ i =K̂eyi (yi − ŷi )
(8e)


X
ζ̇i = − Kζi 
Aij yj + Bi ui + Ci wi + Keζi (ζi − ζ̂i )

j∈N (i)

j∈N (i)

!
+ Keλi (λi − λ̂i )

(8h)

˙
λ̂i =K̂eλi (Kλi (λ̃i − ui ) − λ̂i )

(10c)
(10d)

so that the extra states ζ̃i , λ̃i are independent of w.
For the optimality and stability of system (8), we have the
following theorem.
Theorem 1. If (1)-(2) belongs to Class-S 0 and A is Hurwitz1 ,
each trajectory of (8) asymptotically converges to an equilibrium point at which (x, u) is an optimal solution of (3).
Proof. See the Appendix.

˙
λ̂i =K̂eλi (λi − λ̂i )

(8i)

µ̇i =kµi (hi (yi , ui ))+
µi

(8j)

where Keui , K̂eui , Kλi , Keλi , K̂eλi ∈ Rmi ×mi , Kyi , Keyi ,
K̂eyi , Kζi , Keζi , K̂eζi ∈ Rni ×ni are positive definite constant diagonal matrices, kµi > 0, and i = 1, · · · , N .
The above saddle point algorithm is not exactly the primaldual gradient algorithm (4). It is a modified saddle point
algorithm given by the following lemma.
Lemma 3. Let f ∈ C 2 : Ra × Rb → R satisfy: for all y, z,
∇2y f  0, ∇2z f  0, and the set {(y, z)|∇y,z f = 0} is
nonempty. Then each trajectory of the modified saddle point
dynamics given by


∂f
ẏ = −Ky
+ Key (y − ŷ)
(9a)
∂y
ŷ˙ = K̂ey (y − ŷ)
(9b)


∂f
ż = Kz
− Kez (z − ẑ)
(9c)
∂z
ẑ˙ = K̂ez (z − ẑ)
(9d)
asymptotically converges to an equilibrium point at which
(y, z) is a saddle point of f . Here ŷ(t) ∈ Ra , ẑ(t) ∈ Rb are
auxiliary state vectors, and Key , K̂ey ∈ Ra×a , Kez , K̂ez ∈
Rb×b are positive definite constant diagonal matrices.
Proof. See the Appendix.
Remark 4. Note that system (8) is slightly different from the
formulation (9), in which only ui , yi , ζi , λi are equipped with
auxiliary decision variables. Also, the positive projection
in (8j) does not affect the convergence property of the
dynamics [17]. Similar examples are shown in [18], [19].
Step 4): Closed-loop implementation
Let ζ̃i = xi + Kζ−1
ζi and λ̃i = ui + Kλ−1
λi . Rewrite
i
i
Equations (8f)-(8i) as (also substitute ζi = Kζi (ζ̃i −xi ), λi =
Kλi (λ̃i − ui ) to Equations (8b) and (8d))
X
˙
ζ̃i =
Aij (xj − yj ) − Keζi (Kζi (ζ̃i − xi ) − ζ̂i ) (10a)
j∈N (i)

∂hi
+ Keui
∂ui


× (ui − ûi ) − Keλi (Kλi (λ̃i − ui ) − λ̂i )

(8f)
(8g)

T
Eji
Kλj (λ̃j − uj ) + µi

j∈N (i)

j∈N (i)

˙
ζ̂i =K̂eζi (ζi − ζ̂i )

X
X
λ̇i = − Kλi 
Dij yj +
Eij uj + Fi wi

X

Going from the original closed-loop system (1)-(2) to the
modified one (8), we have introduced extra dynamics while
the structure of the original dynamic feedback controller is
preserved as shown in Equation (8b). The benefit of this
forward-engineering modification is summarized as follows.
First, the modification allows us to embed different types
of steady-state convex optimization problems. Second, as
long as the steady-state optimization problem is distributed,
e.g., with separable objective functions and local constraints
as shown in problem (3), the resulting extra dynamics are
completely distributed as given in system (8). Third, the
modification ensures that the closed-loop system can achieve
optimal steady-state performance without any information on
the constant disturbance w, i.e., the system itself can adapt to
changes in the objective optimization problem (3). The case
when w is dynamically changing is left for future research.
IV. LTI S YSTEMS AS G RADIENT A LGORITHMS FOR
Q UADRATIC O PTIMIZATION
In the previous section, a forward-engineering framework
is presented to modify an existing control scheme for solving
optimal steady-state control problems. Class-S 0 is considered
as a prerequisite, which implies that the original closed-loop
system (1)-(2) can be reverse-engineered as a primal-dual
gradient algorithm to solve an unconstrained quadratic saddle
point problem. In this section, we investigate Class-S 0 by
studying what kind of systems belongs to it. Generally speaking, a system should be at least marginally stable [20] if it
can be interpreted as a primal-dual gradient algorithm for an
unconstrained quadratic saddle point problem, since system
trajectories are bounded in this case (recall Lemma 1). Also,
the equilibrium set of the system should be equivalent to
the saddle point set of the resulting problem. To limit the
scope of discussion, we only focus on reverse-engineering
continuous-time LTI systems that are in accord with (1)-(2).
1 Recall Lemma 2 for the definition of A. This assumption is also used
in [7], Chapter 5.2. On the other hand, if A is not Hurwitz, a static feedback
controller u = Kx, K ∈ Rn×n can be designed to pre-stabilize (1) first.
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A. LTI Autonomous Systems
We begin our investigation by studying a simple class of
systems, i.e., LTI autonomous systems. This allows us to
understand the insight behind the mathematical derivation
better. Consider an LTI autonomous system:
ẋ = Ax

(11)

where x(t) ∈ Rn is the state vector and A ∈ Rn×n . First, let
us study the following class of autonomous systems which
can be reverse-engineered as gradient algorithms for solving
an unconstrained convex quadratic programming problem.
Class-O: System (11) belongs to Class-O means that there
exists a function L(x) : Rn → R and a positive definite
matrix P ∈ Rn×n such that ∇2x L  0, {x|∇x L = 0} is
nonempty, and (11) is a gradient algorithm to solve maxx L,
i.e., ẋ = P ∂L
∂x .
Since (11) is linear, if (11) belongs to Class-O, then the
associated L must be a convex quadratic function, i.e., L =
1 T
2 x Qx for some Q  0. Therefore, system (11) belongs
to Class-O if and only if there exist matrices P  0 and
Q  0 such that A = P Q holds. This leads to our first
result regarding reverse-engineering.
Theorem 2. System (11) belongs to Class-O if and only
if (11) is marginally or asymptotically stable, eig(A) ∈ R
and A is diagonalizable2 .
Proof. Necessity. Suppose that system (11) is a gradient
algorithm to solve an unconstrained convex quadratic programming problem given by
maxn L =

x∈R

1 T
x Qx
2

(12)

where Q ∈ Rn×n satisfies Q = QT  0. Then the
trajectories of (11) are bounded under Lemma 1, and there
exists a matrix P = P T ∈ Rn×n and P  0, so that ẋ =
P ∂L
∂x = P Qx = Ax is always true. i.e., A = P Q holds. This
leads to P −1 A = AT P −1 which is equivalent to eig(A) ∈ R
and A is diagonalizable, based on Lemma 4 in the Appendix.
Also, system (11) is marginally or asymptotically stable.
Sufficiency. Because system (11) is marginally or asymptotically stable, eig(A) ∈ R and A is diagonalizable, A
can be written as a diagonal canonical form A = JΛJ −1
where J ∈ Rn×n and Λ  0. Under Lemma 4, there exists
a positive definite matrix V ∈ Rn×n so that V Λ = ΛV
holds. Based on Lemma 1 in [21], we have V Λ  0.
Define a matrix P = JV −1 J T . Then P −1 A = AT P −1 
0 holds. Considering the unconstrained convex quadratic
programming problem (12) where Q = P −1 A, we conclude
that system (11) belongs to Class-O.

system (11) as a primal-dual gradient algorithm to solve an
unconstrained quadratic saddle point problem. Consider the
following class of systems.
Class-S: System (11) belongs to Class-S means that there
exists a function L(x(1) , x(2) ) : Rn → R and positive definite
matrices Px(1) , Px(2) such that ∇2x(1) L  0, ∇2x(2) L  0, the
saddle point set {x|∇x L = 0} is nonempty, and (11) is a
primal-dual gradient algorithm to solve maxx(1) minx(2) L,
i.e., ẋ = diag {Px(1) , −Px(2) } ∂L
∂x .
In the above definition, state x is partitioned into x(1) and
x . Similarly, (11) is rearranged in the following form3
 (1)  

ẋ
A11 A12
=
x
(13)
A21 A22
ẋ(2)
{z
}
| {z } |
(2)

A

ẋ

(1)

n1

(2)

n2

where x (t) ∈ R , x (t) ∈ R , and n1 + n2 = n.
Using similar arguments as before, we only need to focus
on a function L in a quadratic form, i.e.,


1 T Q11 Q12
x
(14)
L= x
QT12 Q22
2
|
{z
}
Q

where Q11 ∈ Rn1 ×n1 satisfies Q11 = QT11  0 (i.e., L is
concave in x(1) ), Q22 ∈ Rn2 ×n2 satisfies Q22 = QT22  0
(i.e., L is convex in x(2) ), and Q12 ∈ Rn1 ×n2 . Based on the
definition of Class-S, we have the following theorem.
Theorem 3. System (13) belongs to Class-S if and only if
the following conditions are satisfied: (i) (13) is marginally
or asymptotically stable; (ii) the eigenvalues of both A11
and A22 are non-positive real; (iii) both A11 and A22 are
diagonalizable with the diagonal canonical forms given by
A11 = J1 Λ1 J1−1 , J1 ∈ Rn1 ×n1 , A22 = J2 Λ2 J2−1 , J2 ∈
Rn2 ×n2 , and there exist V1 and V2 such that
(J1−1 )T V1 J1−1 A12 + AT21 (J2−1 )T V2 J2−1 = 0
V1 Λ1 = Λ1 V1 , V2 Λ2 = Λ2 V2
V1  0, V2  0.

(15)

Proof. Necessity. Suppose that system (13) is a primal-dual
gradient algorithm to solve maxx(1) minx(2) L where L is
given by (14). Then the trajectories of (13) are bounded
under Lemma 1, and there exist matrices Px(1) ∈ Rn1 ×n1
and Px(2) ∈ Rn2 ×n2 satisfying Px(1) = PxT(1)  0 and
Px(2) = PxT(2)  0, so that Q = diag{Px(1) , −Px(2) }−1 A =
AT diag{Px(1) , −Px(2) }−1 holds. This equation leads to
−1
T
Px−1
(1) A11 = A11 Px(1) = Q11  0
−1
T
Px−1
(2) A22 = A22 Px(2) = −Q22 
−1
T
Px−1
(1) A12 + A21 Px(2) = 0.

0

(16a)
(16b)
(16c)

Theorem 2 proposes a necessary and sufficient condition
to reverse-engineer system (11) as a gradient algorithm to
solve a related unconstrained convex quadratic programming
problem. We now study the case where we can interpret

Based on Lemma 4 in the Appendix, (16a)-(16b) are equivalent to eig(A11 ) ∈ R, A11 is diagonalizable, eig(A22 ) ∈ R,
A22 is diagonalizable, and moreover, the eigenvalues of both

2 We use eig(A) ∈ R to indicate that all eigenvalues of A are real
numbers, although eig(A) is a set.

3 In this section, we abuse notation e.g., A , n , λ , B , C , whose
ij
i
i
i
i
meaning should be clear from the context.
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A11 and A22 are non-positive (otherwise, for example, there
would exist a positive eigenvalue of A11 and a corresponding
non-zero eigenvector, denoted by λ1 and xλ1 , for which
−1
T
xTλ1 Px−1
(1) A11 xλ1 = λ1 xλ1 Px(1) xλ1 > 0, i.e., a contradiction
T −1
to (16a)). By defining V1 = J1T Px−1
(1) J1 , V2 = J2 Px(2) J2 ,
condition (iii) holds, which completes the proof of necessity.
Sufficiency. Let conditions (i)-(iii) be true. Consider the
following unconstrained quadratic saddle point problem:
max

min L =

x(1) ∈Rn1 x(2) ∈Rn2

1 T −1
x P Ax
2

(17)

where P −1 = diag{(J1−1 )T V1 J1−1 , −(J2−1 )T V2 J2−1 }. Due
to V1 Λ1  0, V2 Λ2  0, L is concave in x(1) and
convex in x(2) . Define matrices Px(1) = J1 V1−1 J1T  0,
Px(2) = J2 V2−1 J2T  0. Under Lemma 1, the trajectories of the primal-dual gradient algorithm given by ẋ =
diag {Px(1) , −Px(2) } ∂L
∂x are bounded, which is the same
as (13). So we conclude that (13) belongs to Class-S.
Theorem 3 establishes a necessary and sufficient condition
to reverse-engineer (13) as a primal-dual gradient algorithm
to solve an unconstrained quadratic saddle point problem.
One of the conditions is to check the feasibility of (15). This
problem is actually a Semi-Definite Programming (SDP)
problem which can be solved using SDP solvers, e.g.,
SeDuMi [22]. Similar to Remark 3, adding a minus sign
before L leads to an alternative formulation of (17) in which
x(1) appears a minimizer and x(2) appears a maximizer.
B. LTI Systems with Inputs
In this subsection, we extend the results in Theorems 2-3
to LTI systems with inputs. Consider the following system
ẋ = Ax + Bu + Cw

(18)

where x(t) ∈ Rn is the state vector, A ∈ Rn×n , B ∈ Rn×m ,
u(t) ∈ Rm is the control input vector, C ∈ Rn×p , and w(t) ∈
Rp is the exogenous input vector, e.g., disturbance injection.
Remark 5. A given LTI closed-loop system with either static
feedback or dynamic feedback can be rearranged to fit (18).
More specifically, system (1)-(2) can be rearranged as:




 
ẋ
A B
C
=
x̃ +
w
u̇
D E
F
| {z } | {z }
| {z }
x̃˙

Ã

C̃

where u is included in the augmented state vector x̃.



The following result follows from Theorem 2.
Theorem 4. Let u, w be constant in system (18) and the set
{x|Ax + Bu + Cw = 0} be nonempty. System (18) belongs
to Class-O if and only if (18) is marginally or asymptotically
stable, eig(A) ∈ R and A is diagonalizable.

where P is positive definite satisfying P −1 A = AT P −1 .
In the above theorem, we have extended the definition
of Class-O to include linear systems with inputs, which is
straightforward. Similar to (13), let us partition system (18)
in the form
 (1)  

A11 A12
ẋ
=
x + Bu + Cw
(19)
A21 A22
ẋ(2)
{z
}
| {z } |
where x(1) (t) ∈ Rn1 , x(2) (t) ∈ Rn2 and n1 + n2 = n. We
then obtain the following theorem.
Theorem 5. Let u, w be constant in (19) and the set {x|Ax+
Bu+Cw = 0} be nonempty. System (19) belongs to Class-S
if and only if the following conditions are satisfied: (i) (19)
is marginally or asymptotically stable; (ii) the eigenvalues of
both A11 and A22 are non-positive real; (iii) both A11 and
A22 are diagonalizable with the diagonal canonical forms
A11 = J1 Λ1 J1−1 , J1 ∈ Rn1 ×n1 , A22 = J2 Λ2 J2−1 , J2 ∈
Rn2 ×n2 , and there exist V1 and V2 such that (15) holds.
Proof. The proof is similar to that of Theorem 3, by replacing problem (17) with the following unconstrained quadratic
saddle point problem:
1
max
min L = xT P −1 Ax + xT P −1 (Bu + Cw)
n
n
(1)
(2)
1
2
2
x ∈R x ∈R
where P −1 = diag{(J1−1 )T V1 J1−1 , −(J2−1 )T V2 J2−1 }.
In the above theorem, we have extended the definition
of Class-S to include linear systems with inputs. Because
Class-S 0 is a subset of Class-S, we can apply the results to
system (1)-(2) and Class-S 0 . Partition (1) in the form (19)
and rearrange (1)-(2) as
 (1)  



ẋ
C1
A11 A12 B1
 ẋ(2)  =  A21 A22 B2  x̃ +  C2  w (20)
F
D1 D2 E
u̇
{z
}
| {z }
| {z } |
x̃˙

(1)

x∈R

Ã

n1

(2)

C̃

n2

where x (t) ∈ R , x (t) ∈ R , n1 + n2 = n. Then the
following corollary is immediate.
Corollary 1. Let w be constant in (20) and the set {x̃|Ãx̃ +
C̃w = 0} be nonempty. System (20) belongs to Class-S 0 if
and only if the following conditions are satisfied: (i) (20) is
marginally or asymptotically stable;(ii) the eigenvalues
of

A22 B2
A11 , A22 , E, Eii , i = 1, · · · , N and
are nonD2 E
positive real, and these matrices are diagonalizable; (iii) let
the diagonal canonical forms of A11 , A22 , Eii , i = 1, · · · , N
be A11 = J1 Λ1 J1−1 , J1 ∈ Rn1 ×n1 , A22 = J2 Λ2 J2−1 , J2 ∈
Rn2 ×n2 , Eii = JEi ΛEi JE−1
, JEi ∈ Rmi ×mi , there exist
i
V1 , V2 , VEi such that

Proof. The proof is similar to that of Theorem 2, by replacing problem (12) with the following unconstrained convex
quadratic programming problem:
maxn L =

A

ẋ

(J1−1 )T V1 J1−1 A12 + AT21 (J2−1 )T V2 J2−1 = 0
(J1−1 )T V1 J1−1 B1 + D1T diag{(JE−1
)T VEi JE−1
}=0
i
i
(J2−1 )T V2 J2−1 B2 − D2T diag{(JE−1
)T VEi JE−1
}=0
i
i

1 T −1
x P Ax + xT P −1 (Bu + Cw)
2

T
(JE−1
)T VEi JE−1
Eij − Eji
(JE−1
)T VEj JE−1
= 0, j ∈ N (i)
i
i
j
j
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Fig. 1: System response under two control schemes. The
black dashdot line in the bottom figure is the capacity upper
bound of Load 4 in the DC OPF problem.
V1 Λ1 = Λ1 V1 , V2 Λ2 = Λ2 V2 , VEi ΛEi = ΛEi VEi and
V1  0, V2  0, VEi  0 hold, where i = 1, · · · , N.
V. A P RACTICAL E XAMPLE
In this section, we provide a practical example to demonstrate the use of reverse- and forward-engineering for control
modification, where we consider frequency control in power
networks. In [23], a decentralized frequency integral control
scheme is investigated to restore system frequency in the
presence of disturbances. Regarding this scheme as a builtin control mechanism, we apply the proposed procedure
to redesign the closed-loop system that belongs to ClassS 0 . The objective is not only to restore the frequency, but
also to result in a better supply-demand balance respecting
system operating constraints, which can be described as a
DC OPF problem given in [12]. To illustrate the effective
performance of the modified control scheme, we use the
IEEE 14-bus network as an example. The parameters of the
network and the scenario are provided in Section IV in [12].
The simulation results are shown in Figure 1. Compared with
the case of using only integral control, the modified control
scheme leads to less cost and satisfies operating constraints.
Due to space limitation, we refer the details to [12].
VI. C ONCLUSION AND F UTURE W ORK
In this paper, we have studied distributed control for a class
of linear network systems to achieve optimal steady-state
performance using the framework of reverse- and forwardengineering. This framework consists of two steps: firstly,
seek an appropriate optimization problem that the system
dynamics implicitly solve (reverse-engineering); secondly,
modify the resulting optimization problem by incorporating a predefined optimization problem and derive control

mechanisms to solve the augmented optimization problem
(forward-engineering). In order to investigate how general this framework is, we have developed necessary and
sufficient conditions under which an LTI system can be
reverse-engineered as a gradient algorithm to solve either
(i) an unconstrained convex optimization problem or (ii)
an unconstrained saddle point problem. These conditions
are characterized using properties of system matrices and
relevant linear matrix inequalities.
This paper serves as our initial step towards developing
a reverse- and forward-engineering framework for system
control (re)design. In the future, we will focus on more general systems with more complexity. First, we will extend our
result to discrete-time LTI systems, and then focus on linear
time-varying systems. In addition, we will consider developing necessary and sufficient conditions to reverse-engineer
nonlinear dynamic systems. Another research direction is to
develop matrix partition methods for Theorems 3 and 5 in
Section IV. Last but not least, besides power networks, we
are interested in applying our result to do control (re)design
for other practical systems, e.g., Hamiltonian systems.
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A PPENDIX
Proof of Lemma 2. Due to ∇2y,u,x(2) Lau = ∇2y,u,x(2) Lsys +
γ∇2y,u,x(2) Lop , ∇2y,u,x(2) Lsys  0 and ∇2y,u,x(2) Lop  0,
we have ∇2y,u,x(2) Lau  0. Similarly, ∇2ζi ,λi ,µi ,x(1) Lau  0
holds. If A is invertible in (1), based on the KKT conditions [14], the following two sets are equivalent:
{(y, u, x, ζi , λi , µi )|(y, u, x, ζi , λi , µi ) is a saddle point of
Lau } ⇔ {(y, u, x, ζi , λi , µi )|(x, u) is a saddle point of Lsys ,
(y, u, ζi , λi , µi ) is a saddle point of Lop }
and furthermore, y = x holds. Thus, (y, u, x, ζi , λi , µi ) is a
saddle point of Lau if and only if (y, u, ζi , λi , µi ) is a saddle
point of Lop and (x, u) is a saddle point of Lsys .

(y ∗ , z ∗ ) is a saddle point of f . When U̇ = 0, we have y =
ŷ, z = ẑ, leading to ŷ˙ = ẏ = 0, ẑ˙ = ż = 0. So ∂f
∂y = 0 and
∂f
=
0
hold,
indicating
that
(y,
z)
is
a
saddle
point of f .
∂z
From LaSalle’s invariance principle [24], we conclude that
each trajectory of system (9) asymptotically converges to an
equilibrium point at which (y, z) is a saddle point of f .
Proof of Theorem 1. Since A is Hurwitz in (1), under
Lemma 2, at any equilibrium point of (8), (x, u) is an optimal
solution of problem (3). The proof of convergence is similar
to that in Lemma 3, by constructing a quadratic Lyapunov
function and showing that its derivative with respect to time
is non-increasing along the trajectory of system (8). When
this derivative is 0, ui = ûi , yi = ŷi , ζi = ζ̂i , λi = λ̂i
hold, which leads to u̇i = 0, ẏi = 0, ζ̇i = 0, λ̇i = 0. Given
constant u and w, system (1) eventually converges to an equilibrium point at which x = y. Then µ̇i = 0, i = 1, · · · , N are
true. From LaSalle’s invariance principle [24], each trajectory
of (8) asymptotically converges to an equilibrium point at
which (x, u) is an optimal solution of problem (3).
Lemma 4. Given A ∈ Rn×n , the following statements are
equivalent:
(i) There exists a matrix P = P T ∈ Rn×n and P  0, so
that P A = AT P holds;
(ii) eig(A) ∈ R and A is diagonalizable.
Proof. (i)⇒(ii). Write A in its Jordan canonical form A =
JΛJ −1 , where Λ = diag{Λ1 , · · · , Λa } and each Λi is a
Jordan block. Without loss of generality, let


λ1 1
0
Λ1 =  0 λ1 · · · 
0 0 ···
and the dimension of Λ1 is at least 2 × 2. Then (i) leads to
P JΛJ −1 = (J −1 )H ΛH J H P which is equivalent to

Proof of Lemma 3. Let (y ∗ , z ∗ ) be a saddle point of f .
J H P JΛ = ΛH J H P J.
(21)
Define a candidate Lyapunov function for (9) as
Note that J H P J is a Hermitian matrix, and J H P J  0
1
∗ T
−1
∗
∗ T
−1
∗
since P  0 and J is invertible. So we obtain that all the
U=
(y − y ) Ky (y − y ) + (z − z ) Kz (z − z )
2
 diagonal entries of J H P J are positive real. Let
−1
−1


+(ŷ − y ∗ )T Key K̂ey
(ŷ − y ∗ ) + (ẑ − z ∗ )T Kez K̂ez
(ẑ − z ∗ )
s11 s12 · · ·
s22 · · · 
J H P J =  sH
12
which is radially unbounded and positive definite with re··· ··· ···
spect to (y ∗ , z ∗ , y ∗ , z ∗ ) (note that at any equilibrium of (9),
y ∗ = ŷ ∗ , z ∗ = ẑ ∗ hold). The derivative of U with respect to
time along the trajectory of system (9) is given by
 T
 T
∂f
∂f
U̇ = −
(y − y ∗ ) +
(z − z ∗ )
∂y
∂z
− (y − ŷ)T Key (y − ŷ) − (z − ẑ)T Kez (z − ẑ)
≤ − f (y, z) + f (y ∗ , z) + f (y, z) − f (y, z ∗ )
− (y − ŷ)T Key (y − ŷ) − (z − ẑ)T Kez (z − ẑ)
=f (y ∗ , z) − f (y ∗ , z ∗ ) + f (y ∗ , z ∗ ) − f (y, z ∗ )
− (y − ŷ)T Key (y − ŷ) − (z − ẑ)T Kez (z − ẑ) ≤ 0
where the first inequality comes from the fact that f is convex
in y and concave in z, and the last inequality follows that

where s11 , s22 > 0. From (21), we have λ1 s11 = λH
1 s11
H
and s11 + s12 λ1 = λH
1 s12 which result in λ1 = λ1 and
s11 = 0, i.e., a contradiction. Therefore, each Jordan block
should have the dimension 1 × 1 and a real diagonal entry,
i.e., A is diagonalizable and eig(A) ∈ R are true.
(ii)⇒(i). Based on (ii), write A as its diagonal canonical
form A = JΛJ −1 , where Λ is a diagonal matrix with real
entries on the diagonal and J ∈ Rn×n . Define a matrix V ∈
Rn×n so that V = V T  0 and V Λ = ΛV hold. Such a
matrix V always exists and the simplest choice is V = In .
We can then find a matrix P = P T = (J −1 )T V J −1 ∈ Rn×n
so that P  0 and P A = AT P hold, i.e., (i) is true.
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