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TABLE I
NOMENCLATURE

Abstract— In this paper we propose a new optimal power
flow scheme that takes into account the harmonics generated
by power electronics interfaced distributed generation (DG).
The objective is to minimize the cost of generation under
constraints on the total harmonic distortion (THD) of voltage.
The frequency coupling matrix (FCM) is used to model the
harmonic current injected by a converter. Network current and
voltage are modeled for each harmonic frequency. Constraints
limiting the maximum voltage THD are introduced to the threephase optimal power flow (OPF) problem. We construct a
semidefinite relaxation, which can be solved using commercially
available software packages. We give numerical results for the
harmonic-constrained optimal power flow for two test systems.
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Nn,φ
Pn
Pmn
Vn,φ
In,φ
Imn,φ
PL,n,φ
QL,n,φ
PG,n,φ
QG,n,φ
Pmn,φ

I. I NTRODUCTION
Incorporating renewable distributed generations (DG) into
a power network can reduce generation costs and improve
reliability [1], [2]. Optimal power flow (OPF) is used to
minimize the cost of generation subject to system constraints
[3]. Though the nominal OPF is non-convex and hence hard
to solve, semidefinte relaxation (SDR) can approximate OPF
as a convex semidefinite program [4]. However, the standard OPF omits the harmonics introduced into the network
by power electronic-interfaced DGs and non-linear loads.
Excessive harmonics can increase conductor heating loss,
cause transformer derating and power quality issues [5], [6].
The frequency coupling matrix (FCM) is a popular approach
to modeling the coupling between an individual converters
voltage and current harmonics [7], [8]. The value of the
FCM can be calculated either from piecewise linear differential equations or field measurements [9], [10]. To date,
FCM-based approaches have not been used to incorporate
harmonics in OPF.
In this paper, we develop a new framework that minimizes
the cost of generation while maintaing voltage harmonic
distortions beneath a specified level. The proposed harmonicconstrained optimal power flow (HC-OPF) is novel in the
following regards:
• Inclusion of the FCM model for each power electronic
converter. The FCM of a converter links its harmonic
current injection and the voltage harmonics at the point
of common coupling in the network.
• Construction of network and load impedance models
at harmonic frequencies, and the modeling of network
voltage and current harmonics.
• Constraints limiting the network harmonic voltage in
terms of the total harmonic distortion (THD).
978-1-5090-2182-6/17/$31.00 ©2017 IEEE

Qmn,φ
Zmn
Ys,mn
V n, V n
P G,s,φ , P G,s,φ
QG,s,φ , QG,s,φ

Set of nodes in the microgrid
Set of distribution lines in the microgrid
Set of nodes featuring DG
Set of neighbouring nodes of n ∈ N that also
contain phase φ
Set of the phases at node n
Set of the phases of line (m, n)
Complex line-to-ground voltage at phase φ of
node n
Complex current injection at phase φ of node n
Complex current on phase φ of line (m, n)
Active load demanded at node n on phase φ
Reactive load demanded at node n on phase φ
Active power supplied at node n on phase φ
Reactive power supplied at node n on phase φ
Active power exiting phase φ of node m on line
(m, n)
Reactive power exiting phase φ of node m on line
(m, n)
Phase impedance matrix of line (m, n)
Shunt admittance matrix of line (m, n)
Voltage magnitude lower (upper) limit at nodes of
n∈N
Minimum (Maximum) active power supplied at
phase φ of node s ∈ S
Minimum (Maximum) reactive power supplied at
phase φ at node s ∈ S

The new framework is based on a three-phase unbalanced
OPF [11], which accommodates with both single-phase and
three-phase power electronic converters. We use SDR to
obtain a semidefinite relaxation, in which power flow and
total harmonic distortion constraints are convex. Numerical
tests demonstrate that the proposed framework can find OPF
solutions satisfying a network harmonic distortion limit.
This paper is organized as follows. Section II provides
the background about the three phase load flow problem
and the FCM. In section III we propose a framework that
combines the FCM with three phase load flow to analyze harmonics across the network. Section IV gives the harmonicconstrained OPF problem and its relaxation. Section V
presents the numerical result for solving the problem on a
10-bus test network and IEEE 13-bus feeder. Section VI is
the conclusion. The notation used in this paper is listed in
Table I.
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II. BACKGROUND
A. Three-Phase Load Flow
Distribution networks are unbalanced by nature. Consequently, all three phases should be included in the model of a
load flow problem. We denote the nodes N = {0, 1, · · · , N }
and edges ε ⊆ N × N connecting pairs of nodes. DGs are
connected to the network at a subset of nodes S. Each node
n ∈ N is connected to a subset of phases Pn ⊆ {a, b, c}. Let
Vn,φ and In,φ ∈ C be the line-to-ground voltage and injected
current of phase φ ∈ Pn at node n. Active and reactive load
at a node n are specified for each phase φ as PL,n,φ and
QL,n,φ respectively. Similarly, PG,n,φ and QG,n,φ are the
active and reactive power injection of the generator if a DG
is connected to node n, i.e. n ∈ S.
Each edge mn ∈ ε represents a distribution line or cable
connecting a set of phases Pmn ⊆ Pm ∩ Pn from node m
to n. The line is modeled as a π network and characterized by its phase impedance and shunt admittance matrices
Zmn , Ys,mn ∈ |Pmn |×|Pmn | [12]. Because the system
is unbalanced, these matrices are typically not diagonal.
Denoting the complex current flow from node m to n as
Imn = {Imn,φ | φ ∈ Pmn }, Ohm’s Law is given by:
Imn =

−1
Zmn
([Vm ]Pmn

− [Vn ]Pmn ),

mn ∈ ε.

(1)

The notation [V]Pmn denotes the sub-vector of V that
only contains elements of the phases in the line mn, i.e.
[Vm ]Pmn , [Vn ]Pmn ∈ C|Pmn | . In addition, Kirchoff’s Current Law (KCL) holds at each node and phase:

In,φ


X  1
−1
=
[Vn ]Pmn
Ys,mn + Zmn
2
m∈Nn,φ

−1
− Zmn [Vm ]Pmn φ , ∀n ∈ N , φ ∈ Pn , (2)

where Nn,φ is the set of neighbouring bus of node n that
also include φ in its available phases, and the subscript [·]φ
denotes the elements of the bracketed vector corresponding
to phase φ. KCL and Ohm’s Law for all nodes in the system
can be written in matrix form as:
I = YV,

(3)

where
PN Y is the system admittance matrix and V, I ∈
C n=0 |Pn | are system node voltage vector and current
injection vector:
T

V = [V0,a , V0,b , V0,c , · · · VN,b , VN,c ]
T

I = [I0,a , I0,b , I0,c , · · · IN,b , IN,c ] .

IDC
Energy
Source
VDC = [VDC0, VDC1, VDC2,
IDC = [IDC0, IDC1, IDC2,

, VDCK]

Vn,φ In,φ ∗ =

PG,n,φ −PL,n,φ

Va
Vb

Grid

Vc
VAC = [Vabc0, Vabc1, Vabc2,
IAC = [Iabc0, Iabc1, Iabc2,

, VabcK]

, IabcK]

Power Electronics Interfaced DG

We designate one node in the network as the slack
bus and and fix its voltage to one per unit. Often
the Point of Common Coupling (PCC) where the distribution network is connected to the transmission network is set to be the slackh bus and its voltage
is set
i
−2π
2π
to be [V0,a , V0,b , V0,c ] = e0j , e 3 j , e 3 j per unit.
For a given load {PL,n,φ , QL,n,φ } and generator input
{PG,s,φ , QG,s,φ }, the voltage value at each bus is determined
by equations (3) and (4).
B. Frequency Coupling Matrix
Traditionally, converter harmonics are modeled as a fixed
current source with a harmonic spectrum. However, this
model fails to capture the additional harmonic currents generated by harmonic voltage present at the PCC. From a network
perspective, the harmonic current injected by an individual
converter distorts the voltage profile across the network,
and in turn impacts the harmonic current injection of other
converters. This coupling between harmonic voltage and
current cannot be captured by a fixed current source model.
The frequency coupling matrix of a converter models its
admittance at harmonic frequencies and the cross-coupling
of different harmonics.
Fig. 1 shows a DG connected to the grid via a threephase converter. The FCM of a converter linearly relates
its AC-side current with its AC-side voltage and DC-side
current, where each voltage and current vector contains
elements of both the fundamental and harmonic frequencies
up to any desired order. The FCM of a voltage source
converter (VSC) using Pulse Width Modulation (PWM) can
be mathematically derived from its parameters as in [9], or
experimentally measured as in [10].
In [9], each time-domain signal is decomposed into its
Fourier series and represented by its fundamental and harmonic phasors, which exist in conjugate pairs for each
harmonic order k and −k according to Euler’s equation:
f (t) = f0 +
= f0 +



IAC

DC

, IDCK]

Fig. 1.

We follow the convention that PG,n,φ = QG,n,φ = 0 if
n ∈ N \ S. The total power injection into the network at a
node is given by:


AC

VDC



+j QG,n,φ −QL,n,φ

∞
X
n=1
∞
X

an cos(nωt) + bn sin(nωt)
cn ejnωt + c∗n e−jnωt

n=1

∀φ ∈ Pn , n ∈ N . (4)

Since the harmonic components of the converter DC-side
current Idc are negligible [9], the FCM for a converter can
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be approximated as:



 Vac
Iac = FCM
.
Idc

I = YV
P + jQ = VI*

(5)

 −K
T
I , · · · , IK
In (5), Iac
=
and Vac
=
 −K

K T
V
,···,V
for
a
single-phase
converter.
 −K
T
−K
−K
K
K
K
Iac = Ia , · · · , Ia , Ib , · · · , Ib , Ic , · · · , Ic
and
T
 −K
Vac = Va , · · · , VaK , Vb−K , · · · , VbK , Vc−K , · · · , VcK
for a three-phase converter. The size of the FCM depends
on the maximum harmonic order K, which is a design
parameter of the FCM. Also I −n = I n ∗ and V −n = V n ∗ .
The FCM in the above equations can be calculated when
the parameters of the converter are known [9].
Our objective is to use the FCM to link the harmonics
with fundamental voltage and power quantities. To facilitate
this, we make the following modifications to equation (5).
•

•

•

•

•

A converter’s FCM over its operating range is approximated as a constant, and calculated when the converter
is injecting its rated power into the network via nominal
PCC voltage.
Since converters in power systems are intended to
primarily generate fundamental frequency voltage and
current, the impact of higher order harmonics on the
fundamental frequency current is neglected.
The FCMs are reformulated into three parts that are
associated with the fundamental frequency voltage, harmonic frequency voltage and DC current respectively.
If the DC-side voltage VDC of a VSC is well regulated[13], and the conversion losses of the converter are
negligible, the DC-side current IDC can be replaced
with its AC-side power injection by dividing the associated entries of FCM by VDC .
Since the harmonic voltage and current are regulated
to be smaller than the fundamental frequency components, the total power consumed by the converter is
approximated by its power injection at the fundamental
frequency, P 1 .

With these modifications, equations (5) can be re-formulated
as:




 Vh ∗
 1 

 V 1∗

(6)
+ KP P + KVh
Ih = K V
Vh
V1


 1∗

Va
Vah ∗
∗
∗
Vbh 
V 1 
 

 b 

Iah
  Vch ∗ 
 1 
 V 1 ∗  


Ibh  = KV  c  + KP P + KVh 
 Vah  ,
V1
a




Ich
 Vbh 
V1
b
Vch
Vc1
(7)
where the vectors with subscript h contain harmonic components, and for a three-phase converter P 1 is the sum of the

Fundamentals
FCM 1, FCM 2,

, FCM s

Harmonics

I0 = Y0V0
I2 = Y2V2
:

IK = YKVK

Fig. 2.

Framework for Network Harmonics Analysis

fundamental frequency power injection of all three phases:
T

Ih = I 0 I 2 · · · I K
T

Iah = Ia0 Ia2 · · · IaK
P 1 = Pa1 + Pb1 + Pc1 .
The modified harmonic model (6) and (7) capture the
dependence of the harmonic current injection Ih on the
fundamental frequency power flow solution (V 1 and P 1 ),
as well as voltage harmonics Vh present at the converter
terminal.
III. N ETWORK H ARMONICS M ODEL
In this section, we propose a framework for analyzing the
harmonics across the network by combining the fundamental
power flow analysis and converter FCM models. In this
analysis, generator power injection and load values are
taken as input and nodal voltage and current injection at
fundamental and harmonic frequencies are solved as output.
We also provide a numerical example on a three-bus test
system.
A. Modeling
Our model contains two parts: for each harmonic order a
new impedance network is constructed to model harmonic
current flow at that frequency; and for each converter in
the network, its FCM is employed to couple its harmonic
current injection with its terminal harmonic voltage and the
fundamental power flow solution.
First, additional notations and variables are defined. Let
K be the maximum order harmonic in the model. This is
also the dimension of the FCM specified
PN for each converter.
Harmonic voltage vector Vh ∈ CK n=1 |Pn | is defined in
terms of the vector Vn,Φh ∈ CK|Pn,φ | at individual node n
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and phase φ as follows:


V0,ah
 V0,bh 


 V0,ch 


Vh =  . 
 .. 


VN,bh 
VN,ch

Vn,Φh

We extrapolate these values by scaling the reactive components based on the new frequency: XL (ω) = jωL and
1
k
. Voltage variable Vnk ∈ C|Pn | and Vm
∈
XC (ω) = jωC
|Pm |
C
are constructed by collecting the k-th order harmonic
voltage terms at buses n and m. Equivalently, KCL of all the
nodes in the system at harmonic order k can be compactly
written in matrix form as:

 0 
Vn,φ
2 
Vn,φ
 3 
Vn,φ 
=
.
 . 
 .. 
K
Vn,φ

Let SΦ ⊆ {(n, φ)|n ∈ N , φ ∈ Pn } be the set of node
and associated phase pairs where single-phase DGs are
connected into the distribution network. Let S3Φ be the
sets of nodes where three-phase DGs are installed in the
distribution network. By definition each node in S3Φ contains
all three phases. The harmonic current injection and terminal
voltage for each DG in the network can be modeled via its
FCM as follows:




 Vn,φ ∗

+ KP,nΦ PG,n,φ
IG,n,Φh = KV,nΦ
Vn,φ


 Vn,Φh ∗

+ KVh,nΦ
∀(n, φ) ∈ SΦ
Vn,Φh


Vn,a ∗
 Vn,b ∗ 




IG,n,ah
∗




IG,n,bh  = KV,n  Vn,c  + KP,n PG,n,abc
 Vn,a 


IG,n,ch
 Vn,b 
Vn,c


Vn,ah ∗
Vn,bh ∗ 


  Vn,ch ∗ 


 ∀n ∈ S3Φ
+ KVh,n 

 Vn,ah 
 Vn,bh 
Vn,ch

(8)

∀(m, n) ∈ E

k
In,φ

=

"

X
m∈Nn,φ

(9)

= RL,n,φ + jXL,n,φ

k
= RL,n,φ + jkXL,n,φ
ZL,n,φ

For each harmonic frequency order k, construct the diagk
onal load admittance matrix YL
as follows:

k
k
k
k
YL
= diag (ZL,0,a
)−1 , (ZL,0,b
)−1 , · · · , (ZL,N,c
)−1
k k
V will be the vector of k-th order harmonic
Then YL
current absorbed by linear load in the network:
k k
IkLL, = YL
V

(10)


1 k
Ys,mn + (Zkmn )−1 [Vnk ]Pmn
2
#

k
− (Zkmn )−1 [Vm
]Pmn
φ

∀n ∈ N , φ ∈ Pn , k = {0, 2, · · · , K}

V02
PL,n,φ +QL,n,φ j

V0 is the nominal operating voltage for the load, i.e. V0 =
1 per unit. The load impedance also varies with frequency
and can be approximated as:



k = {0, 2, · · · , K}

(12)

where Yk is the network admittance matrix at harmonic
frequency kω. Vk and Ik are the system node voltage
vector and current injection vector for harmonic order k
respectively. Unlike the case for fundamental frequency, no
loads are specified at harmonic frequencies, which eliminates
the needs for additional power flow constraints similar to (4).
Load modelling at harmonic frequencies has been studied by many researchers [14]–[16]. Two types of load are
considered: linear load and non-linear load. Linear load are
passitive and do not generate additional harmonics while
non-linear load similar to converters are harmonic sources.
The behavior of various types of linear load (constant
power, constant impedance and constant current) at harmonic
frequencies are different. However, in each case an equivalent
RLC circuit model is typically constructed based on the load
decomposition and harmonic frequency. In this study, we
model a linear load of power PL,n,φ and QL,n,φ connected
at bus n of phase φ as an RL impedance approximated by:
ZL,n,φ =

Similar to (1) and (2), Ohm’s Law for each line and KCL
at each bus can be used to form a model at each harmonic
frequency:
k
Ikmn = (Zkmn )−1 [Vm
]Pmn − [Vnk ]Pmn

Ik = Y k V k ,

(11)

k
indicates the
In the above equations, Zkmn and Ys,mn
matrix at harmonic frequency k. The exact values of these
matrices are not available from the standard specifications.

(13)

Denote the current vector IkNLL as the k-th order harmonic
current generated by the non-linear load in the system, it can
be modeled in two ways. The simplest way is considering
it as a constant harmonic current source INLL,n,Φh =
iT
h
K
2
0
. If the harmonic cur,
·
·
·
,
I
,
I
IN
N LL,n,φ
N LL,n,φ
LL,n,φ
rent generated by the non-linear load is variable, its harmonic
characteristics is similar to that of a DG and can be modeled
by its FCM. In that case the coupling between INLL,n,Φh
and Vn,Φh can be described in the same form as equation
(8) and (9) for single-phase and three-phase non-linear load
respectively.
When combining current injected by DGs, linear load and
linear load, equation (12) can be re-written as:
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Network Admittance: Y0, Y, Y2,
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0.4
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Fig. 3.
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Fig. 4. Network Harmonics Analysis Result: Maximum Voltage THD Value
vs. Increasing DG Power Input

IkG − IkLL − IkNLL = Yk Vk ,

(14)

or equivalently:
 k
k
IkG − IkNLL = Yk + YL
V

(15)

In summary, the power flow solution along with the
converter FCMs provide a boundary condition at the point
where the converter is connected. They also provide the
coupling from the fundamental to all the harmonics. In
addition, the current flow across the network is modeled for
every harmonic frequency based on the line admittance and
load impedance at that frequency. Any non-linear load is
considered a fixed harmonic current source or modeled as a
converter with its own FCM. The structure described above
is illustrated in Fig. 2. The fundamental frequency load and
generator power variables P and Q are considered as input
to our problem and fundamental and harmonic voltage and
current variables V, I, Vh and Ih are solved as output.
B. An example of harmonic analysis
In this section, we apply our framework on a three-bus
test system. Fig. 3 shows the schematic of the network with
variables associated with each bus marked beside it. This is
a radial network with three buses rated at 4.16 kV. Each bus
contains all three phases. The line impedances are all set
to Zmn = [0.0347 + j0.1018, 0.0156 + j0.0502, 0.0158 +
j0.0424; 0.0156 + j0.0502, 0.0338 + j0.1048, 0.0154 +
j0.0385; 0.0158 + j0.0424, 0.0154 + j0.0385, 0.0341 +
j0.1035]. Bus #0 is the slack bus. A load of 100 kW+80
kVAR is connected at each phase of bus #1. A DG is
connected to bus #2 via a converter whose parameters are
listed in Table II. The FCM of the converter is computed
according to [9] with maximum harmonic frequency order
K = 10.
To quantify the amount of harmonic present in the network, we use the voltage total harmonic distortion (THD) as
a metric. THD is typically defined as the sum of the squared
harmonic magnitudes normalized by the magnitude of the
fundamental frequency:
P
k2
k=0,2,···,K Vn,φ
∀n ∈ N , φ ∈ Pn
THDn,φ =
2
Vn,φ
In this example we vary the amount of power generated by
the DG from 10 kW to 100 kW, and solve the three-phase

load flow for each case using the Newton-Raphson method.
The solution is then used as input for the network harmonics
analysis. The maximum voltage THD in the network is
plotted with respect to the DG generation in Fig. 4. The
plot illustrates the impact of DG generation on network
harmonics. As shown in the figure the maximum voltage
THD increases when more power is generated by the power
electronic-interfaced DG.
IV. H ARMONIC -C ONSTRAINED O PTIMAL P OWER F LOW
In this section, we describe the harmonic-constrained OPF
problem and its SDP relaxation. First the non-convex problem is formed by combining the network harmonic model
with a regular OPF problem; then the problem is relaxed to
a semidefinite program.
A. Problem Formulation
For a given load {PL,n,φ , QL,n,φ }, the OPF determines the
power injection of each generator {PG,s,φ , QG,s,φ } in order
to minimize the operating cost of the system. Typical choices
of this function are the cost of generation or the total loss
in the network. For this study, the cost of power generation
is used. In addition to equations (3) and (4), which describe
the physical laws governing current and power flow, safety
and reliability constraints are imposed to restrict the voltage
and DG power injection values within the acceptable limits:
V n ≤ |Vn,φ |≤ V n

∀φ ∈ Pn , n ∈ N

(16)

P G,s,φ ≤ PG,s,φ ≤ P G,s,φ

∀φ ∈ Ps , s ∈ S

(17)

QG,s,φ ≤ QG,s,φ ≤ QG,s,φ

∀φ ∈ Ps , s ∈ S.

(18)

Next, we add harmonic constraints to mitigate the adverse effects of harmonics across the network. From Section
III, equations (8), (9) and (15) are included to model the
harmonic current flow across the network. To restrict the
harmonic effect, the voltage total harmonic distortion is
constrained by an upper limit α, or equivalently:
X
k2
2
Vn,φ
≤ αVn,φ
∀n ∈ N , φ ∈ Pn
(19)
k=0,2,···,K

In summary, the harmonic-constrained OPF problem is as
follows:
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P2 is a semidefinite program and can be effectively solved
using commercial solvers.

(P1)
Minimize:

{PG , QG , V, Vh }

Subject to:

C0 =

X

X

cs

s∈S

PG,s,φ

φ∈Ps

V. N UMERICAL R ESULT

(3), (4), (16), (17), (18)
(8), (9), (15), (19)

This problem is non-convex because of constraints (4),
(16) and (19). In the next section, we will apply a semidefinite relaxation to make this problem convex.
B. Semidefinite Relaxation
Semidefinite relaxation is a powerful technique for approximating non-convex quadratically constrained problems like
OPF [4], [17]. We now apply this relaxation to the harmonicconstrained OPF.
Consider a rank 1 positive-semidefinite matrix W =
VV∗ . Element Wi,j is related to V as Wi,j = Vi Vj∗ . For
each node n and phase φ denote the following admittance
matrix:
Yn,φ = en,φ e∗n,φ Y
Φn,φ = en,φ e∗n,φ ,
where:
iT
h
T
T
en,φ = 0T|P0 | , 0T|P1 | , · · · , 0T|Pn−1 | , eφ,T
|Pn | , 0|Pn+1 | , · · · , 0|PN |
and eφ|Pn | denotes the canonical basis of R|Pn | . Then the
non-convex constraints (4), (16) and (19) can be re-written
as linear constraints of W as follows:

 

T r(Yn,φ W) = PG,n,φ −PL,n,φ −j QG,n,φ −QL,n,φ

Vn 2 ≤ T r(Φn,φ W) ≤ Vn
X

2

2

k
Vn,φ
≤ αΦn,φ W

∀φ ∈ Pn , n ∈ N

(20)

∀φ ∈ Pn , n ∈ N

(21)

∀n ∈ N , φ ∈ Pn

(22)

k=0,2,···,K

For the standard OPF problem, all constraints can be rewritten in terms of W. However, in the harmonic augmented
problem the voltage variable V is present in FCM constraints
(8) and (9). The voltage variable can be approximated from
the values of the first coloum of W, due to the slack bus
∗
Vn,φ = Vn,φ . With these
convention V0,a = 1 and V0,a
modifications, and by relaxing the rank 1 constraint of W,
the semidefinite relaxation of harmonic-constrained OPF P1
is:
(P2)
X X
Minimize:
C0 =
cs
PG,s,φ
{PG , QG , W,V, Vh , IG}

Subject to:

s∈S

φ∈Ps

(20), (21), (17), (18)
(8), (9), (15), (22)
V = We1
W0

In this section, we solve the harmonics-constrained OPF
using CVX, a package for specifying and solving convex programs [18], [19], and MOSEK solver [20] for the following
two networks:
• 10-bus unbalanced system as shown in Fig. 5; and
• the IEEE 13-bus test feeder [21] as shown in Fig. 8.
In both networks three-phase converters with parameters
listed in Table II are included as distributed resources. The
converter real power lower and upper limits are set to be
from 0 kW and 300 kW, and the reactive power is regulated
at 0 kVAR. The FCM is calculated according to [9] with
maximum harmonic frequency order K = 10.
The line and load data for the IEEE 13-bus test feeder
is adopted from [21] with the following modifications to
remove the disconnect switch and other equipment not
considered in the OPF formulation [11]:
• The transformer between bus 4 and 5 is replaced with
a 500 ft. overhead line of Config. #602 overhead line;
• The disconnect switch between bus 2 and 8 is replaced
with a 100 ft. underground line of Config. #606;
• Only the spot load are included, and all spot load are
modeled as P Q type;
• the voltage supporing capacitors are not included.
For the 4.16 kV network of Fig. 5, the the lines are all set
to be of Config. #601 from [21], and 0.2 mile in length.
The loads at each bus are of three-phase type with value
connected to each phase listed in Table III.
The cost of power supplied by the transmission network
from Node 0 is set to $40/MW, and the cost of power
supplied by the distributed generations are set to be $10/MW.
The lower and upper limit for each bus voltage is set to be
95% and 105% of the nominal level. For each network, we
solve a sequence of the problem with increasing values of the
α parameter that constraints the maximum allowable voltage
THD at each nodes. The simulation result for the 10-Bus
network is shown in Fig. 6 and 7. The result for the IEEE
13-Bus feeder is shown in Fig. 9 and 10.
Even the rank 1 constraint is relaxed in the SDP, the
solution W for both study case appears to have a single
dominantly large eigenvalue. For the 10-bus network, when
the THD allowance α = 1%, the two largest eigenvalues
of solution W are λ1 = 518.07 and λ2 = 0.0019. When
α = 20%, the two largest eigenvalues of W are λ1 = 518.83
and λ2 = 0.0028. For the IEEE 13-bus feeder, when the
THD allowance α = 1%, the two largest eigenvalues of
solution W are λ1 = 537.49 and λ2 = 0.0007. When
α = 10%, the two largest eigenvalue of W are λ1 = 540.85
and λ2 = 0.0009.
The THD for each voltage is plotted with respect to the
maximum allowable value α for the two test networks in Fig.
6 and 9. As the allowance for harmonic increases, the THD
increases across the network for the 10-Bus feeder system but
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TABLE II
C ONVERTER PARAMETER L IST

20

Rc = 0.02 Ω
L = 0.2 H

TABLE III
10-B US T EST N ETOWRK L OAD L IST

Bus
1
3
4
5
6
8
9

Q(kVAR)
20
82
82
60
60
30
30

10

5

0
0

2

4

6

8

10

12

14

16

18

20

α Allowance(%)

Fig. 6. Voltage THD vs. Increasing Allowance for 10-Bus Test System
Each curve is the THD of one bus voltage

remains under the allowable α value. For the IEEE 13-Bus
feeder, it appears that the trend is less uniform, where the
THD for some buses decrease with higher THD allowance.
This implies the voltage THD at some buses can be reduced
by allowing higher THD at other bus in the network.
The total cost of generation with respect to the increasing
harmonics allowance α is shown as blue curve for both
networks in Fig. 7 and 10 respectively. In addition, the power
injected by the transmission network at the slack bus and
the power generated by the distributed generators in the
distribution network is also shown for each α value. As
shown by these result, the reduction in cost is due to the
increasing amount of cheaper DG generation that is enabled
by allowing more harmonics.
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10-Bus Test System

VI. C ONCLUSION
In this paper, we have formulated a harmonic-constrained
OPF. The frequency coupling matrix is used to model the
harmonics characteristic of individual converters in the network. The network voltage and current are modeled using
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the modified system impedance at each harmonic frequency.
The effect of harmonics is constrained by limiting the total
harmonic distortion of each nodal voltage in the network. The
non-convex optimization problem is relaxed using a semidefinite relaxation, and implemented for two test networks.
The numerical results show that the method successfully
capture the harmonics behavior in the network, and the OPF
solution is influenced by restricting the maximum harmonics
distortion in the network.
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