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Abstract—Energy management in microgrids is typically formulated as an offline optimization problem for day-ahead
scheduling by previous studies. Most of these offline approaches
assume perfect forecasting of the renewables, the demands, and
the market, which is difficult to achieve in practice. Existing
online algorithms, on the other hand, oversimplify the microgrid
model by only considering the aggregate supply-demand balance
while omitting the underlying power distribution network and
the associated power flow and system operational constraints.
Consequently, such approaches may result in control decisions
that violate the real-world constraints. This paper focuses on
developing an online energy management strategy (EMS) for
real-time operation of microgrids that takes into account the
power flow and system operational constraints on a distribution network. We model the online energy management as a
stochastic optimal power flow problem and propose an online
EMS based on Lyapunov optimization. The proposed online
EMS is subsequently applied to a real-microgrid system. The
simulation results demonstrate that the performance of the proposed EMS exceeds a greedy algorithm and is close to an
optimal offline algorithm. Lastly, the effect of the underlying network structure on energy management is observed and
analyzed.
Index Terms—Distribution networks, energy management,
Lyapunov optimization, microgrids, online algorithms, optimal
power flow (OPF), real time.

I. I NTRODUCTION
MICROGRID is a low-voltage power distribution system integrated with distributed energy resources (DERs)
and controllable loads, which can be operated with or without the main grid [1]. DERs include a variety of distributed
generation (DG) units such as wind turbines (WTs) and
photovoltaics (PVs) and distributed storage (DS) units such
as batteries. Controllable loads such as heating, ventilation,
and air conditioning (HVAC) systems and electric vehicles
(EVs) can be shed or shifted to balance supply and demand
in a microgrid. An energy management strategy (EMS) is
required in a microgrid to control power flows in order to
meet certain operational objectives (e.g., minimizing costs) by
adjusting the power imported/exported from/to the main grid,
the dispatchable DERs, and the controllable loads [1].
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Energy management in microgrids is typically formulated
as an offline optimization problem for day-ahead scheduling
by [2]–[6]. Most of these offline approaches assume perfect
forecasting of the renewables, the demands, and the market,
which is difficult to achieve in practice due to the intermittency and variability of renewables, the spatial and temporal
uncertainty in controllable loads (e.g., EVs), and the randomness in real-time pricing. To tackle this problem, efforts have
been made to capture the uncertainties in day-ahead scheduling through modeling different scenarios [7]–[12]. These
approaches typically use stochastic programming to formulate energy management as a deterministic problem based on
the scenarios that are usually generated by Monte Carlo simulations. The number of these scenarios may be large and thus
it can be computationally expensive to use these methods.
Although these approaches consider the uncertainties, they
still require certain forecasting and usually do not adapt to
real-time changes in the environment. Siano et al. [13] and
Pourmousavi et al. [14] considered the energy management
problem at each time independently and focus on how to
efficiently solve the optimization problem in real time.
Recently, there have been attempts to develop online algorithms for real-time energy management in microgrids to optimize the long-term cost, which take into account the uncertainties of the renewables, the demands, and the market [15]–[17].
These approaches do not require any a priori statistical
knowledge of the underlying stochastic processes and can
adapt to the time-varying environment. However, these existing online approaches consider the aggregate supply-demand
balance while omitting the underlying power distribution
network, the associated power flow (e.g., Kirchhoffs laws),
and system operational constraints (e.g., voltage tolerances).
Consequently, such approaches may result in control decisions
that violate the real-world constraints.
Therefore, this paper focuses on developing an online EMS
for real-time operation of microgrids that takes into account
the power flow and system operational constraints on a distribution network. The objective of the EMS is to control power
flows in the microgrid using only the current system state
information at each time in order to: 1) minimize the longterm operational cost, including the cost of generation, the cost
of energy storage, the cost of load shedding, and the cost of
energy purchase from the main grid; 2) guarantee the qualityof-service for customers; and 3) minimize the long-term power
losses subject to the DER constraints, the load constraints, the
power flow constraints, and the system operational constraints
(e.g., voltage tolerances).
Specifically, we formulate the online energy management
in microgrids as a stochastic optimal power flow (SOPF)
problem. Although dynamic programming (DP) techniques
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could be applied to solve the stochastic optimization problem, they would result in complex solutions that are timeconsuming to compute, thus preventing them to be suitable
for real-time applications.1 Moreover, because DP methods
usually require assumptions of the underlying stochastic processes, it is difficult for them to adapt to any changing
probabilities or any un-modeled uncertainties in the actual processes [18]. Therefore, we adopt Lyapunov optimization [19]
to design an online EMS that simply uses the current system state to achieve real-time energy management without
any a priori statistical knowledge of the underlying stochastic
processes. Lyapunov optimization is a technique for optimizing time averages in stochastic networks. It has been recently
applied to various aspects of smart grid, e.g., home energy
management [18], [20], demand response [21], electrical vehicle charging and vehicle-to-grid control [22], [23], energy
storage management [24]–[26], and microgrid energy management [15]–[17]. Most of the studies on Lyapunov optimization
consider an infinite-time horizon, which may cause issues
under certain circumstances [26]. See [26] on how to optimize
over a finite-time horizon under the Lyapunov framework.
To solve the SOPF problem, we first use the concept of virtual queues from Lyapunov optimization to obtain a relaxed
SOPF problem (SOPF-r) to deal with the time-coupled constraints. We then reformulate SOPF-r as an optimal power
flow problem (OPF) to be solved at each time using the
drift-plus-penalty algorithm from Lyapunov optimization. OPF
is NP-hard to solve in general due to the quadratic power
flow constraints [27]. We therefore relax the constraints and
obtain a convex optimization problem for real-time computing (see [27], [28] for a tutorial on convex relaxation of OPF).
Sufficient conditions for the exactness of the relaxation have
been derived in [29]–[31], which hold for a variety of IEEE
test systems and real-world distribution systems. Our proposed
online EMS uses only the current system state information to
solve a convex OPF problem and thus is simple and efficient
to implement in real time.
As one demonstration, we apply the proposed online EMS
to a real-microgrid system in Guangdong Province, China. We
evaluate the performance of the proposed online EMS with
two benchmarks: 1) an optimal offline algorithm that solves
the optimization problem over the entire time horizon assuming that all system states over time are known a priori; and
2) a greedy algorithm that optimizes the cost at each time
independently. The simulation results show that the proposed
online EMS outperforms the greedy algorithm and its performance is close to the optimal offline algorithm. Regarding
real-time computing, the computational time of our proposed
online EMS at each time step is on average 1.13 s showing
that it can be implemented in real time.
In
order
to
compare
with
previous
online
approaches [15]–[17], we also solve the microgrid energy
management problem without considering the underlying
network constraints and then compute the power flows based
1 DP techniques generally suffer from the “curse-of-dimensionality” [18]
which makes them difficult to apply to large systems due to the real-time
computational requirement.
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on the obtained control decisions. Our simulation results
demonstrate that those online approaches can lead to bus
voltages that violate the tolerance constraints significantly.
In contrast, our proposed online EMS is able to achieve the
long-term objective while maintaining the voltages within the
tolerance. The simulation results also show the network effect
that the loads behave differently based on their locations.
Therefore, by incorporating the distribution network in the
modeling, this paper presents the relationship between the
physical structure of a microgrid and the online energy
management on the network.
The rest of this paper is organized as follows. We introduce
the system model in Section II and propose the online EMS
in Section III. Simulation results are provided in Section IV
and the conclusion is given in Section V.

II. S YSTEM M ODEL
In this section, we describe the system model for developing
the proposed online EMS. We first give an overview of the
system followed by the DG model, the DS model, and the
load model. We then model the power distribution network
using a branch flow model and formulate real-time microgrid
energy management as an SOPF problem.
A. System Overview
Consider a microgrid with a set of DG units denoted by G 
{g1 , g2 , . . . , gG }, DS units denoted by B  {b1 , b2 , . . . , bB },
and controllable loads denoted by L  {l1 , l2 , . . . , lL }. We
assume the structure of the microgrid to be radial as most
of the power distribution networks are radial [32]. All DER
units and loads are connected by a two-way real-time communication infrastructure linking the microgrid central controller (MGCC) and the local controllers (LCs). The MGCC
is able to gather real-time information from the LCs, perform
energy management, and send control commands to the LCs.
Fig. 1 shows the overall system architecture. In this paper, we
use a discrete-time model, assuming that the system operates
in discrete time with t ∈ {0, 1, 2, . . .} and time interval t.
B. DG Model
We consider two types of DG units in the microgrid:
1) nondispatchable renewable DG units denoted by g ∈ Gr
such as PVs and WTs and 2) dispatchable conventional DG
units denoted by g ∈ Gc such as diesel. For each DG g ∈ G,
we denote its complex output power by sg (t)  pg (t) + iqg (t),
where pg (t) is the active power and qg (t) is the reactive power.
1) Renewable DG: A renewable DG unit such as PV or
WT is not dispatchable and its output power is dependent on
the availability of the primary sources (i.e., sun irradiance or
wind). Therefore, we assume pg (t) and qg (t) are both random variables due to the stochastic nature of renewable DGs
and there is no generation cost. Note that we consider the
renewable DG unit with an on-site battery storage system
as two separate units. Such a system can be modeled as a
nondispatchable DG unit and a DS unit at the same bus.
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D. Load Model
We consider a demand side management (DSM) in the
microgrid, where flexible loads such as HVAC and EVs, and
smart appliances can be shed in response to supply conditions. For each load l ∈ L, we denote its complex power by
sl (t)  pl (t) + iql (t) and it is bounded by: ∀t

Fig. 1.

System architecture [6].

2) Conventional DG: A conventional DG unit such as
diesel is a dispatchable source, its output power is a variable
with the following constraints: ∀g ∈ Gc , t:
0 ≤ pg (t) ≤ p̄g
|pg (t) − pg (t − 1)| ≤ rg p̄g

(1)
(2)

where p̄g is the maximum output power and rg ∈ (0, 1] is the
ramping parameter.
The reactive power generated at the inverter is bounded by
pg (t)2 + qg (t)2 ≤ s2g , ∀g ∈ Gc , t

(3)

where sg is the capacity of the inverter.
We model the conventional DG generation cost at each
time t using a quadratic model [7]

2
Cg (pg (t))  αg pg (t)t + βg pg (t)t + cg
(4)
where αg , βg , and cg are constants.
C. DS Model
We consider batteries as the DS units in the microgrid.
For a given battery b ∈ B, we denote its complex power by
sb (t)  pb (t) + iqb (t), where pb (t) is the active power (positive when charging and negative when discharging) and qb (t)
is the reactive power. Let Eb (t) denote the energy stored in
the battery at time t. A given battery b ∈ B can be modeled
by the following constraints: ∀t:
pb ≤ pb (t) ≤ p̄b
¯
pb (t)2 + qb (t)2 ≤ s2b
Eb (t + 1) = Eb (t) + pb (t)t

(5)
(6)
(7)

Eb ≤ Eb (t) ≤ Ēb
(8)
¯
where p̄b is the maximum charging rate, −pb is the maximum
¯
and Eb and
discharging rate, sb is the capacity of the inverter,
¯
Ēb are the minimum and maximum allowed energy stored
in
the battery, respectively.
We model the cost of operating a given battery b at each
time t as [17]
Cb ( pb (t))  αb pb (t)2 + cb

(9)

where αb and cb are constants. The cost function penalizes
fast charging/discharing which is harmful to battery life.

pl (t) ≤ pl (t) ≤ p̄l (t)
(10)
¯
ql (t) ≤ ql (t) ≤ q̄l (t)
(11)
¯
where pl (t) is the minimum power required by the load that
cannot ¯be shed, p̄l (t) is the maximum power requested by the
load, and ql (t) and q̄l (t) are the minimum and maximum reactive power.¯ pl (t), p̄l (t), ql (t), and q̄l (t) are the demand request
generated by¯ customers¯ based on the physical constraints and
their willingness to participate in the DSM. If a customer
refuses load shedding, the requested maximum and minimum
power will be the same giving no flexility for the EMS. On
the EMS side, the demand requests are assumed to stochastic
and unknown, and they are provided by the customers at each
time. Customers may use an intelligent algorithm to generate
their requests. One direction for future work is to design such
an algorithm on the customer side.
In order to control the quality-of-service [16] for customers
in the microgrid, we impose an upper bound on the time
average load shedding percentage [17]


T−1
1
p̄l (t) − pl (t)
E
(12)
≤ αl , ∀l
lim
T→∞ T
p̄l (t) − pl (t)
t=0
¯
where p̄l (t) − pl (t) is the total demand that can be shed,
p̄l (t) − pl (t) is ¯the shed demand, and αl is a positive constant to control the quality-of-service. A small αl means tighter
quality-of-service control.
We use a cost function to capture the cost of load shedding
in the DSM
Cl (t, pl (t))  βl (p̄l (t)t − pl (t)t)2

(13)

where βl is a positive constant. αl and βl reflect the customer’s
tolerance and sensitivity to load shedding and they are assumed
to be generated on the customer side.
Note that although both (12) and (13) can limit load shedding to some extent, they have different meanings in the
model. While (13) captures the economic loss of load shedding
in the objective of the EMS, (12) is a constraint to guarantee
the quality-of-service in a time-average sense that can be seen
as a “soft” limit on load shedding.
E. Distribution Network Model
A distribution network is composed of lines and buses. It
can be modeled as a connected graph (N , E), where each node
i ∈ N represents a bus and each link (i, j) ∈ E represents
a branch (line or transformer). A power distribution network
typically has a radial structure and the graph becomes a tree.
The root of the tree is the feeder with a fixed voltage and
flexible power injection, denoted by bus 0. We index the other
buses in N by i = 1, . . . , n.
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For each link (i, j) ∈ E, let zij  rij + ixi,j be the complex
impedance of the branch, Iij (t) be the complex current from
buses i to j, and Sij (t)  Pij (t) + iQij (t) be the complex power
flowing from buses i to j.
For each bus i ∈ N , let Vi (t) be the complex voltage at bus i
and si (t)  pi (t)+iqi (t) be the net load which is the load minus
the generation at bus i. Each bus i ∈ N \ {0} is connected to
a subset of DG units Gi , DS units Bi , and loads Li . The net
load at each bus i satisfies
si (t) = sli (t) + sbi (t) − sgi (t), ∀i ∈ N \ {0}, t
(14)


where sli (t) 
l∈Li sl (t), sbi (t) 
b∈Bi sb (t), and sgi 

s
(t).
g
g∈Gi
The steady-state power flows in a given distribution network
(N , E) can be modeled using the branch flow model [27]:
∀(i, j) ∈ E, t

pj (t) = Pij (t) − rij ij (t) −
Pjk (t)
(15)
k:(j,k)∈E

qj (t) = Qij (t) − xij ij (t) −



Qjk (t)

(16)

k:(j,k)∈E


 
vj (t) = vi (t) − 2 rij Pij (t) + xij Qij (t) + rij2 + xij2 ij (t)
(17)
Pij (t)2 + Qij (t)2
ij (t) =
vi (t)

(18)

where ij (t)  |Iij (t)|2 and vi (t)  |Vi (t)|2 .
Equations (15)–(18) define a system of equations in the variables (P(t), Q(t), v(t), l(t), s(t)), where P(t)  ( Pij (t), (i, j) ∈
E), Q(t)  (Qij (t), (i, j) ∈ E), v(t)  (vi (t), i ∈ N \ {0}),
l(t)  (ij (t), (i, j) ∈ E), and s(t)  (si (t), i ∈ N \ {0}). The
phase angles of the voltages and the currents are not included.
But they can be uniquely determined for radial systems [28].
F. Real-Time Energy Management
The objective of the microgrid operator is to minimize its
long-term operational cost, while delivering reliable and highquality power to the customers. However, the introduction of
DERs brings uncertainties to the energy management problem,
which makes it challenging to balance supply and demand
in real time. The voltages in the microgrid may also deviate significantly from the nominal values. Thus, in this paper,
we study microgrid energy management aiming at achieving
the long-term operational objective of the microgrid operator, while meeting the supply-demand balance and the voltage
tolerance constraints in real time.
We consider the following voltage tolerance constraints in
the microgrid:
(19)
Vi ≤ |Vi (t)| ≤ V̄i , ∀i ∈ N \ {0}, t
¯
where Vi and V̄i correspond to the minimum and maximum
allowed¯ voltages, respectively.
The net power injected to the microgrid from the main grid
is given by

s0j (t), ∀t.
(20)
s0 (t) =
j:(0,j)∈E

If the microgrid is operated in islanded mode, then
s0 (t) = 0. If the microgrid is operated in grid-connected mode,
then s0 (t) is the net complex power traded between the microgrid and the main grid. We model the cost of energy purchase
from the main grid at each time t as
C0 (t, p0 (t))  ρ(t)p0 (t)t

(21)

where ρ(t) is the market energy price. Note that p0 (t) can be
negative, meaning that the microgrid can sell its surplus power
to the main grid.
We define the system state vector at time t using the
renewable generations, the demand requests, and the energy
price
x(t)  (r(t), d(t), ρ(t))

(22)

where r(t)  (sg (t), g ∈ Gr ) is the vector of renewable generations and d(t)  (pl (t), p̄l (t), ql (t), q̄l (t), l ∈ L) is the vector of
demand requests. ¯We assume¯the system state to be stochastic
and make no assumptions about the statistics of the underlying
stochastic processes.
We define the control vector at time t as
u(t)  (P(t), Q(t), v(t), l(t), s(t), g(t), b(t), y(t))

(23)

where g(t)  (sg (t), g ∈ Gc ), b(t)  (sb (t), b ∈ B), and y(t) 
(sl (t), l ∈ L). u(t) controls power flows in the microgrid.
The objective of the real-time energy management in the
microgrid is to make control decision u(t) at each time in
order to: 1) minimize the long-term operational cost, including
the cost of generation, the cost of energy storage, the cost of
load shedding, and the cost of energy purchase from the main
grid; 2) guarantee the quality-of-service for customers; and
3) minimize the long-term power losses subject to the DER
constraints, the load constraints, the power flow constraints,
and the system operational constraints (voltage tolerances).
We define the objective function of the optimization as
C(t)  ξg







Cg pg (t) + ξb
Cb ( pb (t)) + ξl
Cl (t, pl (t))

g∈Gc

b∈B

+ ξ0 C0 (t, p0 (t)) + ξp



l∈L

rij ij (t)

(24)

(i,j)∈E

where ξg , ξb , ξl , ξ0 , and ξp are the parameters to tradeoff
among different costs and power losses in the optimization.
The real-time energy management in the microgrid can be
formulated as an SOPF problem.
SOPF:
min

{u(t)}

s.t.

T−1
1
E[C(t)]
T→∞ T

lim

t=0

(1)–(3), (5)–(8), and (10)–(20)

where the randomness of the system state x(t) and the possibly random control decision u(t) at each time are taken into
account in the expectations in the objective and constraint (12).
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Now, we consider a relaxed SOPF problem that fits the
Lyapunov optimization framework.
SOPF-r:
T−1
1
E[C(t)]
T→∞ T

lim

min

{u(t)}

Fig. 2.

t=0

(1), (3), (5)–(7), (10), (11)

s.t.

Problem formulation scheme.

(14)–(20), and (25)–(28).
III. O NLINE EMS
Solving the previous SOPF problem is challenging mainly
due to the objective and constraints (8) and (12). We first
use the concept of virtual queues from Lyapunov optimization
(see [19, Sec. 4.4]) to deal with these constraints and obtain
a relaxed SOPF problem (SOPF-r). Following the Lyapunov
optimization framework (see Appendix A for a brief introduction or [19, Ch. 4] for details), we reformulate SOPF-r as a
real-time problem (SOPF-l). Since we relax the constraints,
the solution to SOPF-l may be infeasible to the original SOPF
problem. Therefore, we restore the constraints and obtain a
standard OPF problem to be solved at each time. The OPF
problem is nonconvex due to the quadratic equality constraints
in (18) and thus is NP-hard to solve in general [27]. We therefore relax the constraints and obtain a convex optimization
problem (OPF-r) for real-time computing. Fig. 2 summarizes
the scheme used in the problem formulation.
A. Virtual Queue Design
To deal with constraints (8) and (12), we use the concept of virtual queues (see [19, Sec. 4.4]) to help satisfy the
constraints.
1) Battery Queue: We define a virtual queue Jb (t) for
each b ∈ B that accumulates the charging/discharging energy.
Define Jb (0) = 0 and it updates as follows:
Jb (t + 1) = Jb (t) + pb (t)t, ∀t, b.

(25)

We define J(t)  (Jb (t), b ∈ B).
Jb (t) is in fact a shifted version of the energy stored in the
battery Eb (t). Instead of requiring that Eb (t) is always bounded
by (8), we relax it to keep the battery queue Jb (t) mean rate
stable
E[|Jb (t)|]
= 0, ∀b.
(26)
lim
t→∞
t
2) Load Queue: We define a virtual queue Hl (t) for each
load l ∈ L to tackle the time average constraint in (12). Define
Hl (0) = 0 and its backlog evolves as follows [19]:
Hl (t + 1) = max{Hl (t) − αl , 0} +

p̄l (t) − pl (t)
, ∀t, l. (27)
p̄l (t) − pl (t)
¯

We define H(t)  (Hl (t), l ∈ L).
The arrival rate of the load queue Ht (t) is the shedding
percentage at time t and the departure rate is αl . If the queue
Hl (t) is stable, the time average load shedding percentage must
be less than or equal to αl . Therefore, constraint (12) can be
transformed to the following queue stability constraint [19]:
lim

t→∞

E[|Hl (t)|]
= 0, ∀l.
t

(28)

Note the time-coupled generation ramping constraint (2) is
also relaxed here. SOPF-r provides a lower bound on SOPF.
If the optimal solution to SOPF-r is feasible to SOPF, then it
is also an optimal solution to SOPF.
B. Lyapunov Optimization
It is still difficult to solve SOPF-r because of the objective
function and constraints (26) and (28). To address these challenges, we follow the Lyapunov optimization framework (see
Appendix A for a brief introduction or [19, Ch. 4] for details)
to solve the above SOPF-r problem.
Define (t)  (J(t), H(t)) and the Lyapnuov function as a
scalar measure of (t)
1
1 
Jb (t)2 +
Hl (t)2
(29)
L((t))  β
2
2
b∈B

l∈L

where β is a weight to treat the battery virtual queue differently
from the load virtual queue.
We define the conditional one-slot Lyapunov drift as
follows:
((t))  E[L((t + 1)) − L((t))|(t)].

(30)

The Lyapunov drift measures the expected queue size growth
given the current state (t).
Minimizing the Lyapunov drift would push the queues
toward a less congested state, but it may incur a high
cost. Therefore, we minimize a weighted sum of the drift
and cost, which is defined as a drift-plus-penalty function
((t)) + VE[C(t)|(t)], where V is a positive parameter
to tradeoff between stabilizing queues and minimizing cost.
Lemma 1: For any possible control policies, the drift-pluspenalty function is upper bounded at each time t

Jb (t)E pb (t)t|(t)
((t)) + VE[C(t)|(t)] ≤ B + β


b∈B


p̄l (t) − pl (t)
− αl |(t) + VE[C(t)|(t)]
Hl (t)E
+
p̄l (t) − pl (t)
l∈L
¯
(31)


2
where B

(1/2) l∈L (1 + αl ) + (1/2)β b∈B
max{p2b , p̄2b }t2 .
¯ See Appendix B.
Proof:
Instead of minimizing the drift-plus-penalty function
directly, we minimize the upper bound in (31) via the
framework of opportunistically minimizing an expectation
(see [19, Sec. 1.8]). The resulting algorithm can be described
as follows. At each time t, observe the system state x(t) and the
virtual queue states (t), and determine the control decision
u(t) by solving the following optimization problem.
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SOPF-l:
min
u(t)

s.t.

D. Performance Gaps in the Optimizations




Hl (t)
pl (t) + VC(t)
p̄l (t) − pl (t)
b∈B
l∈L
¯
(1), (3), (5)–(7), (10), (11)

β

Jb (t)pb (t)t −

(14)–(20), (25), and (27).
The above algorithm does not require any information of the
probabilities associated with the system state x(t). The queue
states (t) carry sufficient statistical information needed to
determine the control decision at the next time step.
Since we relax the generation ramping constraint (2) and
the battery energy constraint (8) in SOPF-l, the optimal solution to SOPF-l may violate these constraints and thus may be
infeasible to the original SOPF problem. Therefore, we add
constraints (2) and (8) back. The problem we consider now is
indeed a standard OPF problem to be solved at each time t.
OPF:
min
u(t)

s.t.





Hl (t)
pl (t) + VC(t)
p̄l (t) − pl (t)
b∈B
l∈L
¯
(1)–(3), (5)–(8), (10), (11)
(14)–(20), (25), and (27).

β

Jb (t)pb (t)t −

The solution to OPF is always feasible to SOPF.
C. Convexification of OPF
The previous OPF problem is nonconvex due to the
quadratic equality constraint in (18) and is NP-hard to solve
in general [27]. We therefore relax them to inequalities
ij (t) ≥

Pij (t)2 + Qij (t)2
, ∀(i, j) ∈ E, t.
vi (t)

(32)

We then consider the following convex relaxation of OPF.
OPF-r:
min
u(t)

s.t.





Hl (t)
pl (t) + VC(t)
p̄l (t) − pl (t)
b∈B
l∈L
¯
(1)–(3), (5)–(8), (10), (11), (14)–(17)
(19)–(20), (25), (27), and (32).

β

Jb (t)pb (t)t −

The above relaxation is exact if the solution to OPF-r is
also an optimal solution to OPF, i.e., the equality in (32) is
attained. In general, such a relaxation is not exact. It has been
shown recently [29]–[31] that the convex relaxation of OPF
is exact under certain mild conditions that can be checked
a priori. Such conditions are verified to hold in a variety of
IEEE test distribution systems and real-world distribution systems. Roughly speaking, the relaxation is exact if the power
injection at each bus is not too large and the voltages are kept
around their nominal values [33]. In this paper, we assume
that the sufficient conditions specified in [31] hold for the
microgrid and thus we focus on solving the OPF-r problem.
The exactness of the relaxation is also verified numerically in
the simulation. OPF-r is a convex optimization problem and
therefore can be solved efficiently for real-time computation.

From the Lyapunov optimization theory, it can be proved
that the optimal time average cost of SOPF-l is within
O(1/V) of the optimal time average cost of SOPF-r, i.e.,
SOPF-l* ≤ SOPF-r*+B/V, with a corresponding O(V) tradeoff in the average queue size with independent identically distributed (i.i.d.) system state (see [19, Th. 4.8]), and
the algorithm is robust to non-i.i.d., nonergodic situations
(see [19, Th. 4.13]). Since SOPF-r provides a lower bound on
SOPF, i.e., SOPF-r* ≤ SOPF*, we obtain a deterministic performance bound on SOPF-l as SOPF-l* ≤ SOPF*+B/V. The
choice of the control parameter V affects the performance of
the optimization. A large V can decrease optimality gap but
also increase the average queue size. On the other hand, a
small V makes it easier to keep the queues stable but at the
sacrifice of a larger optimality gap.
If the solution to OPF is the same as the solution to SOPF-l,
the performance of the proposed online EMS can be guaranteed using the above performance bound. However, as we
restore the constraints in OPF, it is possible that these constraints are effective in the optimal solution and thus affect
the optimality. The previous studies [15]–[17] deal with this
issue by carefully designing the control parameters to force the
time-coupled constraints to be always satisfied in the solution
to the Lyapunov optimization. Unfortunately, the same method
cannot be applied here due to the difficulty in characterizing
the solution brought up by the introduction of the power flow
and system operational constraints. We therefore validate the
performance of the proposed online EMS via simulations. Our
simulation results in the next section will demonstrate that the
performance of the proposed EMS is desirable.
IV. P ERFORMANCE E VALUATION
In this section, we demonstrate the proposed online EMS
by applying it to a real-microgrid system. We first describe the
microgrid system and the simulation setup. We then describe
two benchmarks and compare the proposed online EMS with
them. Finally, we discuss the battery queue and the load queue
behaviors, the voltages in the microgrid, and the network effect
observed in the simulations.
A. Simulation Setup
Fig. 3 shows the configuration of a real-microgrid system [6] in Guangdong Province, China, consisting of PVs,
WTs, diesel generators, and a battery energy storage system (BESS). The numbers under the DERs and the loads in
the figure correspond to the maximum power. We use this
microgrid to demonstrate the proposed online EMS. In the
simulation, we run the proposed online EMS for four days
denoted by T  {0, 1, . . . , T − 1}. The time interval t in the
model is 5 min and there are T = 1152 time intervals in total.
Fig. 4 shows the renewable generation profiles, the load profile, and the market prices used in the simulation. We use the
real solar and wind data from national renewable energy laboratory [34] to generate the renewable generation profiles. For
each load, we generate the maximum power request p̄l (t) based
on different types of load using a Gaussian random variable
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Fig. 5.

Fig. 3.

Topology of the microgrid [6].

Real-time cost.

that optimizes the objective over the entire time horizon T ;
and 2) a greedy algorithm that optimizes the cost at each time
independently.
The offline algorithm solves the following optimization
problem over the entire time horizon T .
Offline:
min

{u(t)}

T−1
1
C(t)
T
t=0

(1)–(3), (5)–(8), (10), (11), and (14)–(20)
T−1
1  p̄l (t) − pl (t)
≤ αl , ∀l.
T
p̄l (t) − pl (t)
t=0
¯
The offline algorithm provides a lower bound on any online
algorithms, assuming that all system states over time (i.e., the
output power of the renewables, the demand requests, and
the energy prices) are known a priori, which is difficult to
achieve in practice due to the stochastic nature of the problem. Although the optimal solution to the offline problem is
not achievable in practice, it gives us the best performance to
compare with any online algorithms.
Another benchmark we consider is a greedy algorithm that
aims to minimize the cost at each time t ∈ T independently.
Greedy:
s.t.

Fig. 4.

Renewable generation profiles, load profile, and real-time price.

with hourly mean values from [6] and choose the percentage
of load that can be shed (p̄l (t) − pl (t)/p̄l (t)) randomly from
¯
[30%, 50%]. The reactive power requests
q̄l (t) and ql (t) are
¯ pl (t)
generated based on the active power requests p̄l (t) and
using a power factor chosen randomly from [0.8, 0.9]. ¯The
parameters αl and βl are chosen to be 0.5 and 500, respectively for each load. We use the 5-min real-time pricing data
from CAISO [35] in the simulation. We set the cost function of
diesel generation as Cg ( pg (t))  40( pg (t)t)2 + 60( pg (t)t)
and the ramping parameter as rg = 0.3. The capacity of the
BESS Ēb is 3 MWh and Eb is chosen to be 0.1 MWh. The
initial battery energy level ¯is set to be Eb (0) = 1.5 MWh. The
parameters in the battery cost function are chosen as αb = 1
and cb = 0.
B. Benchmarks
In order to evaluate the performance of the proposed online
EMS, we use two benchmarks: 1) an optimal offline algorithm

min
u(t)

C(t)

(1)–(3), (5)–(8), (10), (11), (14)–(20)
p̄l (t) − pl (t)
≤ αl , ∀l.
p̄l (t) − pl (t)
¯
The greedy algorithm is shortsighted as it optimizes the cost
at each time without taking the future into account.
s.t.

C. Case Study
We apply the proposed online EMS to the microgrid using
the setup described above. The voltage tolerances are set to
be [0.95 and 1.05 p.u.]. The parameters in the algorithm are
chosen as β = 1300, V = 20, ξg = 1, ξb = 1, ξl = 1,
ξ0 = 1, and ξp = 1. The optimization problem is solved using
the CVX package [36] in MATLAB on an Intel CORE i7 3.4
GHz machine with 12 GB RAM.
Fig. 5 shows the real-time cost by using the proposed EMS.
It can be seen from the figure there are some significant cost
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Fig. 6.
Time accumulated cost comparison. Time average cost: $15.34
(greedy), $13.68 (online), and $11.37 (offline).

drops, and negative costs exist, showing that the microgrid
gains money by selling surplus power to the main grid at that
time. If we compare Fig. 5 with Fig. 4, we can easily find that
the cost drops coincide with the spikes of energy price. When
the price is high, the cost of using DERs is relatively low.
Therefore, it is beneficial for the microgrid not only to use
DERs to supply its local demand but also to sell back surplus
power to gain profit.
Next, we compare the performance of the proposed online
EMS with the two benchmarks as shown by the time accumulated cost over time in Fig. 6. As shown in the figure, the
shortsighted greedy algorithm performs the worst. The online
EMS performs the best at first but it is surpassed by the optimal offline algorithm as time goes on. This is because the
offline algorithm is optimized over the entire time horizon. It
is able to make some performance sacrifices at the beginning
but achieve better overall performance in the end. Although
the offline algorithm gives us the best performance, it requires
a priori system state information, which is not applicable in
practice.
Regarding real-time computing, the computational time of
our proposed online EMS at each time step is on average 1.13 s
showing that it can be implemented in real time. The total computational time of the four-day time period (1152 time steps)
is 21.65 min, compared with 3.84 h of the offline approach
specified in Section IV-B. Both online and offline problems
are solved using the interior-point optimizer SDPT3 [37] from
CVX. Our proposed online EMS can save the computational
time significantly.
For the simulations, we also verify numerically that the
equality in (32) is attained in the optimal solution to OPF-r,
i.e., OPF-r is an exact relaxation of OPF.
D. Discussion
1) Battery Queue: We first look at the effect of β on the
charging/discharing profile of the BESS as shown in Fig. 7. As
can be seen from the figure, a large β results in more charging/discharging cycles. This is because β is the weight of the
battery queue stability in the optimization. A large β would
push the battery queue to a less congested state and therefore cause a smaller average queue backlog. Since the battery
queue backlog is the aggregate charging/discharging energy
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Fig. 7.

Battery charging/discharging profile with different β.

Fig. 8.

Time average cost with different β.

by definition, a smaller average queue backlog leads to more
switches between charging (positive power) and discharging
(negative power).
To investigate the effect of β on the time average cost, we
run the online algorithm with different β. The result is shown
in Fig. 8. The cost first drops significantly as β increases but
later starts to increase once β is greater than a certain threshold. The reason for the cost drop is that the battery energy
constraint is more likely to be effective when β is small and
thus affects the optimality of Lyapunov optimization. After β
reaches the threshold where the battery energy level can be
always bounded within the required range, the time average
cost increases due to the stability-and-performance tradeoff in
the drift-plus-penalty function.
2) Load Queue: Fig. 9 shows the time average load shedding percentage at bus 2 with different V. From the figure,
we can see that although the time average load shedding percentage may exceed the quality-of-service requirement at the
beginning, it quickly converges to a point where the time average constraint (12) is satisfied as the time goes on. The figure
also shows the effect of V on load shedding behaviors. As V
controls the tradeoff between stabilizing queues and minimizing costs, a large V would cause the load queue to be more
unstable as can be seen from Fig. 9 but incur less cost as
shown in Fig. 10.
3) Voltage: In order to demonstrate the effect of the
online EMS on the bus voltages of the distribution network,
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Fig. 9.

Fig. 10.
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Load shedding percentage at bus 2 with different V.

Fig. 11. Comparison of the maximum and minimum bus voltages without
and with considering the network constraints (red lines indicate the allowed
tolerance).

Time average cost with different V.
Fig. 12.

we conduct simulations using homogeneous loads (1.0 MW)
for all load buses and increasing the line lengths by four times.
One main advantage of our proposed online EMS is that
voltages in the microgrid are kept within the allowed tolerance which guarantees the power quality in the microgrid. In
order to compare our proposed online EMS with the previous online algorithms [15]–[17], we also solve the microgrid
energy management problem without considering the underlying network constraints and then compute the power flows
in the microgrid based on the obtained control decisions.
The simulated bus voltages are shown in Fig. 11. As seen
from the figure, the voltages deviate significantly away from
the allowed tolerance when ignoring the network constraints,
which may cause serious power quality issues in the microgrid.
On the contrary, our proposed online EMS can achieve the
long-term objective while maintaining the voltages within the
tolerance.
4) Network Effect: Another major advantage of incorporating the distribution network in the modeling is that we can
now understand how the underlying network structure interacts with the online energy management. Since the loads are
homogeneous, they would behave in the same way if the
network constraints are not considered in the energy management as in [15]–[17]. However, the underlying network
constraints have an effect on the control decisions, making the location of the bus matter in the microgrid energy
management.
In order to investigate this effect, we look into the load
shedding behaviors at each bus to see how they differ from

Hourly shed demands at each load bus in day 3.

each other in the online energy management. Fig. 12 shows
the hourly demand reduction at each bus in day 3. It can be
clearly seen from the figure that the loads at different locations behave very differently. The buses far away from the
feeder and close to the DERs (e.g., buses 5, 11, and 12)
are more likely to be different from the others. These buses
need to shed more loads to maintain the voltage level at peak
hours (e.g., hours 12–16 and 18–20) because the voltage drop
along the distribution line is significant. Their demand reduction is less than the others’ when the renewable generation
is high (e.g., hours 11 and 21–24) because they are easier to be influenced by the injected power from the DERs.
The farther the bus is away from the feeder and the closer
it is to the DERs, the stronger the effect is. For example, bus 12 is influenced more than bus 11 that is more
than bus 5.
V. C ONCLUSION
An online EMS is proposed for real-time operation of
microgrids in this paper. Compared with the existing online
algorithms, the proposed online EMS takes into account
the underlying power distribution network and the associated constraints. Specifically, we formulate the online energy
management as an SOPF problem and adopt Lyapunov optimization to devise an online algorithm to solve it in real time.
As one demonstration, we apply the proposed online EMS to
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a real-microgrid system. The simulation results show that the
A PPENDIX B
performance of the proposed online EMS exceeds a greedy
P ROOF OF L EMMA 1
algorithm and is close to an optimal offline algorithm. A
According to the definition of L((t)) in (29), we have
comprehensive analysis of the proposed online EMS is given.
1 
Through this paper, we observe and analyze the effect of the L((t + 1)) − L((t)) = β
Jb (t + 1)2 − Jb (t)2
2
underlying network structure on the energy management that
b∈B
cannot be captured by previous online studies. One direction
1
+
Hl (t + 1)2 − Hl (t)2 .
for future work is to develop an intelligent algorithm on the
2
l∈L
customer side to generate the demand requests.
(36)
A PPENDIX A
I NTRODUCTION TO LYAPUNOV O PTIMIZATION
In this paper, we develop an online EMS using Lyapunov
optimization [19] which is a technique to optimize time averages in stochastic systems. We give a very brief description
of it below.
Consider a stochastic system that operates in discrete
time with time slots t ∈ {0, 1, 2, . . .}. In every time
slot, a random system state ω(t) is observed and a control action α(t) is taken. The control action α(t) is determined within a set Aω(t) that may depend on ω(t). There
are a collection of real-valued attributes that are depended
on the system state and the control action, denoted by
y := (y0 (t), y1 (t), . . . , yL (t)), e := (e1 (t), . . . , eM (t)). Let
T−1
ȳl := limT→∞ (1/T)
t=0 yl (t) and ēm := limT→∞ (1/T)
T−1
t=0 em (t) be the time average of yl (t) and em (t) under a
particular control. The objective is to design an algorithm that
solves the following problem:
min

{α(t)∈Aω(t) }

s.t.

ȳ0

(33)

ȳl ≤ 0, l = 1, . . . , L

(34)

ēm = 0, m = 1, . . . , M.

(35)

The theory of Lyapunov optimization can be used to devise
a drift-plus-penalty algorithm to solve the above problem in a
simple and elegant way. The steps to use it are given briefly
as follows.
1) Construct virtual queues in the way described
in [19, Sec. 4.4] for ensuring that the time average
constraints (34) and (35) are satisfied.
2) Define the Lyapunov function L(t) as the sum of the
squares of the backlogs of all the virtual queues. L(t) is
a scalar measurement of the queues’ size.
3) Define the Lyapunov drift (t) = L(t + 1) − L(t) as the
difference of the Lyapunov function in two consecutive
time slots. It is shown in [19] that greedily minimizing the Lyapunov drift can stabilize the queues, which
ensures the time average constraints are met.
4) In each time slot t, take actions to greedily minimize
the drift-plus-penalty function defined as (t) + V ×
penalty(t), where V is a non-negative control parameter
and penalty(t) is a function mapped from the objective
function.
The above drift-plus-penalty algorithm has been shown to
produce a time average objective that deviates by at most
O(1/V) from the optimality with a O(V) tradeoff in time
average queue backlog [19].

Based on the queue update of Jb (t) in (25), the term
Jb (t + 1)2 − Jb (t)2 can upper bounded by


Jb (t + 1)2 − Jb (t)2 ≤ 2Jb (t)pb (t)t + max p2b , p̄2b t2 . (37)
¯
Based on the queue update of Hl (t) in (27), the term
Hl (t + 1)2 − Hl (t)2 can upper bounded by
Hl (t + 1)2 − Hl (t)2




p̄l (t) − pl (t)
− αl + 1 + αl2 . (38)
≤ 2Hl (t)
p̄l (t) − pl (t)
¯
Applying (37) and (38) to (36), adding the term VE[C(t)],
and taking the conditional expectation given (t) yields the
upper bound in (31).
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