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ABSTRACT
The integration of volatile renewable energy into distribution networks on a large scale will demand advanced voltage control algorithms. Communication will be an integral
part of these algorithms, however, it is unclear what kind
of communication protocols will be most effective for the
task. Motivated by such questions, this paper investigates
how voltage control can be achieved using event triggered
communications. In particular, we consider online algorithms
that require the network’s buses to communicate only when
their voltage is outside a feasible operation range. We prove
the convergence of these algorithms to an optimal operating
point at the rate 𝒪(1/𝑡), assuming linearized power flows.
We illustrate the performance of the algorithms on the full
nonlinear AC power flow in simulations. Our results show
that event-triggered protocols can significantly reduce the
communication for smart grid control.
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1

INTRODUCTION

Smart grids are meant to integrate large amounts of renewable energy resources into our distribution networks. For
this to be possible, the voltage fluctuations from renewable
resources must be countered with advanced control [8]. A
prominent solution has been to use the injection of reactive
powers from solar or PV-inverters to regulate the voltage
fluctuations in the network. Much work has considered purely
local controllers where each bus with an inverter regulates
its reactive power injection based only on local voltage measurements, see [13, 16, 26] and references therein. However,
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it has been shown that such purely local control algorithms
are generally insufficient in voltage regulation [9, 16]. This
means that the voltage regulation is generally not possible
without some form of communication. This has sparked much
research on distributed algorithms where the buses regulate
their voltage by using some form of communication with
other buses [6, 7, 17, 18, 22, 25].
In networked systems, event triggered control and communication algorithms have the potentiality to reduce the
control and communication costs [11, 23]. These algorithms
are based on performing a control action or communication
only when the system demands it instead of at predetermined
time instances. In fact, event triggered communication has
been considered in the power system literature [12, 15, 24].
The work in [15, 24] considers the economic dispatch problem and the DC-OPF problem, respectively, and therefore
does not deal with reactive power or voltage regulation. The
work in [12] is more related to our work and considers event
triggered algorithms for distributed reactive power sharing
in micro grids. However, differently from [12], we consider
algorithms that find an optimal operation point of the voltage
regulation in terms of reactive power costs, instead of just
stabilizing the system. Moreover, unlike [12], the algorithms
developed in this paper enforce hard operation limits on
the reactive power injections and also (in the limit) on the
voltages, which must usually be respected in real-life systems.
The goal of this work is to develop algorithms for optimal voltage control using event triggered communication
between the network’s buses. The buses control their reactive power injection (within hard operation limits) based on
local voltage measurements and possibly a communication
of local Lagrangian multipliers that are associated with a
violation of the local voltage constraints. The Lagrangian
multiplier of each bus can intuitively be considered a price
to the other nodes for violating the bus’s voltage constraint.
In the considered algorithms the network’s buses only need
to communicate at critical times when both a) the local
voltage constraint is violated and b) when the difference
between local and global version of the Lagrangian multipliers is significant enough. Hence, these algorithms have
the potential to reduce the communication need significantly.
We consider two communication structures: a) where each
bus broadcasts its local Lagrangian multiple to the other
buses and b) where each bus broadcasts its local Lagrangian
multiple to a System Operator that then coordinates the
algorithm (also in an event triggered fashion). We prove the
convergence of the
√algorithm to an optimal operation point
at the rate 𝒪(1/ 𝑡) when the power flows are linearized.
We also show how this convergence rate can be accelerated
to 𝒪(1/𝑡) by intelligent parameter tuning. We illustrate the
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performance of the algorithm on the full nonlinear AC power
flow in simulations.

1.1

obtained by setting |𝐼𝑖𝑗 |2 = 0, which is generally a fair approximation since |𝐼𝑖𝑗 |2 is usually of much smaller magnitude
than 𝑣𝑖 , 𝑃𝑖𝑗 , and 𝑄𝑖𝑗 [1]. By rearranging Eq. (1) we get that

Notation

√
The imaginary unit is denoted by i, i.e., i = −1. The
set of real, complex, and natural numbers are denoted by
R, C, and N, respectively. The set of real 𝑛 vectors and
𝑛×𝑚 matrices are denoted by R𝑛 and R𝑛×𝑚 , respectively.
Otherwise, we use calligraphy letters to represent sets. The
superscript (·)T stands for transpose. diag(𝐴1 , . . ., 𝐴𝑛 ) denotes the diagonal block matrix with 𝐴1 , . . ., 𝐴𝑛 on the diagonal. We define the proximal operator of a function 𝑔 as
1
prox𝛾 (𝑔)(𝑧) = argmin 𝑔(𝑦) + 2𝛾
||𝑥 − 𝑧|| (following the nota𝑦

tion in [4]). || · || denotes the 2-norm for both√︁vectors and
√︀∑︀𝑛
∑︀𝑛
2
2
matrices. That is ||𝑎|| =
𝑖=1 𝑎𝑖 and ||𝐴|| =
𝑖,𝑗=1 𝐴𝑖𝑗 .
The projection of 𝑧 ∈ R to [𝑎, 𝑏] ⊆ R is denoted by [𝑧]𝑏𝑎 .

2

SYSTEM MODEL AND PROBLEM
FORMULATION
2.1 System Model
Consider a radial power distribution network with 𝑁 + 1
buses represented by the set 𝒩0 = {0} ∪ 𝒩 , where 𝒩 =
{1, . . . , 𝑁 }. Bus 0 is a feeder bus and the buses in 𝒩 are
branch buses. Let ℰ ⊆ 𝒩0 × 𝒩0 denote the set of directed
flow lines, so if (𝑖, 𝑗) ∈ ℰ then 𝑖 is the parent of 𝑗. For
each 𝑖, let 𝑠𝑖 = 𝑝𝑖 + i𝑞𝑖 ∈ C, 𝑉𝑖 ∈ C, and 𝑣𝑖 ∈ R+ denote
the complex power injection, complex voltage, and squared
voltage magnitude, respectively, at Bus 𝑖. For each (𝑖.𝑗) ∈ ℰ,
let 𝑆𝑖𝑗 = 𝑃𝑖𝑗 + i𝑄𝑖𝑗 ∈ C and 𝑧𝑖𝑗 = 𝑟𝑖𝑗 + i𝑥𝑖𝑗 ∈ C denote the
complex power flow and impedance in the line from Bus 𝑖 to
Bus 𝑗. The relationship between power and voltage can be
given by the branch flow model for radial networks [1, 2] as
∑︁
−𝑝𝑖 =𝑃𝜎𝑖 𝑖 − 𝑟𝜎𝑖 ,𝑖 |𝐼𝜎𝑖 ,𝑖 |2 −
𝑃𝑖𝑘 , 𝑖 ∈ 𝒩 ,
(1a)
𝑘:(𝑖,𝑘)∈ℰ
2

−𝑞𝑖 =𝑄𝜎𝑖 𝑖 − 𝑥𝜎𝑖 ,𝑖 |𝐼𝜎𝑖 ,𝑖 | −

∑︁

𝑄𝑖𝑘 , 𝑖 ∈ 𝒩 ,

(1b)

𝑘:(𝑖,𝑘)∈ℰ
2
𝑣𝑗 −𝑣𝑖 =−2𝑟𝑖𝑗 𝑃𝑖𝑗 −2𝑥𝑖𝑗 𝑄𝑖𝑗 +𝑟𝑖𝑗
|𝐼𝑖𝑗 |2 +𝑥2𝑖𝑗 |𝐼𝑖𝑗 |2 , (𝑖, 𝑗) ∈ ℰ,
(1c)

𝑃𝑖𝑗2 + 𝑄2𝑖𝑗
, (𝑖, 𝑗) ∈ ℰ
(1d)
𝑣𝑖
where 𝜎𝑖 is the parent of bus 𝑖 ∈ 𝒩 . A subset ℐ ⊆ 𝒩 of 𝐼
buses have a PV-inverter that can inject reactive power to
the system to help regulate voltage fluctuations. Without
loss of generality, we assume that ℐ = {1, . . . , 𝐼}. Denote the
voltage and reactive power on the inverter buses by
|𝐼𝑖𝑗 |2 =

𝑣 = [𝑣1 , . . . , 𝑣𝐼 ]T ∈ R𝐼 and 𝑞 = [𝑞1 , . . . , 𝑞𝐼 ]T ∈ R𝐼 .
In this paper, we design algorithms for the full nonlinear
power flow model in Eq. (1). However, in our algorithm development we use information from the linearized branch flow
model [1], which has been shown to give good approximation
of distribution circuits. We will also prove the convergence
of our algorithm under the linear model. The linear model is

𝑣 = 𝑋𝑞 + 𝑑,
NI NI

(2)
T

NI

where 𝑑 = 𝑋 𝑞 + 𝑅𝑝 + 1𝑣0 , 𝑞
= [𝑞𝐼+1 , . . . , 𝑞𝑁 ] is
the reactive power at the non-inverter buses in 𝒩 ∖ ℐ, 𝑝 =
[𝑝1 , . . . , 𝑝𝑁 ]T is the real power injection at each bus, and the
matrices 𝑋 ∈ R𝐼×𝐼 , 𝑋 NI ∈ R𝑀 ×𝑁 −𝐼 , and 𝑅 ∈ R𝐼×𝑁 are
given as
∑︁
∑︁
∑︁
NI
𝑋𝑖𝑗 = 2
𝑥ℎ𝑘 , 𝑋𝑖𝑗
=2
𝑥ℎ𝑘 , 𝑅𝑖𝑗 = 2
𝑟ℎ𝑘 ,
(ℎ,𝑘)∈𝒫𝑖 ∩𝒫𝑗

(ℎ,𝑘)∈𝒫𝑖 ∩𝒫𝑀 +𝑗

(ℎ,𝑘)∈𝒫𝑖 ∩𝒫𝑗

where 𝒫𝑖 ⊆ ℰ is the set of edges in the path from Bus 0 to 𝑖.

2.2

Optimal Voltage Control

When the real power injection 𝑝 has been decided, then
voltage control is needed to tune the reactive power injection
𝑞 on the inverter buses to adjust their voltages 𝑣 within some
feasible range 𝑣 ∈ [𝑣, 𝑣¯]. The reactive power injection can be
adjusted within some interval 𝑞 ∈ [𝑞, 𝑞¯].1 From the previous
section, we can define the output voltage 𝑣 when we input the
real and reactive powers 𝑝 and 𝑞 into the circuit as follows:
𝑣(𝑞) := Solution to Eq. (1) for 𝑝 and 𝑞 given.

(3)

Ideally, we wish to find the optimal reactive power by solving
an optimization problem:
∑︁
𝑎𝑖
minimize
𝐶𝑖 (𝑞𝑖 ) := 𝑞𝑖2 + 𝑏𝑖 𝑞𝑖 + 𝑐𝑖
𝑞1 ,...,𝑞𝑛
2
𝑖∈ℐ
(4)
subject to 𝑣 ≤ 𝑣(𝑞) ≤ 𝑣¯
𝑞 ≤ 𝑞 ≤ 𝑞¯.
where 𝐶𝑖 (𝑞𝑖 ) is the quadratic cost of injecting 𝑞𝑖 units of
reactive power at bus 𝑖. We are often only interested in
solving the feasibility problem, i.e., the problem of finding
any reactive powers 𝑞 that enforce the voltages inside the
feasible range 𝑣 ≤ 𝑣(𝑞) ≤ 𝑣¯. In this case we simply put
𝑎𝑖 = 1 and 𝑏𝑖 = 0. However, there are situations were some
feasible reactive powers are more desirable than others, e.g.,
in PV generators we generally want the apparent power to be
small so it is desirable to minimize 𝑞𝑖2 . Moreover, in dynamic
environments where 𝑝 is changing quickly we might want to
reduce the fluctuations in 𝑞𝑖 over time by proper choice of
𝐶𝑖 (·). The goal of this paper is to establish algorithms that
solve the problem using event-triggered communication.

2.3

Event-Triggered Algorithms

We study how the optimization problem can be solved with
distributed feedback control algorithms. We could consider
local algorithms where each bus 𝑖 ∈ ℐ updates its reactive
power based only on local voltage measurements2

1

Measurement:

𝑣𝑖 (𝑡) = 𝑣𝑖 (𝑞(𝑡))

(5a)

Control:

𝑞𝑖 (𝑡+1) = 𝐾𝑖 (𝑣𝑖 (𝑡)),

(5b)

The reactive power can be decomposed into 𝑞 = 𝑞 Adj. + 𝑞 Con. where
𝑞 Adj. is adjustable and 𝑞 Con. is fixed.
2
With slight abuse of notation we denote 𝑣𝑖 (𝑡) := 𝑣𝑖 (𝑞(𝑡)).

Optimal Voltage Control Using Event Triggered Communication
where 𝐾𝑖 (·) is some local controller. However, the impossibility result in [9] shows that such local controllers can in
general not even find a feasible solution to (4). Therefore, we
must include some form of communication in the control law
in Eq. (5b). Such communication can be modeled as follows:
𝑞𝑖 (𝑡 + 1) = 𝐾𝑖 (𝑣𝑖 (𝑡), Comm𝑖 (𝑡)),

(6)

where Comm𝑖 (𝑡) is information that bus 𝑖 has received from
other buses until iteration 𝑡.
In this paper, we study how the communication at each
bus can be limited to only critical events, e.g., when the bus’s
voltage is violated. In particular, we let the communicated
information Comm𝑖 (𝑡) be event-driven. That means that each
bus 𝑖 ∈ ℐ communicates a local Lagrangian multiplier related
the local voltage constraint [𝑣 𝑖 , 𝑣¯𝑖 ] only when the constraint is
violated and when there has been significant enough change in
the Lagrangian multiplier. This triggering event (that 𝑣𝑖 (𝑡) ∈
/
[𝑣 𝑖 , 𝑣¯𝑖 ]) is a natural choice since the buses need the help from
the other buses to maintain their voltage in the feasible range
[𝑣 𝑖 , 𝑣¯𝑖 ], while the reactive powers can be maintained locally.
Remark 1. We consider both algorithms were a) the inverter buses broadcast information to the other inverter buses
and b) where the coordination is managed by a system operator (still in event-trigger fashion). We note that the former
communication scheme a) is reasonable in current systems
where reactive controllers are usually sparse and the set ℐ
is small. Or in micro grids and even in larger grids if the
number of communications can be kept sufficiently low by
the event-triggered mechanism. However, in general large
networks communication scheme b) is more suitable.

3

ALGORITHM: EVENT TRIGGERED
OPTIMAL VOLTAGE CONTROL

In this section we describe our event triggered voltage control
algorithms for solving Problem (4). In Section 3.1 we consider
a distributed event triggered algorithm where the nodes
broadcast relevant information when needed. In Section 3.2
we consider a variant of the algorithm where the solution is
coordinated by a system operator which both receives and
sends information to the buses in an event triggered fashion.

3.1

Distributed Algorithm

The following event triggered algorithm solves the optmization problem in Eq. (4). We discuss its main steps and properties below.
DIST-ETVC Algorithm: Distributed Event Triggered Optimal Voltage Control
STEP 1 Initialization: Set 𝑡 = 0, and 𝜆𝑖 (0) = 𝜆Local
(0) =
𝑖
𝑗
¯ Local
(0)
=
𝜆
(0)
=
𝜆
(0)
=
0
for
all
𝑖,
𝑗
∈
ℐ.
𝜆Local
𝑖
𝑖
𝑖
STEP 2 Local Control: Each bus 𝑖 ∈ ℐ injects into the
grid the reactive power
[︃ (︃
)︃]︃𝑞¯𝑖
1 ∑︁
𝑗
𝑞𝑖 (𝑡) =
𝑋𝑖𝑗 𝜆𝑖 (𝑡) − 𝑏𝑖
(7)
𝑎𝑖 𝑗∈ℐ
𝑞

𝑖
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where 𝑎𝑖 and 𝑏𝑖 come from the cost in Eq. (4).
STEP 3 Local Measurement and Computation: Each
bus 𝑖 ∈ ℐ measures the voltage magnitude
𝑣𝑖 (𝑡) = 𝑣𝑖 (𝑞(𝑡))
¯ 𝑖 as follows
and then updates 𝜆𝑖 and 𝜆
𝜆Local
(𝑡 + 1) =⌈𝜆Local
(𝑡) + 𝛾(𝑣 𝑖 − 𝑣𝑖 (𝑡))⌉+
𝑖
𝑖
Local
Local
¯
¯
𝜆𝑖
(𝑡 + 1) =⌈𝜆𝑖
(𝑡) + 𝛾(𝑣𝑖 (𝑡) − 𝑣 𝑖 )⌉+ ,
Local
Local
¯ Local
(𝑡 + 1) − 𝜆
(𝑡 + 1)
𝜆𝑖
(𝑡 + 1) =𝜆
𝑖
𝑖

(8a)
(8b)
(8c)

where 𝛾 > 0 is a step-size parameter.
STEP 4 Event Triggered Communication: Each bus
𝑖 ∈ ℐ decides whether it should communicate as
follows.
∙ If either
(𝑎) 𝜆Local
(𝑡 + 1) = 0 and 𝜆Local
(𝑡) = 0 or
𝑖
𝑖
(𝑏) |𝜆Local
(𝑡 + 1) − 𝜆𝑖 (𝑡)| ≤ ET(𝑡) :
𝑖
Then do not communicate and set
𝜆𝑖 (𝑡 + 1) = 𝜆𝑖 (𝑡).
∙ Otherwise: Set
𝜆𝑖 (𝑡 + 1) = 𝜆Local
(𝑡 + 1)
𝑖
and broadcast 𝜆𝑖 (𝑡 + 1) to the other nodes.
Then each inverter bus 𝑖 ∈ ℐ can update its local
version of 𝜆 as follows
⎧
⎪
if no communication is
⎨𝜆𝑗 (𝑡)
𝑗
𝜆𝑖 (𝑡+1) =
received from bus 𝑗
⎪
⎩
𝜆𝑗 (𝑡 + 1) otherwise.
STEP 5 Set 𝑡 = 𝑡 + 1 and go back to STEP 2.
The algorithm is a variant of a dual gradient/decomposition
¯ Local
method where 𝜆Local
and 𝜆
are the dual variables re𝑖
𝑖
lated to the constraints 𝑣 𝑖 ≤ 𝑣𝑖 (𝑞) and 𝑣𝑖 (𝑞) ≤ 𝑣¯𝑖 , respectively, as we show in Section 5. The local dual variable
¯ Local
−𝜆
𝜆Local
= 𝜆Local
at bus 𝑖 can be thought of as a price
𝑖
𝑖
𝑖
for violating bus’s 𝑖 voltage constraint. In particular, when
𝜆Local
> 0 then bus 𝑖 needs help from the other buses to
𝑖
decrease its voltage 𝑣𝑖 (𝑡) and when 𝜆Local
< 0 then bus 𝑖
𝑖
needs help to increase its voltage. The variable 𝜆𝑖 denotes
the most recent value of 𝜆Local
that bus 𝑖 has communicated,
𝑖
and 𝜆𝑖𝑗 = 𝜆𝑖 is a local copy node 𝑗 has of 𝜆𝑖 . The variables
𝜆𝑖 and 𝜆Local
are generally not the same since the nodes do
𝑖
not communicate at every iteration, see discussion below. In
STEP 1 the algorithm is initialized, we initialize the variables at zero but other values could be considered as well. The
local reactive power control in Step 2 is based on the dual
variables and is obtained by solving a local sub-optimizationproblem, which is a typical part of dual gradient methods,
see next two sections for the details. The local 𝜆-update in
Step 3 is a standard gradient update for the dual problem
of the primal problem in Eq. (4). This step requires no communication since 𝑣𝑖 (𝑡) can be measured after the buses inject
their reactive power 𝑞𝑖 (𝑡) into the system.
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The main difference from standard dual gradient methods
is in the communication in Step 4. The communication is
not carried out at every iteration, instead it is triggered by
the dual variables. In particular, bus 𝑖 does not communicate
when either condition (a) or (b) take place but communicates
¯ Local
otherwise. In case (a), when 𝜆
(𝑡 + 1) = 0 then neither
𝑖
constraint 𝑣 𝑖 ≤ 𝑣𝑖 (𝑞) nor 𝑣𝑖 (𝑞) ≤ 𝑣¯𝑖 is violated. Therefore,
the node does not need help from the other nodes to optimize
its local objective function 𝑎2𝑖 𝑞𝑖2 + 𝑏𝑖 𝑞𝑖 + 𝑐𝑖 . This means that
if the algorithm converges to the optimal solution 𝑞 ⋆ and
𝑣 ⋆ = 𝑣(𝑞 ⋆ ), then bus 𝑖 needs to communicate only finite
number of times provided that 𝑣𝑖⋆ is strictly inside [𝑣 𝑖 , 𝑣¯𝑖 ]. In
general, 𝜆Local
(𝑡 + 1) changes from being 0 only if the voltage
𝑖
limit 𝑣𝑖 (𝑡) ∈ [𝑣 𝑖 , 𝑣¯𝑖 ] is violated (see Eq. (8)). Therefore, the
first communication of each bus happens the first time its
voltage limit is violated. For example, if at bus 𝑖 the voltage
limit is satisfied during the first 𝑇 iterations (𝑣𝑖 (𝑡) ∈ [𝑣 𝑖 , 𝑣¯𝑖 ]
for 𝑡 = 0, . . . , 𝑇 − 1) then it does not communicate during
the first 𝑇 iterations. If bus’s 𝑖 voltage limit is then violated
¯ Local
at iteration 𝑇 + 1 (say 𝑣𝑖 (𝑡) > 𝑣¯𝑖 ) then 𝜆
becomes larger
𝑖
than 0 and bus 𝑖 might need to communicate. After that,
bus 𝑖 might need to communicate while its voltage limit is
violated and 𝑣𝑖 (𝑡) > 𝑣¯𝑖 . When the voltage 𝑣𝑖 (𝑡) at bus 𝑖 enters
¯ Local
the feasible range [𝑣 𝑖 , 𝑣¯𝑖 ] then 𝜆
(𝑡) starts decreasing (see
𝑖
¯ Local
Eq. (8b)) but it might take few iterations for 𝜆
to reach
𝑖
0 again, at which point bus 𝑖 stops communicating. However,
if the optimal voltage at node 𝑖, 𝑣𝑖⋆ , is on the boundary of
¯ Local
[𝑣 𝑖 , 𝑣¯𝑖 ] then 𝜆
might not converge to 0 and we will need
𝑖
condition (b) in Step 4 to stop the communication at bus 𝑖.
The communication of each node is further restricted by
condition (b) in Step 4. The condition says that bus 𝑖 does
not communicate unless the difference between the local
¯ Local
variable 𝜆
and its global counterpart 𝜆𝑖 is significant
𝑖
enough. In particular, bus 𝑖 does not communicate if the
difference |𝜆Local
(𝑡 + 1) − 𝜆𝑖 (𝑡)| is upper bounded by the
𝑖
function ET(𝑡). The function ET : N → R+ can be chosen
arbitrarily. For simplicity of presentation we assume ET(𝑡) is
the same for all the buses. We can set ET(𝑡) = 0 and still
keep all the event-trigger benefits of condition (a). Another
option is to let ET(𝑡) be a constant function, i.e., ET(𝑡) =
𝜅. This would mean that even the buses that have their
optimal voltage 𝑣𝑖⋆ on the boundary of [𝑣 𝑖 , 𝑣¯𝑖 ] (e.g. 𝑣𝑖⋆ = 𝑣¯𝑖 )
can converge to approximate solutions in finite number of
iterations. This is reasonable in practice, we are usually
satisfied with obtaining a suboptimal solution in finite number
of iterations, especially in dynamic environments. A third
option is to let ET(𝑡) be a decreasing function, so that we
allow more flexibility in the initial iterations but enforce
more accuracy as the algorithm proceeds. We show in the
next section that the algorithm converges to an optimal or
approximately optimal solution in all three cases.
The DIST-ETVC Algorithm is fully distributed in the
sense that there is no central authority that takes part in
coordinating the algorithm. Nevertheless, when the buses
communicate they need to broadcast information to the
other inverters in the network. This is reasonable in networks
with small to medium amount of inverters, i.e., when the
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set ℐ is of manageable size. However, in networks with large
amounts of inverters the information and management of the
network is usually done by a centralized system operator. This
motivates us to consider a decentralized variant of the DISTETVC Algorithm where the system operator manages
the information flow, considered in the next subsection. An
additional complication that can occur is communication
collision, if multiple inverters communicate during the same
iteration. We assume that the underlying communication
protocol does not cause such conflicts, e.g., each node is
allocated an orthogonal communication channel.

3.2

Decentralized Algorithm

We now consider a variant of the DIST-ETVC Algorithm
where the information flow is managed by a system operator.
DEC-ETVC Algorithm: Decentralized Event Triggered
Optimal Voltage Control
STEP 1 Initialization: Set 𝑡 = 0, and 𝜆𝑖 (0) = 𝜆Local
(0) =
𝑖
𝜆Local
(0) = 𝜆Local
(0) = 𝑧𝑖 (0) = 𝑧𝑖Local (0) = 0 for all
𝑖
𝑖
𝑖 ∈ ℐ.
STEP 2 Local Control: Each bus 𝑖 ∈ ℐ injects into the
grid the reactive power
[︂
]︂
)︀ 𝑞¯𝑖
1 (︀ Local
𝑞𝑖 (𝑡) =
𝑧𝑖
(𝑡) − 𝑏𝑖
𝑎𝑖
𝑞
𝑖

where 𝑎𝑖 and 𝑏𝑖 come from the cost in Eq. (4).
STEP 3 Local Measurement and Computation: Same
as Step 3 in the DIST-ETVC Algorithm.
STEP 4 Event Triggered Communication: Is same as
Step 4 in the DIST-ETVC Algorithm except
when bus 𝑖 communicates then it sends 𝜆𝑖 (𝑡) to
the system operator.
STEP 5 System Operators Update - Computation
and Event-Triggered Communication: The
system operator updates 𝑧 as follows
𝑧(𝑡 + 1) = 𝑋𝜆(𝑡 + 1).

(9)

For all 𝑖 ∈ ℐ the system operator decides if it
communicates the new value 𝑧𝑖 (𝑡 + 1) to bus 𝑖 as
follows.
∙ If |𝑧𝑖 (𝑡 + 1) − 𝑧𝑖Local (𝑡)| ≤ ET(𝑡): then do nothing
and bus 𝑖 will update its local variable as
𝑧𝑖Local (𝑡 + 1) = 𝑧𝑖Local (𝑡).
∙ Otherwise: Set
𝑧𝑖Local (𝑡 + 1) = 𝑧𝑖 (𝑡 + 1)
and communicate the new value 𝑧𝑖Local to bus 𝑖.
STEP 6 Set 𝑡 = 𝑡 + 1 and go back to STEP 2.
The main difference from the DIST-ETVC Algorithm
is Step 5 performed by the system operator and small modifications to Step 2 and Step 4 in the DIST-ETVC Algorithm. Moreover, we have introduced the new variables
𝑧 and 𝑧 Local . The variable 𝑧 aggregates the information 𝑋𝜆
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that the buses need to update their reactive power 𝑞𝑖 in
Eq. (7) of the DIST-ETVC Algorithm. This information
is maintained by the system operator and updated according
to Eq. (9) in Step 5 of the DEC-ETVC Algorithm. The
variable 𝑧𝑖Local denotes the most recent information bus 𝑖 has
received about the value of 𝑧𝑖 . The system operator sends
the new information 𝑧𝑖 (𝑡 + 1) to bus 𝑖 only if it has changed
significantly enough compared to 𝑧𝑖Local , where the significant change is measured by the function ET(𝑡). As before,
we assume that ET(𝑡) is the same for all the buses and the
system operator to simplify the presentation. Similarly as
in the DIST-ETVC Algorithm ET(𝑡) can be constant or
decreasing function, we will explore both choices in simulations in Section 6. Moreover, we assume, similarly as for the
DIST-ETVC Algorithm, that there are no communication conflicts even though multiple buses communicate during
the same iteration or if the SO communicates to multiple
buses during the same iteration.
The DEC-ETVC Algorithm nicely decouples the local
and global information between the buses and the system
operator. In particular, unlike in the DIST-ETVC Algorithm, in the DEC-ETVC Algorithm the buses do not
need to know any global network information, such as the
parameters of the matrix 𝑋. Such global information is maintained by the system operator in the update of 𝑧(𝑡 + 1) in
Eq. (9). Still, the system operator does not need to access
any local information from the buses, such as the local cost
function 𝑎2𝑖 𝑞𝑖2 + 𝑏𝑖 𝑞𝑖 + 𝑐𝑖 or bounds 𝑞 𝑖 , 𝑞¯𝑖 , 𝑣 𝑖 , and 𝑣¯𝑖 . We
illustrate the main difference between the communication
structures of the two algorithms in Figure 1.

4

MAIN CONVERGENCE RESULTS

In this section we highlight the convergence properties of the
algorithm. In particular, we provide our main convergence
results in Section 4.1. We then discuss how the convergence
can be improved in Section 4.2. We focus our attention in this
section on the DIST-ETVC Algorithm, and leave rigorous
convergence analysis of the DEC-ETVC Algorithm as
future work.

4.1

Main Results

We now show that the DIST-ETVC Algorithm converges
to the optimal solution to Problem (3).
Theorem 1 (Constant Step-Size). Suppose that the
relationship 𝑣(𝑞), between the voltage and reactive power,
follows the linear Eq. (2) and that
)︂
(︂
1
𝛾 ∈ 0,
𝐿
and let 𝑞 ⋆ be the optimal solution to Problem (3), 𝑎min =
min{𝑎1 , . . . , 𝑎𝐼 }, and 𝜆⋆ ∈ R2𝑛
+ be a constant given in Section 5.2. Then we have the following results:
a) If ET(𝑡) = 0 then
||𝜆⋆ || 1
√ , for all 𝑡 ∈ N.
||𝑞(𝑡) − 𝑞 ⋆ || ≤ √
𝑎min 𝛾 𝑡
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b) If ET(𝑡) = 𝜅 then

√
||𝜆⋆ || 1
2||𝑋|| 𝐼 √
√ + √
||¯
𝑞 (𝑡) − 𝑞 ⋆ || ≤ √
𝜅, for all 𝑡 ∈ N,
𝑎min 𝛾 𝑡
𝑎min
where
𝑞¯(𝑡) =

𝑡
1 ∑︁
𝑞(𝜏 ).
𝑡 𝜏 =1

(10)

c) For general ET(𝑡) we have
||¯
𝑞 (𝑡) − 𝑞 ⋆ || ≤ √

1
1
√ (||𝜆⋆ || + 2𝐴(𝑡)) for all 𝑡 ∈ N,
𝑎min 𝛾 𝑡

where
𝐴(𝑡) =

√ 𝑡
4||𝑋||2 𝐼 ∑︁
ET(𝜏 ).
𝛾𝑎min 𝜏 =1

Proof. See Section 5.2.

(11)
□

The theorem establishes the convergence of the DISTETVC Algorithm for three different choices of the function ET(𝑡). We note that these results are theoretical upper
bounds, establishing what behavior we can expect in the
worst case. We illustrate in simulations that the algorithm
converges faster in practice. Moreover, to yield the results
we have considered the linear voltage Eq. (1) instead of the
full nonlinear Eq. (2). We note that because of the high nonlinearities of Eq. (2) it is very difficult to get any theoretical
guarantees by using the full model. However, by proving the
convergence under the linear model we provide theoretical
foundations to the algorithm, which are then complemented
by evaluating the algorithm in simulations under the full
nonlinear model in Section 6.
Part a) of the theorem shows that when ET(𝑡) = √
0 then the
algorithm’s iterates 𝑞(𝑡) converge at the rate 𝒪(1/ 𝑡) to the
optimal solution 𝑞 ⋆ . That means that we need at most 𝐾/𝜖2
iterations, where 𝐾 = ||𝜆⋆ ||2 /(𝑎min 𝛾), to obtain an 𝜖 > 0
accurate solution, i.e., to find 𝑞 such that 𝜖 > ||𝑞−𝑞 ⋆ ||. Part b)
of the result establishes the convergence when ET(𝑡) = 𝜅 > 0,
i.e., when ET(𝑡) is a constant function. In this case we show
that the average value 𝑞¯(𝑡) of the iterates converges to the
optimal value√
𝑞 ⋆ , see Eq. (10). In particular, 𝑞¯(𝑡) converges at
the rate 𝒪(1/ 𝑡) to an approximate solution, which gets more
accurate as 𝜅 decreases. This is natural, since when we reach
an 𝜅-accurate solution then the buses do not communicate
meaning that they cannot improve their estimates further.
Such approximate solutions are reasonable in practice, since
we can only run limited number of iterations in real-world
application and hence must generally suffer some inaccuracies.
We note that even though the theorem establishes only the
converge of 𝑞¯(𝑡), we show numerically in Section (6) that 𝑞(𝑡)
has similar convergence behavior.
Part 3) of the theorem shows that we can ensure an asymptotic convergence of 𝑞¯(𝑡) to the true optimal value 𝑞 ⋆
when ET(𝑡) > 0, as long as ET(𝑡) converges to 0 fast enough.
For example, if ET(𝑡) are summable
∞
∑︁
𝑡=0

ET(𝑡) < ∞,
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System Operator (SO)

Bus 𝑖
Event-triggered-communication at iteration 𝑡:
Event-triggered-communication at iteration 𝑡:

∙ If |𝑧𝑖 (𝑡 + 1) − 𝑧𝑖Local (𝑡)| ≤ ET(𝑡): Communicate nothing to bus 𝑖.
∙ Otherwise: set

∙ If either condition (a) or (b) in Step 4
happens: Communicate nothing.
∙ Otherwise: set
Local

𝜆𝑖 (𝑡 + 1) = 𝜆𝑖

Local

𝑧𝑖

(𝑡 + 1)

(𝑡 + 1) = 𝑧𝑖 (𝑡 + 1)

and communicate 𝑧𝑖Local (𝑡 + 1) to bus 𝑖.

and broadcast 𝜆𝑖 (𝑡+1) to the other
inverters.

𝑧𝑖Local (𝑡 + 1)

𝜆𝑖 (𝑡+1)
Bus 1
𝜆𝑖 (𝑡+1)

𝜆𝑖 (𝑡+1)

𝜆𝑖 (𝑡+1)

···

𝜆𝑖 (𝑡+1)

Bus 𝑖

···

Bus 𝐼

Event-triggered-communication at iteration 𝑡:
∙ If either condition (a) or (b) in Step 4
happens: Communicate nothing.
∙ Otherwise: set
Local

Bus 1

Bus 2

···

𝜆𝑖 (𝑡 + 1) = 𝜆𝑖

Bus 𝐼−1

Bus 𝐼

(𝑡 + 1)

and communicate 𝜆𝑖 (𝑡+1) to SO.

(a) DIST-ETVC Algorithm

(b) DEC-ETVC Algorithm

Figure 1: The communication in both algorithms. In the DIST-ETVC Algorithm the inverter buses broadcast
the value of the dual variable 𝜆𝑖 (𝑡 + 1) when a local triggering event takes place. In the DEC-ETVC Algorithm
the buses communicate 𝜆𝑖 (𝑡 + 1) only to the System Operator when the local triggering event takes place.
Similarly, the System Operator, communicates the value 𝑧𝑖 (𝑡 + 1) to bus 𝑖 only if it has changed significantly
enough from the local value 𝑧𝑖Local (𝑡).
e.g., ET(𝑡) = 𝜌𝑡 √
for 𝜌 ∈ (0, 1), then 𝑞¯(𝑡) converges to 𝑞 ⋆
at the rate 𝒪(1/ 𝑡). Similarly, if ET(𝑡) decreases as 𝒪(1/𝑡)
then 𝐴(𝑡)√= 𝒪(log(𝑡)) and 𝑞¯(𝑡) converges to 𝑞 ⋆ at the rate
𝒪(log(𝑡)/ 𝑡). We note that the convergence analysis in case
c) is based on the inexact proximal gradient methods in [21],
which provides a more thorough discussion on how different
choices of ET(𝑡) affect the convergence rate. Like before, we
note that the numerical results in Section 6 show that 𝑞(𝑡)
converges similarly as 𝑞¯(𝑡).
We have the following guarantees on communication.
Theorem 2 (Communication). Suppose that the relationship 𝑣(𝑞), between the voltage and reactive power, follows
the linear Eq. (2). Let 𝑞 ⋆ ∈ R𝑛 be the unique optimal solution
and set ET(𝑡) = 0. If 𝑣𝑖⋆ := 𝑣𝑖 (𝑞 ⋆ ) ∈ (𝑣 𝑖 , 𝑣¯𝑖 ) then there exists 𝑇
such that bus 𝑖 does not need to communicate after iteration
𝑇 , i.e.,
¯ 𝑖 (𝑡) = 0, for all 𝑡 ≥ 𝑇.
𝜆𝑖 (𝑡) = 𝜆
In particular, ⃒after iteration 𝑇 at most |{𝑖 ∈ ℐ : 𝑣𝑖⋆ =
𝑣 𝑖 or 𝑣𝑖⋆ = 𝑣¯𝑖 }⃒ nodes need to communicate.
Proof. See Section 5.3.

□

The theorem shows that when ET(𝑡) = 0 then the nodes
that have their optimal voltage 𝑣𝑖⋆ strictly inside [𝑣 𝑖 , 𝑣¯𝑖 ] communicate only finite number of times. In our numerical experiments in Section 6, we show that this results holds in
general for all choices of ET(𝑡). We further show in Section 6
that when ET(𝑡) is a constant function then every bus needs
to communicate only finite number of times. We leave it for
future work to prove analytically these communication limits
for more general cases than given in Theorem 2.

We now study variants of the algorithm that can provide
better convergence behavior in some cases.

4.2

Improved Convergence

The DIST-ETVC Algorithm is essentially a gradient method
for solving the dual problem. Gradient methods can be accelerated by using, e.g., Nesterov’s algorithm which gives
better convergence behavior [19]. We now illustrate how such
ideas can accelerate the convergence of the DIST-ETVC
Algorithm.
Theorem 3 (Accelerated Gradient Method). Suppose that the relationship 𝑣(𝑞), between the voltage and reactive power, follows the linear Eq. (2). Consider the DISTETVC Algorithm with ET(𝑡) = 0. Moreover, the updates
in Eq.s (8a) and (8b) are changed as follows for each 𝑖. Set
𝜇𝑖 (1) = 𝜇
¯𝑖 (1) = 0 and 𝛼(1) = 1 and for 𝑡 ≥ 1 do
𝜇𝑖 (𝑡) =⌈𝜆𝑖 (𝑡) + 𝛾(𝑣 𝑖 − 𝑣𝑖 (𝑡))⌉+
¯ 𝑖 (𝑡) + 𝛾(𝑣𝑖 (𝑡) − 𝑣 )⌉+
𝜇
¯𝑖 (𝑡) =⌈𝜆
𝑖
√︀
1 + 1 + 4𝛼(𝑡)2
𝛼(𝑡 + 1) =
2
(︂
)︂
𝛼(𝑡) − 1
𝜆𝑖 (𝑡 + 1) =𝜇𝑖 (𝑡) +
(𝜇𝑖 (𝑡) − 𝜇𝑖 (𝑡 − 1))
𝛼(𝑡 + 1)
(︂
)︂
𝛼(𝑡) − 1
¯ 𝑖 (𝑡 + 1) =¯
𝜆
𝜇𝑖 (𝑡) +
(¯
𝜇𝑖 (𝑡) − 𝜇
¯𝑖 (𝑡 − 1)),
𝛼(𝑡 + 1)
where 𝛾 ∈ (0, 1/𝐿). Then
2||𝜆⋆ || 1
||𝑞 𝜇 (𝑡) − 𝑞 ⋆ || ≤ √
,
𝑎min 𝛾 1 + 𝑡
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where 𝑞 ⋆ is the optimal solution, 𝜆⋆ ∈ R2𝑛
+ is a constant given
in Section 5.2, and 𝑞 𝜇 is defined component-wise as follows
[︃ (︃
)︃]︃𝑞¯𝑖
1 ∑︁
𝑋𝑖𝑗 (𝜇𝑖 (𝑡) − 𝜇
𝑞𝑖𝜇 (𝑡) =
¯𝑖 (𝑡)) − 𝑏𝑖
.
𝑎𝑖 𝑗∈ℐ
𝑞

𝑖

Proof. See Section 5.4.

□

The theorem shows that the acceleration can generate iterates 𝑞 𝜇 (𝑡) that converges at the rate 𝒪(1/𝑡)
to the optimal
√
solution 𝑞 ⋆ , hence improving the 𝒪(1/ 𝑡) convergence rate
of the DIST-ETVC Algorithm. This means that we need
𝒪(1/𝜖) iterations to obtain an 𝜖 > 0 accurate solution, instead of 𝒪(1/𝜖2 ) iterations as in the standard DIST-ETVC
Algorithm. Note that here we are measuring the convergence in the iterates 𝑞 𝜇 (𝑡) but not in 𝑞(𝑡). However, as the
algorithm converges then 𝑞(𝑡) − 𝑞 𝜇 (𝑡) converges to zero. We
show in simulations that the accelerated version can improve
the convergence in practice. We now prove these theorems.

5

CONVERGENCE ANALYSIS

In this section we prove the main convergence results from
Section 4.1. First we provide some preliminary results in
Section 5.1 and then prove Theorems 1, 2, and 3, respectively,
in Sections 5.2, 5.3, and 5.4.

5.1

Duality Theory

The dual of the optimization problem in Eq. (4) is given by
maximize
¯
𝜆=(𝜆,𝜆)

subject to

𝐷(𝜆) := min ℒ(𝑞, 𝜆)
𝑞∈[𝑞,¯
𝑞]

(12)

𝜆 ≥ 0,

¯ are, respectively, the dual variable associated
where 𝜆 and 𝜆
to the lower and upper bounds in the constraint [𝑣, 𝑣¯], 𝐷 :
R2𝐼 → R is the dual function and ℒ(·) is the Lagrangian
function defined as
𝐼
∑︁
¯ T (𝑣(𝑞) − 𝑣¯), (13)
ℒ(𝑞, 𝜆) =
𝐶𝑖 (𝑞𝑖 ) + 𝜆T (𝑣 − 𝑣(𝑞)) + 𝜆
𝑖=1

¯ ∈ R𝑛 × R𝑛 , see Chapter 5 in [5] for details.
where 𝜆 = (𝜆, 𝜆)
We have the following result (proved in Appendix A).
Lemma 1. The dual gradient is
[︂
]︂
𝑣 − 𝑣(𝑞(𝜆))
∇𝐷(𝜆) =
𝑣(𝑞(𝜆)) − 𝑣¯

(14)

where
[︀
]︀
¯ − 𝑏 𝑞¯ ,
𝑞(𝜆) = argmin ℒ(𝑞, 𝜆) = Λ−1 𝑋(𝜆 − 𝜆)
𝑞

(15)

𝑞∈[𝑞,¯
𝑞]

where Λ = diag(𝑎1 , . . . , 𝑎𝐼 ) and 𝑏 = [𝑏1 , . . . , 𝑏𝑛 ]T . Moreover,
∇𝐷(𝜆) is 𝐿-Lipschitz continuous where 𝐿 = 4||𝑋||2 /𝑎min
and 𝑎min = min𝑖=1,...,𝑛 𝑎𝑖 .

¯
where 𝜆(𝑡) = (𝜆(𝑡), 𝜆(𝑡)).
When ET(𝑡) = 0 then 𝜆(𝑡) =
Local
𝜆
(𝑡) and the algorithm is just a standard dual gradient
method
𝜆Local (𝑡+1) =⌈𝜆Local (𝑡) + 𝛾∇𝐷(𝜆Local (𝑡))⌉+ .

(17)
Local

When ET(𝑡) ̸= 0 then it can happen that 𝜆(𝑡) ̸= 𝜆
(𝑡)
meaning that the steps in Eq. (16) do not follow a standard
gradient method. However, the following lemma shows that
Eq. (16) is an inexact gradient method, which has been well
studied recently [10, 21].
Lemma 2. The steps of Eq. (8) in the DIST-ETVC Algorithm can be written equivalently as
𝜆Local (𝑡+1) =⌈𝜆Local (𝑡) + 𝛾(∇𝐷(𝜆Local (𝑡)) + 𝑒(𝑡))⌉+ , (18)
where 𝑒(𝑡) = ∇𝐷(𝜆(𝑡) − ∇𝐷(𝜆Local (𝑡)) ∈ R2𝐼 and
√
4||𝑋||2 𝐼
ET(𝑡).
||𝑒(𝑡)|| ≤
𝑎min
Proof. By using that ∇𝐷(·) is 𝐿-Lipschitz continuous
with 𝐿 = 4||𝑋||2 /𝑎min (Lemma 1) we get
||𝑒(𝑡)|| =||∇𝐷(𝜆(𝑡)) − ∇𝐷(𝜆Local (𝑡))||
√
≤𝐿||𝜆(𝑡) − 𝜆Local (𝑡)|| ≤ 𝐿 𝐼ET(𝑡)
¯
where we have used that 𝜆(𝑡) = 𝜆(𝑡) − 𝜆(𝑡),
𝜆Local (𝑡) =
Local
Local
¯
𝜆
(𝑡) − 𝜆
(𝑡), and the
√ equivalence between the 2-norm
and ∞-norm, i.e., ||𝑥|| ≤ 𝐼||𝑥||∞ for 𝑥 ∈ R𝐼 .
□
We will now use the fact that the algorithm is exact or
inexact gradient method to prove its convergence. However,
first we need one more result, connecting the convergence of
the dual variables 𝜆Local (𝑡) to the primal variables 𝑞(𝑡).
Lemma 3. For any 𝜆 ∈ R2𝑛
+ we have
√︂
2
||𝑞(𝜆) − 𝑞 ⋆ || ≤
(𝐷⋆ − 𝐷(𝜆)),
𝑎min
where 𝐷⋆ is the optimal value of the dual problem.
Proof. The proof is similar to the proof of Theorem 1
in [3], but we include it here for completeness. For a fixed 𝜆 ∈
R2𝑛
+ the Lagrangian function ℒ(𝑞, 𝜆) in Eq. (13) is stronglyconvex in 𝑞 with convexity parameter 𝑎min , since 𝑎𝑖 > 0 for
𝑖 = 1, . . . , 𝑛. Therefore, by Definition 2.1.2 of strongly convex
function in [20] and Theorem 2.1.2 in [5] we have for any
𝑞 ∈ [𝑞, 𝑞¯], 𝜆 ∈ R2𝑛
+ , and 𝑞(𝜆) defined in Eq. (15) that
𝑎min
||𝑞 − 𝑞(𝜆)2 || ≤ ℒ(𝑞, 𝜆) − ℒ(𝑞(𝜆), 𝜆).
2
Let 𝑞 ⋆ ∈ [𝑞, 𝑞¯] and 𝜆⋆ ∈ R2𝑛
+ , respectively, be optimal solutions to the primal and dual problems. Then by Eq. (13) we
¯
have (setting 𝜆 = (𝜆, 𝜆))
𝑛
∑︁
ℒ(𝑞 ⋆ , 𝜆) − ℒ(𝑞(𝜆), 𝜆) =
𝐶𝑖 (𝑞𝑖⋆ ) + 𝜆T (𝑣 − 𝑣(𝑞 ⋆ ))
𝑖=1

From the lemma we can write the update of
¯ local )
𝜆Local := (𝜆local , 𝜆

¯ T (𝑣(𝑞 ⋆ ) − 𝑣¯) − 𝐷(𝜆)
+𝜆

in Eq. (8) in the DIST-ETVC Algorithm as
𝜆Local (𝑡+1) =⌈𝜆Local (𝑡) + 𝛾∇𝐷(𝜆(𝑡))⌉+ ,
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(16)

≤𝐷(𝜆⋆ ) − 𝐷(𝜆),
∑︀
⋆
where we have used that 𝐷(𝜆⋆ ) = 𝑛
𝑖=1 𝐶𝑖 (𝑞𝑖 ) by the strong
T
⋆
T
⋆
¯ (𝑣(𝑞 ) − 𝑣¯) ≥ 0 since
duality and that 𝜆 (𝑣 − 𝑣(𝑞 )), 𝜆
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𝜆 ≥ 0 and 𝑞 ⋆ is a primal feasible point. Combining the two
inequalities above yields the result.
□

5.2

Therefore, by Lemma 3 we have
𝑡
1 ∑︁
||𝑞(𝜏 ) − 𝑞 ⋆ ||
𝑡 𝜏 =1
𝑡 √︂
2
1 ∑︁
≤
(𝐷⋆ − 𝐷(𝜆Local (𝜏 )))
𝑡 𝜏 =1 𝑎min
⎯
√ ⎸ 𝑡
∑︁ 2
𝑡⎸
(𝐷⋆ − 𝐷(𝜆Local (𝜏 )))
≤ ⎷
𝑡
𝑎min
𝜏 =1
√︂
4||𝑋||2 𝐼
1 ||𝜆⋆ ||
≤√ √
+
𝜅,
𝑎min
𝑡 𝛾𝑎min

||¯
𝑞 (𝑡) − 𝑞 ⋆ || ≤

Proof of Theorem 1

We have shown that the update of 𝜆Local (𝑡) in Eq. (8) of the
DIST-ETVC Algorithm is a standard gradient method
when ET(𝑡) = 0 (cf. Eq. (17)) and an inexact gradient method
otherwise (cf. Eq. (18)). Because of the projection ⌈·⌉+ , it
will be helpful to write the steps of the algorithm equivalently
as a proximal gradient method. We can then directly use the
convergence results in [4] and [21], respectively, for exact and
inexact proximal gradient methods. To that end, we write
the dual problem in Eq. (19) equivalently in the form of the
problem in Eq. (M) on page 14 in [4]
minimize
𝜆∈R2𝑛

− 𝐷(𝜆) + 𝑔(𝜆)

(19)

where 𝑔 is the indicator function
{︃
0
if 𝜆 ∈ R2𝑛
+
𝑔(𝜆) =
∞ otherwise.
We can now write the algorithm equivalently as
𝜆Local (𝑡+1) =⌈𝜆Local (𝑡) + 𝛾(∇𝐷(𝜆Local (𝑡)) + 𝑒(𝑡))⌉+ ,
=prox𝛾 (𝑔)(𝜆Local (𝑡) + 𝛾(∇𝐷(𝜆Local (𝑡)) + 𝑒(𝑡))),
where 𝑒(𝑡) is from Lemma 2. We now prove a), b) and c).
Case a): From Theorem 1.1 in [4] we have that
𝐷⋆ − 𝐷(𝜆Local (𝑡)) ≤

||𝜆⋆ ||2
for 𝑡 ≥ 1,
2𝛾𝑡

⋆

where 𝐷 is the optimal value of the dual problem. Combining
this inequality with Lemma 2 we get the result.
Case b): Using the concavity of 𝐷(·) and properties of the
proximal operator we get the inequality (for details see, e.g.,
the proof of Eq. (10) in the extended version of [21])
1
||𝜆Local (𝑡) − 𝜆⋆ ||2
2𝛾
1
+
||𝜆Local (𝑡 − 1) − 𝜆⋆ ||2 + ||𝑒(𝑡)||,
2𝛾

𝐷⋆ − 𝐷(𝜆Local (𝑡)) ≤ −

where 𝜆⋆ is some dual optimal solution. By summing over 𝑡
we get
𝑡
∑︁
1
𝐷⋆ − 𝐷(𝜆Local (𝜏 )) ≤ ||𝜆Local (0) − 𝜆⋆ ||2 +
||𝑒(𝜏 )||,
2𝛾
𝜏 =1
𝜏 =1

which yields the result.
Case c): From Proposition 1 in [21] we have that
(︃
)︃
𝑡
𝑡
1 ∑︁ Local
1 ∑︁ ⋆
⋆
𝐷 −𝐷
𝜆
(𝜏 ) ≤
𝐷 − 𝐷(𝜆Local (𝜏 ))
𝑡 𝜏 =1
𝑡 𝜏 =1
≤

where 𝐴(𝑡) is defined in Eq. (11). We can now derive the
result by combining this with Lemma 3 and following similar
steps as in Case b).

5.3

where we have used that 𝜆Local (0) = 0 in the second inequality.
By taking the average we get
𝑡
4||𝑋||2 𝐼
1 ∑︁ ⋆
1
𝐷 − 𝐷(𝜆Local (𝜏 )) ≤
||𝜆⋆ ||2 +
𝜅.
𝑡 𝜏 =1
2𝛾𝑡
𝑎min

Proof of Theorem 2

Suppose that 𝑣𝑖⋆ := 𝑣𝑖 (𝑝⋆ ) ∈ (𝑣 𝑖 , 𝑣¯𝑖 ). From Theorem 1 and
the fact that 𝑣(·) is a continuous function, there exists 𝛿 > 0
and 𝑇0 ∈ N such that 𝑣𝑖 (𝑡) ∈ (𝑣𝑖⋆ − 𝛿, 𝑣𝑖⋆ + 𝛿) ⊆ (𝑣 𝑖 , 𝑣¯𝑖 ). Then
𝜂 := min{(𝑣𝑖⋆ − 𝛿) − 𝑣 𝑖 , 𝑣¯𝑖 − (𝑣𝑖⋆ + 𝛿)} > 0. It follows that
𝑣 𝑖 − 𝑣𝑖 (𝑡) < −𝜂 and 𝑣𝑖 (𝑡) − 𝑣 𝑖 < −𝜂 for 𝑡 ≥ 𝑇0 .
Hence, from Eq.s (8a) and (8b) we have for 𝑡 ≥ 𝑇0 that
¯ 𝑖 (𝑡) ≤ [𝜆
¯ 𝑖 (𝑇0 )−(𝑡−𝑇0 )𝛾𝜂]+ .
𝜆𝑖 (𝑡) ≤ [𝜆𝑖 (𝑇0 )−(𝑡−𝑇0 )𝛾𝜂]+ , 𝜆
¯ 𝑖 (𝑇0 )}/(𝜂𝛾) then
Therefore, if we set 𝑇 = 𝑇0 + max{𝜆𝑖 (𝑇0 ), 𝜆
¯
𝜆𝑖 (𝑡) = 𝜆𝑖 (𝑡) = 0 for all 𝑡 ≥ 𝑇 .

5.4

Proof of Theorem 3

Here we have changed the proximal gradient method with
constant step-size, in Eq. (17), to fast proximal gradient
method with constant step size, see page 23 in [4]. From
Theorem 1.4 in [4] we have that
𝐷⋆ − 𝐷(𝜆Local (𝑡)) ≤

𝑡
∑︁

4||𝑋||2 𝐼
1
≤ ||𝜆⋆ ||2 + 𝑡
𝜅,
2𝛾
𝑎min

1
(||𝜆⋆ || + 2𝐴(𝑡))2 ,
2𝛾𝑡

2||𝜆⋆ ||2
for 𝑡 ≥ 1.
𝛾(𝑡 + 1)2

The convergence rate in Theorem 3 is now obtained by combining this lemma with Lemma 3.

6

NUMERICAL EXPERIMENTS

We test the algorithms on the 56 bus network in [14]. In Subsection 6.1 we illustrate the performance of the algorithms
on the full nonlinear AC power flow model. In Subsection 6.2
we test the algorithms on the linearized power flows in Equation (1) and compare the results to the theory in Section 4.
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1.4

1.4

1.2

1.2

1

1

100

101

102

103

(c) DIST-ETVC, ET(𝑡) = 10/𝑡.
1.4
1.2
1

0.8
100

101

102

103

100

101

102

103

100

101

102

103
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(i) DEC-ETVC, ET(𝑡) = 10/𝑡.

Figure 2: Convergence of the algorithms on the full nonlinear AC power flow.

6.1

Full Nonlinear AC Power Flow

We now illustrate the algorithms’ convergence on the full
nonlinear AC power flow grids. To solve the nonlinear power
flow equations we use the MATLAB extension package MATPOWER [27]. In these simulations Bus 1 is the feeder bus and
we assume that there is an inverter that can inject reactive
power on buses 7, 8, . . . , 18, so there are 𝐼 = 12 inverter buses
in total. The voltage and reactive power limits are 𝑣 𝑖 = 0.95,
𝑣¯𝑖 = 1.05, 𝑞 𝑖 = −2 and 𝑞¯𝑖 = 2. The real power injections are
chosen at uniform random from the interval [−0.5, 1.5]. We
set 𝑎𝑖 = 1 and 𝑏𝑖 = 0 in 𝐶𝑖 (𝑞𝑖 ).
Figure 2 depicts the convergence of the voltages for the
standard and accelerated versions of the DIST-ETVC and
DEC-ETVC algorithms. We test the algorithms for ET(𝑡) =

0, ET(𝑡) = 𝜅, ET(𝑡) = 10/𝑡, where 𝜅 = 0.5 in the DISTETVC Algorithm and 𝜅 = 0.1 in the DEC-ETVC Algorithm. All of the algorithms converge to a solution or fluctuate around an approximate solution. As could be expected,
the accelerated methods generally converge much faster. However, when ET(𝑡) = 𝜅 then the accelerated methods induce
more fluctuations than the non-accelerated methods. This
can be expected, since when ET(𝑡) = 𝜅 then the algorithms
are equivalent to inexact dual-gradient methods (see Section 5) and accelerated gradient methods are generally less
robust to noise [10, 21].
Table 1 summarizes the average number of communications
per bus during the 3000 iterations depicted in Figure 2.
The number in the parentheses indicates the percentages of
iterations when each bus communicates. In all cases the eventtriggered algorithms significantly reduce the communications.
In the worst case buses are communicating during less than
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Figure 3: Convergence of the algorithms on the linear (approximated) power flow.
Algorithm ET(𝑡) # Comm. Bus # Comm. SO
DIST
0
851 (28.37%)
DIST
0.5
28 (0.93%)
DIST
10/t
417 (13.90%)
A-DIST
0
562 (18.73%)
A-DIST
0.5
107 (3.57%)
A-DIST 10/t
442 (14.73%)
DEC
0.1
137 (4.57%)
12 (0.40%)
DEC
10/t
857 (14.27%)
175 (5.83 %)
A-DEC
0.1
428 (29.17%)
24 (0.80%)
Table 1: The average number of communication per
bus during the 3000 iterations depicted in Figure 2.

30% of the iterations and for the DIST Algorithm with
ET(𝑡) = 0.5 each bus communicates during less than 1% of
iterations without a significant loss in solution accuracy. Even
when ET(𝑡) = 0 then the event-triggered algorithms save a
large amount of communications. In the DEC Algorithm
with 𝜅 = 0.1 the OS communicates only 12 times to each bus
(at 0.4% of the iterations). Because of the complexity of the
nonlinear model we cannot find the true optimal solution 𝑞 ⋆ .
However, in the next subsection we illustrate the convergence
of ||𝑞(𝑡) − 𝑞 ⋆ || for the linear power flows.

6.2

Linearized Power Flow

We now evaluate the algorithm on the linearized power flow
model in Equation (2). All the parameters are the same as
in the previous section, except here we assume that every
bus except bus 1 is an inverter bus, i.e., ℐ = {2, 3, . . . , 56}
and 𝐼 = 55. In the DEC-ETVC Algorithm we let ET(𝑡) =
0.5 at the buses and ET(𝑡) = 0.1 at the system operator.
The results are depicted in Figure 3, where (a) depicts the
convergence of the reactive powers to the optimal solution and

(b) depicts the average cumulative communication for each
bus. The results show that when ET(𝑡) = 0 then the algorithm
converges to the optimal solution. However, when ET(𝑡) = 𝜅
then the algorithm converges only to an approximate solution.
Both of these results coincide with what we would expect
from Theorem 1. In all cases the event triggered algorithm
drastically reduces the communication compared to if the
buses and the SO would communicate at every iteration.

7

CONCLUSIONS

This paper explored optimal smart grid control algorithms
that use event triggered communication. In these algorithms
the network’s buses only communicate at critical times when
their local voltage constraint is violated and if the difference
between local and global versions of the variable that they
communicate is significant enough. We proved the algorithms’
convergence to optimal solutions assuming linearized power
flows. We illustrate the good performance on the full nonlinear power flows in simulations. The results show significant
communication reductions of the suggested algorithms.
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A

PROOF OF LEMMA 1

The gradient of the Lagrangian function in Equation (13)
with respect to 𝑞 is
¯ − 𝜆).
∇ℒ(𝑞, 𝜆) = Λ𝑞 + 𝑏 + 𝑋(𝜆
From Proposition 6.1.1 in [5] the dual gradient is
]︂
[︂
𝑣 − 𝑣(𝑞 ⋆ (𝜆))
∇𝐷(𝜆) =
𝑣(𝑞 ⋆ (𝜆)) − 𝑣¯

(20)

where
𝑞 ⋆ (𝜆) = argmin ℒ(𝑞, 𝜆).

(21)

𝑞∈[𝑞,¯
𝑞]

Therefore, to prove Equation (14) it suffices to show that
𝑞 ⋆ (𝜆) = 𝑞(𝜆). We prove that by showing that 𝑞(𝜆) is the
optimal solution to the optimization problem in Equation (21)
by using Proposition 2.1.2. in [5]. That is we show that
∇ℒ(𝑞(𝜆), 𝜆)T (𝑞 − 𝑞(𝜆)) ≥ 0 for all 𝑞 ∈ [𝑞, 𝑞¯].
We have that
∇ℒ(𝑞(𝜆), 𝜆)T (𝑞 − 𝑞(𝜆)) =

𝑛
∑︁

∇𝑖 ℒ(𝑞(𝜆), 𝜆)(𝑞𝑖 − 𝑞𝑖 (𝜆)),

𝑖=1

and hence it suffices to show that a) ∇𝑖 ℒ(𝑞(𝜆), 𝜆) = 0 if
𝑞𝑖 (𝜆) ∈ (𝑞 𝑖 , 𝑞¯𝑖 ), b) ∇𝑖 ℒ(𝑞(𝜆), 𝜆) ≥ 0 if 𝑞𝑖 (𝜆) = 𝑞 𝑖 , and c)
∇𝑖 ℒ(𝑞(𝜆), 𝜆) ≤ 0 if 𝑞𝑖 (𝜆) = 𝑞¯𝑖 . We now conclude the proof
by proving a), b), and c) below.
⋆
Proof of a): Note that 𝑞(𝜆) = [𝑞UC
(𝜆)]𝑞𝑞¯ where
⋆
¯ −𝑏
𝑞UC
(𝜆) := argmin ℒ(𝑞, 𝜆) = Λ−1 𝑋(𝜆 − 𝜆)
𝑞∈R𝑛

is the unconstrained optimizer of ℒ(·, 𝜆). If 𝑞𝑖 (𝜆) ∈ (𝑞 𝑖 , 𝑞¯𝑖 )
⋆
then 𝑞𝑖 (𝜆) = [𝑞UC
(𝜆)]𝑖 . Using that Λ is a diagonal matrix we
also have that
¯ − 𝜆)]𝑖
∇𝑖 ℒ(𝑞(𝜆), 𝜆) =𝑎𝑖 𝑞𝑖 (𝜆) + 𝑏𝑖 + [𝑋(𝜆
⋆
¯ − 𝜆)]𝑖
=𝑎𝑖 [𝑞UC (𝜆)]𝑖 + 𝑏𝑖 + [𝑋(𝜆
⋆
= ∇𝑖 ℒ(𝑞UC
(𝜆), 𝜆) = 0,
⋆
where we used that 𝑞UC
(𝜆) is the global optimizer in the final
equality.
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⋆
Proof of b) and c): If 𝑞𝑖 (𝜆) = 𝑞 𝑖 then [𝑞UC
(𝜆)]𝑖 ≤ 𝑞(𝜆).
Therefore, since 𝑎𝑖 > 0 we have
⋆
⋆
¯ − 𝜆)]𝑖 ,
0 =∇𝑖 ℒ(𝑞UC
(𝜆), 𝜆) = 𝑎𝑖 [𝑞UC
(𝜆)]𝑖 + 𝑏𝑖 + [𝑋(𝜆

¯ − 𝜆)]𝑖 = ∇𝑖 ℒ(𝑞(𝜆), 𝜆)
≤𝑎𝑖 𝑞𝑖 (𝜆) + 𝑏𝑖 + [𝑋(𝜆
Condition c) follows from similar arguments as condition b).
Finally we show that ∇𝐷(𝜆) is 𝐿-Lipschitz continuous with
¯ 1 ), 𝜆2 = (𝜆 , 𝜆
¯ 2 ) ∈ R2𝑛
𝐿 = 4||𝑋||2 /𝑎min . Take 𝜆1 = (𝜆1 , 𝜆
+ ,
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then from Equations (14) and (15) we have
||∇𝐷(𝜆1 )−∇𝐷(𝜆2 )|| ≤2||𝑣(𝑞(𝜆1 )) − 𝑣(𝑞(𝜆2 ))||
≤2||𝑋|| ||𝑞(𝜆1 ) − 𝑞(𝜆2 )||
¯ 2 −𝜆
¯ 1 ||
≤2||𝑋||2 ||Λ−1 || ||𝜆1 −𝜆2 +𝜆
||𝑋||2
||𝜆1 − 𝜆2 ||,
𝑎min
where we have used the triangle inequality in the first and
last inequality and the fact that ||Λ−1 || = 1/𝑎min .
≤4

