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Abstract— In this paper, we consider the problem of stability
constrained incentive design for distributed frequency control
of multi-machine power systems. We aim to design incentive
mechanisms under which control authorities are incentivized to
implement distributed controllers which can ensure frequency
stability. To solve the problem, we propose a reward based
mechanism and determine a lower bound on the rewards such
that the induced Nash equilibrium realizes the above objective
on dynamic behavior of power grid.

I. INTRODUCTION

In power grid, a fundamental objective is to reliably
balance power generations and demands. The objective has
been facilitated by the active engagement of end users,
the high penetration of renewable energy and the wide de-
ployment of advanced sensing, communication and control.
Meanwhile, these new components present new challenges
to grid operation. In particular, distributed energy resources
are managed by heterogeneous control authorities who seek
for different and even partially conflicting subobjectives. In
order to ensure grid functions and performance, the system
operator may want to influence the preferences of control
authorities such that the gaps between social welfare; e.g.,
grid stability, and self interests are reduced. This task is
challenged by the fact that the owners of distributed energy
resources may not be unwilling to disclose certain private
information.

Contributions. In this paper, we study incentive design
for distributed frequency control of multi-machine power
systems. To reduce the disclosure of private information of
control authorities, we convert a dynamic mechanism design
into a static parametric non-cooperative game. In particular,
we first formulate the problem of stability constrained incen-
tive design where the system operator incentivizes control
authorities to choose distributed controllers which induce
proper static gain functions and further ensure frequency
stability. Inspired by fixed-prize raffles in [13], we propose
a reward based incentive mechanism where each control
authority obtains a portion of a fixed reward and its reward is
proportional to its contribution to grid stability. The contribu-
tion of each control authority is characterized by the inverse
of its linear gain function. The incentive mechanism presents
a non-cooperative game among control authorities. Once
receiving the rewards corresponding to a Nash equilibrium,
control authorities choose distributed controllers to commit
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to their proposals. We identify the lower bound on the reward
under which the induced Nash equilibrium can enforce the
stability condition. We also provide other analytic properties
of the incentive mechanism.

Literature review. Our work is related to algorithmic (or
dynamic) mechanism design [14], [16], [17], [20]. In algo-
rithmic mechanism design, individual agents follow dynamic
algorithms or controllers which are specified a priori by
a system operator. The faithful implementation is achieved
by that the system operator provides side payment mecha-
nisms to change the utilities of individual agents. In order
to compute desired algorithms or controllers, the system
operator needs to access the structures and parameters of
the dynamic systems of individual agents. In addition, the
computation of side payments requires the system operator
to know the utilities of individual agents. However, the above
information could be private for individual agents and thus
may not be accessible to the system operator. Compared
with algorithmic mechanism design [14], [16], [17], [20], our
scheme is privacy aware. In particular, the system operator
only needs to know the gain functions of control authorities,
and distributed controllers are designed by individual control
authorities instead of the system operator.

In the literature of micro economics, there are a large
number of incentive or pricing schemes which can partially
mitigate selfish behavior in competitive scenarios. Theses
schemes have been applied to many domains, including the
demand response of power grid [1], [4], [5], [21], com-
munication networks [7] and transportation networks [12].
However, the set of papers do not consider dynamic systems.

Distributed control of the power grid has received substan-
tial attention. The classic distributed control includes power
system stabilizer (PSS) and automatic generation control
(AGC) [6], [9], [10], [22], [23]. These papers do not consider
selfish behavior of individual controllers.

Privacy of information systems has been extensively stud-
ied in; e.g., [2], [3], [18]. Recently, privacy of cyber-physical
systems has been attracting increasing attention especially
in the smart grid [11], [15], [19], [24]. While privacy of
algorithmic mechanism design has not been investigated.

Notations. Denote the supremum norm of the truncation
of u(t) in [t1, t2] by ‖u‖[t1,t2] , supt1≤t≤t2 ‖u(t)‖. The
dynamic system ẋ = f(x, u, t) is called input-to-state stable
if there exist class KL function β(·, ·) and class K functions
γ(·) such that for all x(t0) ∈ Rn the following holds for
all t ≥ t0: ‖x(t)‖ ≤ max{β(‖x(t0)‖, t − t0), γ(‖u‖[t0,t])},
where the functions of β and γ are time independent. γ is
referred to as the gain function.
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II. PRELIMINARY ON DISTRIBUTED FREQUENCY
CONTROL

In this section, we will investigate distributed frequency
control of interconnected synchronous generators. The pa-
rameters used in this section are summarized in Table I.

TABLE I: Generator variables

w angular frequency
θ phase angle
PM mechanical power
P ∗
M set-point of mechanical power
PL actual load
P ∗
L forecasted load
Pv stream valve position
P ∗
v set-point of stream valve position

Pij tie-line power flow between control authorities i and j
Pref reference power
P ∗
ref set-point of reference power
v wind speed
Pw wind power

A. Power system model

We consider a power system comprised by a collection of
interconnected buses. Each bus represents a control authority
which may consist of a variety of generators and/or loads.
It has been a common practice to lump all the generators
(resp. loads) of a control authority as a single generator
(resp. load). At each control authority, we assume that there
is a mechanical generation PMi and load PLi . The control
authorities are connected with each other through the power
flow Pij .

1) Generator dynamics: We will adopt the model of
synchronous generators in [10] for each control author-
ity. The notation ∆ is used to indicate a deviation from
nominal value [θ∗i , w

∗
i , P

∗
Mi
, P ∗vi , P

∗
refi

, P ∗Li ]
T . For example,

∆wi represents the deviation of angular frequency from the
constant set-point w∗; e.g., 60 Hz.

At time instant t, the state-space model of control authority
i is given by the following:

d∆θi
dt

= 2π∆wi,

d∆wi
dt

= − 1

Mi

(
Di∆wi +

∑
j∈Ni

∆Pij

−∆PMi
+ ∆PLi

)
,

d∆PMi

dt
= − 1

TCHi

(
∆PMi −∆Pvi

)
,

d∆Pvi
dt

= − 1

TGi

(
∆Pvi +

1

Ri
∆wi −∆Prefi

)
, (1)

where Ni ⊆ V \{i} represents the set of neighboring control
authorities. In (1), the power flow between control authorities
i and j is modeled by:

∆Pij(t) = Tij(∆θi(t)−∆θj(t)). (2)

The swing dynamics, the second equation in (1), captures
the frequency evolution. The first equation in (1) and (2)
describe the branch flow dynamics. The third and fourth

equations in (1) stand for the dynamic system of turbine-
governor which is controlled via the reference point ∆Prefi .

For notational simplicity, we drop ∆ in the states and let
PLi = 0. Denote the new input ui = 1

Ri
wi − Prefi .

B. Distributed frequency control

Inspired by backstepping [8], we will derive that the gain
function of each control authority can be rendered arbitrarily
small.

1) Coordination transformation one: We define the first
coordinate transformation as follows:

w∗i = − 1

2π
ki,1θi, θ̂i = θi, P̂Mi = PMi ,

P̂vi = Pvi , ûi = ui, ŵi = wi − w∗i ,

and have the following error dynamics:

dθ̂i
dt

= −ki,1θ̂i + 2πŵi,

dŵi
dt

= − 1

Mi

(
Diŵi +Diw

∗
i +

∑
j∈Ni

Pij − P̂Mi

)
− ẇ∗i ,

dP̂Mi

dt
= − 1

TCHi

(
P̂Mi − P̂vi

)
,

dP̂vi
dt

= − 1

TGi

(
P̂vi + ui

)
,

where ẇ∗i = 1
2πk

2
i,1θ̂i − ki,1ŵi.

2) Coordination transformation two: We define the sec-
ond coordinate transformation as follows:

P̂ ∗Mi
= Mi(−ki,2ŵi + ẇ∗i ) +Diŵi +Diw

∗
i +

∑
j∈Ni

Tij θ̂i

= ai(ki,1, ki,2)θ̂i + bi(ki,1, ki,2)ŵi

θ̄i = θ̂i, w̄i = ŵi, P̄Mi
= P̂Mi

− P̂ ∗Mi
, P̄vi = P̂vi ,

and have the following error dynamics:

dθ̄i
dt

= −ki,1θ̄i + 2πw̄i,

dw̄i
dt

= −ki,2w̄i +
1

Mi

( ∑
j∈Ni

Tij θ̄j + P̄Mi

)
,

dP̄Mi

dt
= − 1

TCHi

(
P̄Mi + P̂ ∗Mi

− P̄vi
)
− ˙̂
P ∗Mi

,

dP̄vi
dt

= − 1

TGi

(
P̄vi + ui

)
,

where

˙̂
P ∗Mi

= ci(ki,1, ki,2)θ̂i + di(ki,1, ki,2)ŵi(t)

+ ei(ki,1, ki,2)P̂Mi
+
bi(ki,1, ki,2)

Mi

∑
j∈Ni

Tij θ̂j

In ˙̂
P ∗Mi

, the term of bi(ki,1,ki,2)
Mi

∑
j∈Ni Tij θ̂j is not accessible

to control authority i due to the lack of communication.
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3) Coordination transformation three: We define the third
coordinate transformation as follows:

P̄ ∗vi = −ki,3TCHi P̄Mi + P̄Mi + P̂ ∗Mi

+ TCHi(ciθ̂i + diŵi(t) + eiP̂Mi)

= a′i(ki,1, ki,2, ki,3)θ̂i + b′i(ki,1, ki,2, ki,3)ŵi(t)

+ c′i(ki,1, ki,2, ki,3)P̄Mi(t)

θ̃i = θ̄i, w̃i = w̄i,

P̃Mi
= P̄Mi

, P̃vi = P̄vi − P̄ ∗vi

and have the following error dynamics:

dθ̃i
dt

= −ki,1θ̃i + 2πw̃i,

dw̃i
dt

= −ki,2w̃i +
1

Mi

( ∑
j∈Ni

Tij θ̃j + P̃Mi

)
,

dP̃Mi

dt
= −ki,3P̃Mi +

1

TCHi
P̃vi

+
bi(ki,1, ki,2)

Mi

∑
j∈Ni

Tij θ̃j ,

dP̃vi
dt

= − 1

TGi

(
(P̃vi + P̄ ∗vi) + ui

)
− ˙̄P ∗vi ,

where

˙̂
P ∗vi = c′i(ki,1, ki,2, ki,3)θ̂i + d′i(ki,1, ki,2, ki,3)ŵi(t)

+ e′i(ki,1, ki,2, ki,3)P̂Mi
+
b′i(ki,1, ki,2, ki,3)

Mi

∑
j∈Ni

Tij θ̂j

4) Distributed controller synthesis: Choose ui such that
− 1
TGi

(
(P̃vi + P̄ ∗vi)+ui

)
−(c′iθ̂i+d

′
iŵi+e

′
iP̂Mi

) = −ki,4P̃vi
and have the following error dynamics:

dθ̃i
dt

= −ki,1θ̃i + 2πw̃i,

dw̃i
dt

= −ki,2w̃i +
1

Mi

( ∑
j∈Ni

Tij θ̃j − P̃Mi

)
,

dP̃Mi

dt
= −ki,3P̃Mi

+
1

TCHi
P̃vi

+
bi(ki,1, ki,2)

Mi

∑
j∈Ni

Tij θ̃j ,

dP̃vi
dt

= −ki,4P̃vi −
b′i(ki,1, ki,2, ki,3)

Mi

∑
j∈Ni

Tij θ̃j .

5) Stability analysis: Let x̃i , [θ̃i w̃i P̃Mi P̃vi ]
T .

Choose Vi(x̃i) = 1
2‖x̃i‖

2. So we have

V̇i = −ki,1θ̃2
i + 2πθ̃iw̃i

− ki,2w̃2
i +

1

Mi

( ∑
j∈Ni

Tijw̃iθ̃j + w̃iP̃Mi

)
− ki,3P̃ 2

Mi
+

1

TCHi
P̃Mi

P̃vi

+
bi(ki,1, ki,2)

Mi

∑
j∈Ni

TijP̃Mi
θ̃j − ki,4P̃ 2

vi

+
b′i(ki,1, ki,2, ki,3)

Mi

∑
j∈Ni

TijP̃vi θ̃j .

Note that Tijbi(ki,1, ki,2)P̃Mi
θ̃j ≤

1
2 ((Tijbi(ki,1, ki,2))2P̃ 2

Mi
+ θ̃2

j ) and
Tijb

′
i(ki,1, ki,2, ki,3)P̃vi θ̃j ≤ 1

2 (Tijb
′
i(ki,1, ki,2, ki,3)2P̃ 2

vi +

θ̃2
j ). So x̃i is input-to-state stable with respect to x̃j with a

linear gain

γi = |Ni|/min{ki,1 − π2, ki,2 −
1

2Mi
(1 +

∑
j∈Ni

T 2
ij),

ki,3 −
1

2Mi
− 1

2TCHi
− 1

2Mi

∑
j∈Ni

(Tijbiki,1, ki,2)2,

ki,4 −
1

2TCHi
− 1

2Mi

∑
j∈Ni

(Tijb
′
i(ki,1, ki,2, ki,3))2}.

If the small-gain condition is satisfied; i.e.,

γi < 1, ∀i ∈ V, (3)

then the closed-loop system is globally exponentially stable.
Note that (3) can be always realized by sequentially choosing
sufficiently large ki,1, ki,2, ki,3, ki,4.

III. STABILITY CONSTRAINED INCENTIVE MECHANISMS

In this section, we will introduce the problem of stability
constrained incentive design. To solve the problem, we will
propose a reward based mechanism where the award amount
received by each control authority is proportional to one’s
contribution to the system stability. Finally, we will formally
analyze the proposed incentive scheme.

A. Stability constrained incentive design

The system operator aims to ensure the frequency stability.
However, the control authorities are self-interested and may
seek for different and even partially conflicting subobjectives.
So, the closed-loop system may not be stable. Consequently,
the system operator aims to incentivize self-interested control
authorities such that the gain functions are contraction map-
pings. This introduces the problem of stability constrained
incentive design.

B. Stability constrained incentive mechanism

In what follows, we will propose a reward based scheme
built on fixed-prize raffles in [13] to address the problem
of stability constrained incentive design. The reward based
scheme introduces a non-cooperative game among the con-
trol authorities and parameterized by the reward. After that,
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we will identify a lower bound of the reward such that the
induced Nash equilibrium enforces the stability condition (3).

1) Low level decision making - Nash equilibrium: The
system operator adopts si = 1

γi
with si ≥ 0 as the con-

tribution made by control authority i to system stability. In
order to stimulate contribution, the system operator provides
a reward with some fixed amount R > 0. We assume that the
system operator accepts the deficit financing of an amount
δ. The value R together with some constant δ ∈ (0, R)
are publicized to all the control authorities. The system
operator allocates the rewards to the control authorities
according to their contributions. In particular, the system
operator allocates the portion si

s̄ R to control authority i

where s̄ , 1T s. That is, each control authority can get a
larger portion of the reward if he makes a bigger contribu-
tion to the system stability. The reward allocation scheme
introduces competitiveness among the control authorities. In
order to incentivize the control authorities to increase their
contributions, the system operator pays for the additional
reward s̄−R if s̄ ≥ R− δ. If the total contribution exceeds
the reward value; i.e., s̄ ≥ R − δ, then control authority
receives payoff R si

s̄ + hi(s̄− R) from the system operator.
Since control authorities are heterogeneous, so hi may not
be identical. If the total contribution s̄ does not reach R− δ;
i.e., s̄ < R − δ, then control authorities receive zero award
from the system operator.

As a result, the utility of control authority i is given by
the following:

Ui(s) = R
si
s̄

+ hi(s̄−R)− si,

if s̄ ≥ R − δ; otherwise, Ui(s) = 0. In the utility Ui, the
function hi satisfies the following assumption:

Assumption 3.1: The function hi : R→ R with hi(0) =
0 is twice differentiable, non-decreasing and concave. There
is ξ > 0 such that

∑
i∈V

dhi(s)
dν < 1 for all s ≥ ξ.

Each control authority aims to maximize its own utility.
This induces a non-cooperative game among control author-
ities. We will use Nash equilibrium as the solution notion of
the game.

Definition 3.1: The joint decision s∗ is a Nash equilib-
rium if Ui(si, s∗−i) ≤ Ui(s∗) for any si ≥ 0.

We denote Nash equilibrium as s∗(R) , {s∗i (R)}i∈V
where the dependency of Nash equilibrium on R is high-
lighted. We will investigate the existence and uniqueness of
Nash equilibrium.

After computing a Nash equilibrium s∗(R), each control
authority i commits to s∗i (R) by a distributed controller ui
such that γi = 1

s∗i (R) .
The reward based incentive mechanism is summarized as

follows:
1) The system operator chooses R, δ and hi;
2) The control authorities collectively determine a Nash

equilibrium s∗(R);
3) By following the steps in Section II, each control

authority i chooses a distributed controller ui such that
γi ≤ 1

s∗i (R) ;

4) Each control authority implements distributed con-
troller ui.

Fig. 1: The framework of stability constrained mechanism
design.

2) High level decision making - Social optimum: In
Theorem 3.1, we will show that for any R ≥ Rmin , R̂(1)
with R̂L in (7), s∗(R) induces distributed controllers which
enforces (3). Combining this with maximizing the stability
margin, the goals of the system operator are formalized as
follows:

max
R≥Rmin

Uop(R) , 1T s∗(R)−
∑
i∈V

hi(1T s∗(R)−R)−R.

(4)

The optimal solution R∗ of (4) is referred to as social
optimum.

C. Discussion

There are a couple of reasons for us to study the proposed
reward based scheme. First, a similar scheme was experi-
mented in Indian to reduce traffic congestion and see [12].
Secondly, our scheme can be viewed as a non-cooperative
game parameterized by the reward R. The parametric struc-
ture allows us to derive a simple lower bound for R in
Theorem 3.1 such that the induced Nash equilibrium can
ensure the stability condition (3). This provides a guideline
for the system operator to choose the reward value.

Our reward based incentive scheme is built on fixed-
prize raffles in [13]. However, the decision variables in our
scheme are not upper bounded. This allows us to perform
the sensitivity analysis of Nash equilibrium with respect to
the reward. This set of analysis is novel and necessary to
ensure (3).

We would like to introduce a set of notations for next
section. Let G∗ be the optimal solution to the following
optimization problem:

max
G≥0

N∑
i=1

hi(G)−G. (5)

By Assumption 3.1, there is G′ > 0 such that
∑N
i=1 hi(G)−

G < 0 for all G ≥ G′. Recall that
∑N
i=1 hi(0) = 0. This
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implies that G∗ exists. The quantity RL ≥ δ is sufficiently
large such that

−1 +
RL

RL +G∗
+
dhi(G

∗)

dν
> 0, ∀i ∈ V. (6)

Given ∆ > 0, we let

R̂L(∆) , max{RL,
(1− 1

2
dhi(G

∗)
dν )G∗

1
2
dhi(G∗)
dν

,

δ +
∆

dhi(G∗)
dν

+

√
∆2

(dhi(G
∗)

dν )2
+

2δ∆
dhi(G∗)
dν

}. (7)

Let Θmax(R) ⊆ V be the set of i ∈ V such that s∗i (R) ≥
s∗j (R) for all j 6= i. Let Θmin(R) ⊆ V be the set of i ∈ V
such that s∗i (R) ≤ s∗j (R) for all j 6= i.

Let Bi(R) > 0 such that R+hi(Bi(R)−R)−Bi(R) < 0.

D. Analysis

1) Existence and uniqueness of Nash equilibrium: The
following lemma shows the existence and uniqueness of
Nash equilibrium.

Lemma 3.1: Given any R > 0, there is a unique Nash
equilibrium.

Proof: Assume s∗i (R) ≥ Bi(R) for some i. Then we
have

Ui(s
∗(R)) ≤ R+ hi(Bi(R)−R)−Bi(R) < 0.

Consider s̄ where s̄−i = s∗−i(R) and s̄i = 0. Since Ui(s̄) ≥
0, then we reach a contradiction and thus s∗i (R) < Bi(R).
Hence, s∗(R) is identical to the following game: maxsi Ui(s)
s.t. si ∈ [0, Bi(R)]. In this game, the utility functions
are concave and the decision variables lie in compact sets.
Hence, s∗(R) exists. The uniqueness of Nash equilibrium
can be proven by following similar arguments of Lemma 3
in [13].

2) Analysis of Nash equilibrium: Theorem 3.1 summa-
rizes a set of properties of Nash equilibrium for the low
level. In particular, (P1) means that the total contribution
is within a constant distance to the reward. This indicates
that the competitiveness created by the incentive mechanism
promotes the total contribution. (P2) further examines the
positive externality of s∗i with respect to R. Notice that
Li(R) is strictly increasing in R. (P3) then indicates that
s∗i (R) could be beyond any given ∆ > 0 by choosing a
reward larger than R̂L(∆). The property has been used to
determine the minimum reward Rmin. (P4) shows that some
s∗i (R) increases at any R. The relation (8) in (P5) indicates
that each control authority receives a non-trivial portion of
the reward at any Nash equilibrium, demonstrating partial
fairness of the incentive scheme.

Theorem 3.1: The following properties hold for Nash
equilibrium s∗(R):
• (P1) Given any R > 0, R+G∗ ≥ 1T s∗(R) ≥ R− δ;
• (P2) Given any R ≥ RL, s∗i (R) > Li(R) ,

(R−δ)2
R (−1 + dhi(G

∗)
dν + R

R+G∗ ) > 0;
• (P3) Given any ∆ > 0, s∗i (R) ≥ ∆ for any R ≥ R̂L(∆)

and i ∈ V ;

• (P4) Given any R ≥ RL, there is some i ∈ V such that
ds∗i (R)
dR > 0;

• (P5) It holds that

s∗i (R)

1T s∗(R)
R ≥ Li(R)

R+G∗
> 0, (8)

lim inf
R→+∞

s∗i (R)

s̄∗(R)
≥ dhi(G

∗)

dν
. (9)

Proof: In the proof, we will drop the dependency of
s∗ on R and use the notation s̄∗ , 1T s∗.

The property (P1) is a direct result of Lemma 4 and the
arguments after Corollary 1 in [13].

Given any R ≥ 0, the Nash equilibrium s∗(R) must satisfy
the first-order condition:

dUi(s
∗)

dsi
≤ 0. (10)

Let us proceed to show (P2). The first-order partial derivative
of Ui with respect to si at s∗ = s∗(R) is given by:

dUi(s
∗)

dsi
= −1 +R

s̄∗ − s∗i
(s̄∗)2

+
dhi(s̄

∗ −R)

dν
. (11)

Since dhi
dν is non-increasing, it follows from (P1) and (11)

that

dUi(s
∗)

dsi
≥ −1 +R

s̄∗ − s∗i
(s̄∗)2

+
dhi(G

∗)

dν

= −1 +R(
1

s̄∗
− s∗i

(s̄∗)2
) +

dhi(G
∗)

dν

≥ −1 +R(
1

R+G∗
− s∗i

(R− δ)2
) +

dhi(G
∗)

dν
,

(12)

where in the last inequality we use (P1). If s∗i ≤ Li(R), it
follows from (12) that dUi(s

∗)
dsi

> 0, contradicting the first-
order condition (10). Hence, s∗i (R) > Li(R). This completes
the proof of (P2).

We now proceed to show (P3). Since R ≥ R̂L(∆), we

have R ≥ (1− 1
2

dhi(G
∗)

dν )G∗

1
2

dhi(G
∗)

dν

and then

−1 +
dhi(G

∗)

dν
+

R

R+G∗
≥ 1

2

dhi(G
∗)

dν
. (13)

Combining (P2) and (13) renders

s∗i (R) ≥ (R− δ)2

R

1

2

dhi(G
∗)

dν
. (14)

Since R ≥ R̂L ≥ δ + ∆
dhi(G

∗)
dν

+

√
∆2

(
dhi(G

∗)
dν )2

+ 2δ∆
dhi(G

∗)
dν

, the

right-hand side of (14) is greater than or equal to ∆ and so
is s∗i (R) ≥ ∆. This completes the proof of (P3).

By (P2) and (10), the first-order partial derivative of Ui
with respect to si vanishes at s∗(R). That is,

dUi(s
∗)

dsi
= −1 +R

s̄∗ − s∗i
(s̄∗)2

+
dhi(s̄

∗ −R)

dν
= 0. (15)
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We now proceed to derive an expression for ds∗i
dR from (15).

Notice that
d2Ui(s

∗)

ds2
i

= −2R
s̄∗ − s∗i
(s̄∗)3

+
d2hi(s̄−R)

d2ν
,

d2Ui(s
∗)

dsidsj
= −2R

2s∗i − s̄∗

(s̄∗)3
+
d2hi(s̄

∗ −R)

d2ν
,

d2Ui(s
∗)

dsidR
=
s̄∗ − s∗i
(s̄∗)2

− d2hi(s̄
∗ −R)

d2ν
. (16)

It follows from the implicit function theorem and (16) that

−


d2U1(s∗(R))

d2s1
· · · d2Ui(s

∗(R))
ds1dsN

...
. . .

...
d2UN (s∗(R))
ds1dsN

· · · d2UN (s∗(R))
d2sN




ds∗1(R)
dR
...

ds∗N (R)
dR



=


d2U1(s∗(R))

ds1dR
...

d2UN (s∗(R))
dsNdR

 > 0. (17)

For any s ≥ 0 and R ≥ 0, we have d2Ui(s)
d2si

< 0 and
d2Ui(s)
dsidR

> 0. Pick any i′ ∈ Θmin(R). Then 2s∗i′(R) −
s̄∗(R) < 0 and thus d2Ui′ (s

∗)
dsi′dsj

< 0. Hence, we have

−
∑
j∈V

d2Ui′(s
∗)

dsi′dsj

ds∗j (R)

dR
=
dUi′(s

∗)

dsi′dR
> 0. (18)

The relation (18) implies that there is at least one i ∈ V

such that ds∗i (R)
dR > 0. This completes the proof of (P4).

By using (P1) and (P2), we have (8). Take the limit on R
at both sides of (8), we reach (9).

3) Analysis of social optimum: The following theorem
examines the properties of Uop. (P6) verifies the uniform
boundedness of Uop.

Theorem 3.2: The following properties hold for Uop:

• (P6) max{−δ −
∑
i∈V hi(G

∗),
dhi(G

∗)
dν −1

N− dhi(G
∗)

dν

R −∑
i∈V

dhi(−δ)
dν } ≤ Uop(R) ≤ min{G∗ −∑

i∈V hi(−δ),
dhi(0)

dν −1

N− dhi(0)dν

R−
∑
i∈V

dhi(G
∗)

dν }.
Proof: Sum (11) over i and we have

−N +
R(N − 1)

s̄∗
+
∑
i∈V

dhi(s̄
∗ −R)

dν
= 0.

This implies the following relation:

s̄∗ =
R(N − 1)

N −
∑
i∈V

dhi(s̄∗−R)
dν

.

Since dhi(s̄
∗−R)
dν is non-increasing, then we have

dhi(G
∗)

dν − 1

N − dhi(G∗)
dν

R−
∑
i∈V

dhi(−δ)
dν

≤ Uop(R)

≤
dhi(0)
dν − 1

N − dhi(0)
dν

R−
∑
i∈V

dhi(G
∗)

dν
. (19)

Then (19) and (P1) imply the desired result (P6).

IV. CONCLUSIONS

In this paper, we have formulated the problem of stability
constrained incentive design. We have proposed a reward
based incentive scheme and determined the lower bound of
the reward such that the induced Nash equilibrium can ensure
grid stability. The proposed incentive scheme requires control
authorities to disclose limited private information.
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