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Abstract—We study a novel variation of online convex opti-
mization where the algorithm is subject to ramp constraints lim-
iting the distance between consecutive actions. Our contribution
is results providing asymptotically tight bounds on the worst-
case performance, as measured by the competitive difference,
of a variant of Model Predictive Control termed Averaging
Fixed Horizon Control (AFHC). Additionally, we prove that
AFHC achieves the asymptotically optimal achievable competitive
difference within a general class of “forward looking” online
algorithms. Furthermore, we illustrate that the performance of
AFHC in practice is often much better than indicated by the
(worst-case) competitive difference using a case study in the
context of the economic dispatch problem.

I. INTRODUCTION

In an online convex optimization (OCQO) problem, an on-
line learner interacts with an environment in a sequence of
rounds. During each round ¢: (i) the learner must choose an
action x; = (zf,22,--- ,x)) from a convex set 2; (ii) the
environment reveals a cost loss function ¢;(-) € %’; and (iii) the
learner experiences cost c;(x;). The goal is to design learning
algorithms that minimize the cost experienced over a (long)
horizon of 7" rounds.

Online convex optimization has emerged as a fundamental
tool in applications ranging from communication networks
[1], [2] to cloud computing [3], [4] to portfolio optimization
[S], [6]. As such, there is a large literature spanning machine
learning, online algorithms, and operations research that seeks
to develop and analyze algorithms for this setting [7], [8], [9].
Further, motivated by practical considerations, a large number
of variations of online convex optimization have emerged,
e.g., the addition of switching costs [3], the consideration of
predictions [10], bandit formulations [11].

In this paper, we consider a novel variation of online
convex optimization where the learner (algorithm) is subject to
constraints bounding the distance between consecutive actions,
i.e., is subject to ramp constraints. In particular, we consider
a setting where the learner’s actions during each round are
additionally constrained by —X* < 2 —x! | < X?, for given
ramp constraints X tand X°.

Ramp constraints are common in a variety of practical
settings. For example, in the economic dispatch problem,
which plans the generation trajectories of power suppliers for
the electricity grid, the ramping constraints of generators are of
crucial importance [12], [13]. These limits are due to the ther-
mal and mechanical inertia that has to be overtaken in order
to ramp the output up or down, e.g., nuclear plants have strict
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ramping constraints that limit their use in providing response
to fast timescale demand fluctuations. Another example in the
energy domain is energy storage management, where the out-
put power of a battery is subject to a hard constraint. Outside
of energy, examples where ramp constraints are binding can
be found in, e.g., portfolio optimization and network routing.

The addition of ramp constraints to the classical online
convex optimization formulation adds considerable difficulty.
In particular, without ramp constraints the current action and
cost can be decoupled from future cost functions; however
when ramp constraints are present it is necessary to ensure
that the current action does not constrain future actions in a
manner that leads to high costs.

Thus, one can expect that it is difficult to attain online
algorithms with near-optimal performance without allowing
the algorithm some access to predictions of future cost func-
tions. Luckily, in many applications (e.g., economic dispatch
and storage management) the learner has predictions/forecasts
available.

Consequently, in this paper, we consider a situation where
the learner has access to a limited number of future cost
functions. Specifically, we allow the learner perfect lookahead
for W time steps, i.e., when deciding x; the learner has
access to ¢ty ...,ci+w—1. This model is obviously overly
optimistic about the quality of predictions available to the
algorithm, but it is a common choice for studying the value
of predictions in the online algorithms community, e.g., [14],
[15], [3] so it is a natural starting point for the investigation of
online convex optimization with ramp constraints. Note that
it is typically straightforward to extend competitive analysis
of online algorithms with perfect lookahead to the case of
lookahead with bounded error.

Contributions of this paper: This paper initiates the study of
online convex optimization with ramp constraints. Specifically,
we focus our study on the analysis of a promising algorithm,
named Averaging Fixed Horizon Control (AFHC), and derive
(asymptotically) tight bounds on the competitive difference,
i.e., the additive worst-case gap between the cost of obtained
under AFHC and that obtained by the offline, static optimal
solution.

Additionally, we introduce a general class of “forward
looking” algorithms that include Model Predictive Control
(MPC) and its variants, among other algorithms. We show
that AFHC provides the asymptotically optimal competitive
difference achievable by forward looking algorithms and, in
fact, has competitive difference within a factor of 4 of any
forward looking algorithm.

Finally, we illustrate that AFHC often performs much better
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than the (worst-case) bounds on competitive difference indi-
cate. To do this, we perform a case study using the economic
dispatch problem.

Related literature: Online convex optimization has been
studied extensively, see [7] for a recent survey. While the
addition of ramp constraints is novel, many variations that
consider the addition of constraints of various forms to the
optimizations have been studied previously. For example, [16]
considers an online learning problem wherein the adversary
reveals a constraint and a cost function at each step; [17]
considers a variation in which the adversary is constrained in
the actions that it can play at each round; and [18] illustrates
that allowing the constraint violations results in a significant
improvement in the achievable performance.

Perhaps the most closely related prior work is the literature
studying online convex optimization with switching costs,
which are often called “smoothed online convex optimization”
problems [3], [19]. In such problems, there are no constraints,
but there is an extra cost of ||x; —x;_1]|| incurred each round.
Thus, like in the case of ramp constraints, when switching
costs are present, the current action must consider future cost
functions in order to avoid paying an avoidable switching cost
in the next time step.

Clearly, the problems of online convex optimization with
switching costs and with ramp constraints are related. But,
note that the case of ramp constraints requires new analytic
tools and leads to structurally different results compared to
the case of switching costs. However, the literature studying
switching costs provides us motivation for considering AFHC
in the current paper. See the discussion in Section IV.

II. PROBLEM FORMULATION

In this paper we consider a variation of online convex
optimization where the algorithm is subject to ramp constraints
that limit the maximal deviation in actions from one time step
to the next. Clearly, one cannot hope for a online algorithm to
perform well in this context if nothing is known about future
cost functions, since the current choice places constraints on
feasible choices in the next stage. Thus, we consider a situation
where the algorithm has information about both the current
cost function and a limited number of future cost functions.
Specifically, the algorithm has perfect lookahead for W steps.

Formally, we consider online convex optimization over a
finite time horizon ¢ € [T]. At each time step ¢t € [T], a
sequence of cost functions (¢, ¢i41,+ -+ ,Cerw—1) from a set
% (finite or infinite) is revealed to the online algorithm. This
W -lookahead window is “perfect” in the sense that these are
the true cost functions the algorithm will experience in future
time steps.

We assume that each cost function ¢;(-) : RY — R in € is
differentiable and convex. Furthermore, we suppose that the
subgradient of the cost function is bounded on the whole action
space 2 . In particular, we assume that there exists L; € R>
for all ¢ € [T] such that

IVei(xt)|loo < Ly, forall x, € 2, (1)

where Vey(x) & (9ey(x)/0ai)Y | is the gradient of c;(-).
These assumptions are common in the literature, e.g., see [7].

We can prove stronger results when the cost functions
further satisfy the strong convexity criterion, i.e., for all the
vectors x;,yy € 2 it satisfies

ei(yr) = (1) = Verl) - (v = x)" + Gy = xa[3. @

for some o; > 0. In the following, we define € C € as the set
of all strongly convex cost functions, i.e., for all ¢,(-) € %,
the condition in (2) holds for some o; > 0.
At each time ¢, the online-decision maker takes an action
& (21 ... 2]N) € RN from the action set 2 C R after

Xt = (X, ..
observing the cost functions (cy, ..., ciew—1), i.€.,

XtE%, 3)

where 2" is assumed to be convex. In the case that the action
space 2" is bounded, we let » > 0 to be the radius of the
largest ¢1-ball that contains it, i.e., 2~ C %1 (r) def {x e RN :
Ixlly < r}.

We impose ramp constraints on consecutive actions. These
take the following form

~Xi<al -2l | < XY )

where, the initial condition for (5) is given by x; = xo € 2~
for t < 1. Moreover, when ¢t > T, we assume X; iS constant
and equal to the value of x7.

The objective is to find a sequence of online actions (x;)~ ;
that yields the minimum cost subject to (3), (4). In particular,
we define the online cost as

T

Conline = Z Ct (Xt)7 (5)

t=1

where (x;)7_, are the actions that are taken by an online
decision maker and satisfy (4). Further, we define ¢;(-) = 0
fort <1,t>T.

A. Performance measures

In the absence of the ramp rate constraint imposed on the
actions, a greedy algorithm that optimizes the current cost
function at each time step is optimal, in the sense that it
achieves the optimal offline cost. However, in the presence of
ramp constraints, taking an action that has immediate payoff
can limit the action set for future decisions, which can result
in poor performance. The focus of this paper is to understand
the achievable performance of online algorithms relative to the
cost of the optimal offline solution. To that end, we define the
following optimal offline cost as our performance benchmark.

T
Cottine = min > elxe), (6)
T =1
st (3),(4).

Throughout, (x})7_, specifies the optimal offline solution.
As is standard in the online algorithms community, we use

the competitive ratio in order to quantify the inefficiency of

an online algorithm relative to the optimal offline solution.
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Definition 1. An online algorithm is ap-competitive, if there
exists a ap € R>q such that

sup C(()nline
C1,,cTEE Co ine

)

S aT.
We achieve bounds on the competitive ratio through the

derivation of bounds on the competitive difference.

Definition 2. An online algorithm has a competitive difference
of Br € Rxo if

sup
c1y0,cT€C

(Conline - Coﬁ‘line) S 6T~ (8)

Though the competitive difference is not as commonly used
as the competitive ratio, it is more convenient for our context
and it is straightforward to translate one into the other. Further,
the competitive difference is more comparable to “regret”,
which is another common measure used to evaluate algorithms
for online convex optimization, e.g., see [7]. Thus, we state our
results in terms of competitive difference throughout this paper
and leave it to the reader to interpret the results in terms of the
competitive ratio. Note that, typically, the offline optimal cost
is Q(T), e.g., when there exists an eg such that ¢;(0) > e for
all ¢ as is imposed in [3].

III. AN ONLINE ALGORITHM

A wide variety of algorithms have been proposed for online
convex optimization problems. The key differentiators of the
context we consider in this paper are (i) ramp constraints and
(i) lookahead. Given these features of the model, perhaps
the most natural candidates for consideration are algorithms
from the control community such as Model Predictive Control
(MPC) and its variations.

MPC, in its standard form, has been shown to perform
poorly in the worst-case in the related problem of “smoothed”
online convex optimization, which does not include ramp
constraints but, instead, adds a regularizer to the objective.
Specifically, MPC has a competitive ratio that does not im-
prove as the lookahead window grows in high-dimensional
smoothed online convex optimization problems [3].

However, a variation of MPC termed Averaging Fixed Hori-
zon Control (AFHC) has much stronger worst-case guarantees.
In particular, the competitive ratio of AFHC with lookahead W
is 14+ O(1/W).! Thus, AFHC is a promising algorithm with
which to begin the exploration of online convex optimization
with ramp constraints.

A. Defining Averaging Fixed Horizon Control (AFHC)

As the name implies, AFHC averages the choices made by
Fixed Horizon Control (FHC) algorithms. In particular, the
decision x; at the time slot [t,,t, + W — 1] is made by aver-

aging different solutions of the FHC algorithms corresponding

to different initializations, i.e. ty € # & [-W —2,1].

INote that this result assumes that the action set is bounded, i.e., r < oo,
and that there exists eg > 0 s.t. ¢t (0) > eg for all ¢t. The results we prove
here do not make these assumptions.

Specifically, in an FHC algorithm, the action in the n®
round is characterized as the solution of the following op-
timization
tn+W—1

Z ci(x¢)  (9)

t=t,

st 1 (3),(4),

min

()A(to)tn WwW—-1
t
" Kty o Xty +W—1

t Jt= =arg

where the superscript in fci” indicates the choice of parameter
to. The initial condition for solving (9) is given by f(i‘jﬁl,
which is determined recursively by solving the optimization
problem for [t,_1,tp—1 + W —1].

By taking the average of 5(7;0 over different values of ¢y €

W, we obtain the AFHC solution. More precisely,

2.

toeW

. def 1

Xt = — ilo

b

(10)

for all ¢ € [T]. Let Capuc denote the overall cost of using the
AFHC solution,
def d
Cariic = Y _ cr(%e).
t=1
B. Analyzing Averaging Fixed Horizon Control (AFHC)

In this section, we seek to understand how the performance
of AFHC compares to that of the optimal offline solution. To
that end, we prove upper and lower bounds on the competitive
difference of AFHC.

1) Upper bounds on the competitive difference: Our first
bound is stated in terms of the KKT multipliers associated
with the constraints (3) and (4) in (9), which are denoted by

Ao (Al Aoy, plo € (o, ulo), respectively.

Theorem 1. The competitive difference of AFHC is upper
bounded by

T . T/W 1 S
Carnc — Cofpine <y \‘WJ min {27’7 %W”X + Xul}’
(11)

where = maxy, ey max{ii;’, p;° }1_,. Furthermore, when
ci(+) € €, the competitive difference is upper bounded by

CAFHC - Coﬁ‘line (12)
. (2NTy _|T| |T/W(T/W|+1), <
Srymln{WQO-mm72 {WJ T, 2 W||X+X”1}7

def .
where opin = min{o1,--- o7}

A few remarks on Theorem 1 are in order.

First, if we assume that the optimal offline solution has cost
Q(T) and we consider a bounded action space, i.e., r < 0o,
then the general upper bound in (11) yields a bound on the
competitive difference that scales as O(T/W) and on the
competitive ratio that scales as O(1/W). Interestingly, this is
the same scaling that AFHC achieves for the competitive ratio
under these assumptions in the related problem of smoothed
online convex optimization [3], [19]. Furthermore, if strong
convexity of the cost functions is assumed, the upper bound
improves to O(1/W?). In contrast, if the action space is

6732



unbounded, » = oo and then the bound on the competitive
difference scales as O(T?/W).

Second, note that when the ramp constraints are loos-
ened, i.e., X', X' — oo,Vi € [N], v — 0. Therefore,
Carac = Coiine- This highlights the tightness of the bound
since, without the coupling between the actions provided by
ramp constraints, the optimization problem in (6) is separable,
and the decision vector x; can be computed independently at
each time ¢ € [1,T] by optimizing ¢;(x;) with respect to the
constraint (3).

Third, it is not immediately obvious whether the KKT
multipliers of AFHC are bounded. In fact, without an upper
bound on ~ the competitive difference bounds in (11) and
(12) can potentially be very loose. In the next theorem, we
demonstrate that v is indeed bounded, and the upper bound
depends on the window size W as well as the parameter L,
in (1).

Theorem 2. For all t € [t,,,t, + W — 1], the KKT multipliers
of the optimization problem in (9) with the set of constraints
in (4) are bounded as follows

B tn+W—-1
NP LI gl s Y LI
T=t

The consequence of the above theorem is that

tn+W—1
¥ = max max max E LT}.
toEW t1, - tm
T=tn

2) Lower bounds on the competitive difference: We now
turn out attention from upper bounds to lower bounds and
address the question of whether the upper bounds we have
obtained are tight.

Theorem 3. Suppose the action space is unbounded, i.e.,
Z = RN. Then, the competitive difference of AFHC has a
lower bound as

T/WI(|T/W]|+1) W -1,

LA/ GETL T
< sup  (Carrc — Copiine)-
C1, ,cTEE

Moreover, in the special case of W = 1, the lower bound
takes the following form

YT/2)(1T/2) + 1) min{|[ X1, [ X1 }

< sup
C1, " ,cTEE

(CAFHC - Cz{ﬁ‘line) .

Note that the lower bound assumes that the action space is
unbounded, i.e., r = oo. Thus, compared to the upper bound in
(11), the lower bound is tight to within a constant factor of 1/2.
This highlights that the asymptotic scaling of the upper bound
is correct. Interestingly, to obtain this theorem we construct
a sequence of linear cost functions that exploits the structure
of AFHC to enforce a large cost on the algorithm. Thus, the
cost functions in the construction of the lower bound are not
strongly convex.

IV. A GENERAL LOWER BOUND

Our goal in this section is to understand whether there are
online algorithms that can significantly outperform AFHC.
With this motivation, we seek a general lower bound on the
competitive difference of any online algorithm. While we
cannot achieve this goal in full, what we can achieve is a
lower bound on the competitive difference of a broad class
of “forward looking” algorithms that includes, among others,
MPC and its many variants.

A. A class of forward looking algorithms

In general, at each time ¢, an algorithm has informa-
tion about the entire set of reveled cost functions, i.e.,
(c1,¢2,- - ,cryw—1). However, the class of forward looking
algorithms we consider is limited to using only a subset of
these cost functions in its decision making. In particular,
at each time t, the algorithm may only use cost functions
{e, YW1 Thus, forward looking algorithms make use of
only a limited number M of past cost functions.

The informational constraint above is the key piece of
the definition of forward looking algorithms. However, for
technical reasons, we need to additionally impose a minor
constraint on how the algorithms may use the cost functions.

Let x; to denote the actions a forward looking algorithm.
Let a be any time slot such that t — M < a < ¢, b be any time
slot such that t < b <t+ W — 1, X,_1 be any action in 2",
CasCat1,- - -, Cp be a series of cost functions from {c, S,J;‘;V__Jé
for all 7 € [a,b]. Then consider the following optimization
problem,

_ Inin (13)

st. (3),(4).

If the optimal solutions for all a, b,X,_1, ¢ have the same A,

then the decision maker will take action x; = X;—1 + A4
This constraint ensures that, no matter how the algorithm

uses the cost function {CT}:J;‘;[/:]\}, i.e., either by permuting or

throwing away cost function, if the “optimal” actions have the

e (xr)

same ramping decision, i.e., A, def X; —X¢_1, then the decision
maker will take x; = x;_1 + /. Note that this condition does
not constrain the class of online algorithms dramatically since
it is very unlikely to be binding. In particular, it only applies
if all the optimal solutions for (13) have the same A,.

B. A lower bound on the competitive difference of forward
looking algorithms

Though the class of forward looking algorithms is broad,
e.g., including MPC and its variants, we can prove a bound
on the competitive difference for all such algorithms that
asymptotically matches the upper bound in Theorem 1 on the
competitive difference of AFHC.

Theorem 4. For any forward looking online algorithm defined
on & =RYN, the competitive difference is lower bounded by:

MT T T -
——+ —(1+ —— || X+ X
p(2(M+W)+4( +2(M+W)>H + Xl
S sup (Conline - Caﬁ‘line)a (14)
C1,--,CTEE ‘
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where p £ max;c(r) Lt

Importantly, this general lower bound is within 1/4 of the
upper bound in Theorem 1, which highlights that no for-
ward looking algorithm can significantly outperform AFHC.
Moreover, in most situations the bound is even tighter. In
particular, p = max;cr) Ly while 7 is the maximum sum of
L; over a window of size W, which when divided by the extra
factor of 1/W in (11), results in the maximum average of L;.
Consequently, v is potentially much smaller than p when L,
has a large variation with respect to ¢t and/or W is very large.

V. A CASE STUDY: ECONOMIC DISPATCH

In order to ground the theoretical work in this paper, we
consider a case study with which to illustrate the performance
of AFHC in practice. In particular, we use the economic
dispatch problem as an illustrative example.

The objective of the economic dispatch problem is to
schedule the committed generating units to supply the load
demand with minimum cost while satisfying the operational
constraints, see [20], [21]. The challenge in derives from the
fact that generators have hard ramp constraints which limit the
change in generation feasible between epochs.

Note that the focus of this paper is not on the economic
dispatch problem, rather it is on the study of general online
convex optimization with ramp constraints. Thus, the goal
of this case study is (i) to emphasize the importance of
ramp constraints in real-world example and (ii) to illustrate
that AFHC often performs much better than the worst-case
bound on the competitive difference suggest. Consequently,
we consider a relatively simple variation of the economic
dispatch problem and ignore many issues that one would need
to consider before actually applying the ideas here in practice.

A. Experimental Setup

We consider a power network that has a wind power gener-
ator as a supplement to three hydro-thermal power generators
(N = 3). We denote the power outputs of the hydro-thermal
units by z%,i € {1,2,3}.

In line with the other works on the economic dispatch
problem [12], [22], [23] we choose a polynomial cost function
with time independent coefficients for the power generation
units, ie., c¢i(x;) = Zi\il (a’(z})?® + bz} + ¢') . Table I
shows the bounds on each power station. The initial values
x},i € {1,2,3} are chosen in a way that the load demand at
t = 1 can be satisfied.

We use d; to denote the aggregated load demand at time
t € [T] and the net amount of power generated by wind power
stations by 7;.

The objective is to supply sufficient power to meet the
demand at all the times, i.e.,

N
E %

l’t + Ty = dt,
=1

where z},i € [N] are bounded variables as in (3) and satisfy
the ramp constraints as in (4).

Since r; and d; are both random processes, we can combine
their net effect into a unified process, called the residual

15)

demand process d, def max{0,d; — r¢}. To satisfy (15), we
thus consider the following optimization problem

T N T X N 2
min 33 (a4 Gah)? bt + ) 13w ( - zﬁ)
A e =1 i=1

st : (3),(4),

where 7, € R>( is the regularizer factor. For simplicity let
n, = n for all ¢t € [T].

B. Numerical Results

For our numerical results, we apply AFHC to the problem
specified in the previous section.

Our experimental results consider the case of symmetric
ramp rate limits, i.e., the case when increasing or decreasing
the power output is subject to the same ramp rate limits X* =
X% = X' For this scenario, we define the ratio of the ramp

constraint to the range of each variable by B¢ & X /(7 +z1).

In the case of R! = R?> = R3 = R, Fig. 1(c) shows the
ratio of Capuc/Cofmine @8 a function of R for all 0 < R <
0.1. For all values of R that are larger than 0.1, the ratio
is unity. To plot the figure, we assumed that AFHC has a
prediction window size of W = 1 hour. It is evident from
Fig. 1(c) that for stringent ramp rate limits, the performance
of AFHC deteriorates. This can be explained by the fact that
when the ramp rate limit is strict, it becomes more difficult
for any online algorithm to adjust its trajectory after taking a
suboptimal action.

We additionally note that in the special case of R = 0, both
online and offline solutions are constant and equal to their
initial value. As a result Capuc/Cofiine = 1 When R = 0.

Lastly, Fig. 1(d) shows the trajectories of each algorithm to
satisfy the residual demand d; for the worst case value of the
ramp constraints (i.e., R = 0.009). The similarity of the two
trajectories is immediately evident.

VI. CONCLUSION

In this paper we have introduced a variation of online con-
vex optimization where the actions are constrained by limits
on the ramp rate and where the online algorithm has a W-
step (perfect) lookahead window. This problem is motivated
by, among other applications, the economic dispatch problem,
for which ramp constraints are a fundamental challenge.

Our main results focus on a relatively new algorithm, Av-
eraging Fixed Horizon Control (AFHC). We prove upper and
lower bounds on the competitive difference of AFHC that are
tight up to a factor of 2. Additionally, we prove a general lower
bound on “forward looking” algorithms which shows that no
such algorithm can have a competitive difference more than a
factor of 4 better than AFHC, and that in most cases this factor
is even smaller. Further, we have illustrated the performance
of AFHC in the context of the economic dispatch problem,
which highlights that the typical performance of AFHC is
much better than indicated by the (worst-case) competitive
difference.

Our results are a first step toward the design of algorithms
for online convex optimization problems that are subject to
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Table I: The hypothetical cost and operational capacities of the hydro-thermal units.

Dispatcher  Z'(MW) —z'/(MW) a' $ MW~2) b MW~ 1)  c($)
Gas:zf  5x10° 1x10% 487x107° 107583 143.5972
Hydro: 22 5% 10® 3x10® 263 x 107° 23.2 260.17
Nuclear: 3 1.2 x10* 1x10* 1.95x 1077 7.5031 311.9102
22210 15000, 35 x10°
<= — I~ - - - offline i
Z 5 R g3 H AFHC| 4 4 A
=1 £ 10000 QZ 25 £ |
218 g g g
o3 [ < 2
S % 5000 g 2 =
Fro 5 15 3
o a
1'41 2 D:ys 4 5 o1 2 Dgs 4 5 10 0.02  0.04 R 0.06  0.08 0.1 Dasys
(@) (b) © (d

Figure 1: (a) The load demand profile of Ontario, Canada during March 1st to March 5th [24] (b): The solar power generation profile of a solar power plant
(¢): The ratio Capuc/Cofiine for different values of the ramp constraint, i.e., different values of R (d): The trajectories of the offline and AFHC solutions.

ramp constraints, and there are many open questions that
remain. For example, we have adopted the model of perfect
lookahead here due to its popularity in the online algorithms
community but, of course, this model misses many important
features of predictions. Considering a more realistic prediction
model, such as [10], is an important next step. Additionally,
while AFHC has a competitive difference that is asymptot-
ically tight among “forward looking” algorithms, there may
be other algorithms that make use of historical cost functions
to improve on the competitive difference and there may be
forward looking algorithms that can improve on AFHC by a
factor of (up to) four.
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VIII. APPENDIX
A. Proof of Theorem 1

First we state a technical lemma:

Lemma 1. Lets, u,v,z,y,2 € RT. Then, we have the

following inequality

-—y—2)"+y-—r-w) <w-y-2)"+@y-v-u’
+ |z —vl,

where Tt d:efmin{sc, 0}.

Proof: Based on the triangle inequality we have that
(x—y—2)"<(w—y—2)"+(@—0v)" (16)
(y—z-—uw)" <@y—-v—-—uwt+@w-2)". (17

Adding (16) and (17) and using the fact that (z —v)* + (v —

x)* = |z — v|, proves the claim. [
Next, now define the cost function

tn+W—1

Z Ct (Xio)v

t=t,

OIE‘?-IC (n) =

where xZ ' is the solution given by (9). We use the penalty
function method to define a relaxed version of the optimization
problem in (9) as below

tn+W—1

> (alx) +4p(xh), (18)

t=tn

min

to (
+ n) =
FHC—7~,? Xip o Xt +W—1

where !0 € Rxq, and
ot N N
px) S (@ - = XOT 4 (wf, —af - XO)T
i=1 i=1
The following lemma is shown in [25, p. 63]:

Lemma 2. Suppose v > max{pny°, pi° :"J{W ' Then,

with the same initial condition, the set of optimal solutions
of (9) and (18) coincide. Specifically, we have

t
Crc(n) = CF(;,C ~t0 (n).
Based on Lemma 2 we now obtain that
Citic(n) = Cipe 1w (1) (19)
to+W—1 ta+W—1
< > alx) e Y p(xd) (20)
t=t, t=tn+1
N . .
+t0 ST (e — apte = X4 @ — b - X)),
i=1

where the inequality follows from the fact that the offline
trajectory (x;)L_; for the optimization problem in (9) with
the initial condition ’224 is sub-optimal. Using Lemma 1,
we further derive

(ap —

< ()

By = X (g, - X
- Xi)+ + (xt -1 xt’ - Xz)

+apt,

— L, -1
21

_xt Ll

In the case of n = 0, we have J:t = :Ct ", =z} and thus,
the above inequality can be replaced by the equality without
the third term.

We substitute (21) into (20) to obtain,

tn+W-—1

Citic(W)< D eoxq) +70p(xp) + e lIXi0 3 =7, _alls
t=ty
tnt+W-—1

(@)
= Z co(x7) + 1%y = %, 111,
t=tn
where in (a) comes from the fact that the penalty function for
the offline solution is zero, i.e. p(x}) = 0.

We use the two upper bounds to bound [[%}° _; —x} _,]|1.
The first bound is trivially given by
I 1 =7, 1l < 2, (22)
and the second bound is
%50 1 = 7, I < aW X+ X (23)

Lets define Cp,c &« M, Clo(n). By using the first bound

in (22), we can proceed as below

() 1
Carnc < = Z Ciic
toe"/ﬂ
1 M
=5 2 2 Ciic() (24)
to€¥ n=0
(d) *
< CVofﬂlne"’ Z Z'y thn—l thlel (25)
toe”f/n 1
@ offline + QVMT (26)

where (c) follows from the convexity of the cost function c;(-)
as well as the remark after (21), (d) is due to the following
inequality

M t,+W-—1 T
Z Z th = Coffline,
n=0 t=t, t=1
and (e) follows by defining y & maxtoew max {f1°, pg° tT .

Using the alternative upper bound in (23) and following a
similar argument as above gives

M
% Z ZnW”X + X1

toeW n=1
(M +1)M
2

The final bound is the minimum of (26), (27).
We omit the argument for the case of strong convexity due
to space constraints.

Carrc < Cofttine +

offline +7 WHX+X||1 (27)
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