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Abstract— This paper studies an online optimization problem
with switching costs and a finite prediction window. We pro-
pose a computationally efficient algorithm, Receding Horizon
Gradient Descent (RHGD), which only requires a finite number
of gradient evaluations at each time. We show that both the
dynamic regret and the competitive ratio of the algorithm decay
exponentially fast with the length of the prediction window.
Moreover, we provide a fundamental lower bound on dynamic
regret for general online algorithms with a finite prediction
window. The lower bound matches the dynamic regret of
our RHGD, meaning that the performance can not improve
significantly even with more computation. Lastly, we present
simulation results to test our algorithm numerically.

I. INTRODUCTION

A classic online convex optimization (OCO) problem
considers a decision maker interacting with an uncertain and
even adversarial environment for T stages. At each time
t ∈ {1, . . . , T}, the decision maker picks an action xt from
a convex set X . Then the environment reveals a convex cost
ft(·). As a result, the decision maker suffers the cost ft(xt)
based on the chosen action. The goal is to minimize the total
cost in T stages. Classic OCO has been studied for decades,
with an focus on improving online algorithm performance
measured by regrets and/or competitive ratio [1]–[4].

Recent years have witnessed a growing interest in applying
online optimization to real-world systems, e.g. economic dis-
patch [5]–[7], data center scheduling [8], [9], electric vehical
charging [10], [11], video streaming [12], and thermal control
[13]. However, there are two features of these scenarios that
are generally not captured by classic OCO literature: time
coupling effect and prediction about the future.

Time coupling effect: While classic OCO setup assumes
that stage costs ft(xt) are completely decoupled with time,
in reality it is usually not the case. For example, to change
actions from xt−1 to xt, decision makers usually suffer a
switching cost or ramp cost d(xt−xt−1) [8], [9], [14], [15].
In this way, the stage cost becomes time coupled and is
defined as: Ct(xt−1, xt) := ft(xt) + d(xt − xt−1).

Prediction: Classic OCO often models environment as
adversary and assumes that no information is available about
future cost functions. However, in most applications, there
is certain amount of prediction about the future, especially
the near future. For example, in electricity system, the
system operator can obtain a good prediction about the future
demand and generation [16] [17].
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Recently, there are some studies from OCO community
exploring the effect of prediction, but most of them do not
consider time coupled stage costs [18], [19].

In contrast, there have been many control algorithms, in
particular, Model Predictive Control (MPC, aka Receding
Horizon Control), developed for decades to handle both the
prediction effect and the time coupling effect. One major
focus of MPC is to design control rules to stabilize a
dynamical system. Additional goals include minimizing the
total stage costs, as studied in economic MPC [20]–[22].
However, the classic MPC approaches require solving a
large optimization problem at each time, which is usually
computationally expensive. Though there have been many
recent efforts trying to reduce the computational overhead,
e.g. inexact MPC and suboptimal MPC [23]–[26], there are
limited results on the efficiency loss of these algorithms, such
as bounds on dynamic regret. This is partially due to the
complexity of the underlying system dynamics. Lastly, other
similar online control algorithms, such as Averaging Fixed
Horizon Control (AFHC) [8], [9], [27], [28], suffer from the
same problem of high computational costs.

Contribution of this paper: In this paper we consider an
OCO problem with switching costs and a prediction window
W . To design online algorithms for this problem, we first
study the structure of offline gradient-based algorithms, and
use it to motivate our online algorithm Receding Horizon
Gradient Descent (RHGD). Our algorithm only requires
W + 1 gradient evaluations at each time step, which is more
computationally efficient compared to MPC or AFHC like
algorithms. Besides, there is a smooth interpolation between
our algorithm and classic online methods in settings without
prediction or switching cost: when W = 0, our algorithm
reduces to the classic online gradient descent.

In addition, we analyze the online performance of RHGD
by comparing RHGD outputs and offline optimal solution.
The comparison is measured by both dynamic regret and
competitive ratio. We show that the dynamic regret of RHGD
decays exponentially with W . Furthermore, under mild con-
ditions on the costs, RHGD’s competitive ratio is upper
bounded by 1 +O((1 + 1

Qf
)W ), also exponentially decaying

with W . Moreover, we study the fundamental performance
limit of online algorithms given a prediction window W .
We give a lower bound on the dynamic regret which also
decays exponentially with W . This surprisingly matches the
asymptotic property of RHGD’s upper bound, meaning that
even for online algorithms that use more computation, the
performance can not be significantly better than RHGD.
Lastly, we use the economic dispatch problem of electricity
systems to numerically test our algorithm. The simulation is



consistent with our theoretical results.

A. Notations

For vector x ∈ Rn and set X ⊂ Rn, norm ‖x‖ refers to
the Euclidean norm, and ΠX(x) denotes the projection of x
onto set X . Besides, we denote the transpose of x as x′. The
same applies to matrix transpose. In addition, XT denotes
the Cartesian product of T copies of set X . Moreover, we
define [T ] as the set {1, . . . , T} for a positive integer T .
Finally, let ∇f(x) be the gradient of function f(x).

II. PROBLEM FORMULATION

In this paper we consider a variation of online convex
optimization where the algorithm is subject to an additional
switching cost on the change of actions from one time step to
the next. If nothing is known about the future, one can expect
that no online algorithm can perform well. Fortunately, in
many practical applications, prediction with high precision
is indeed available for the near future, e.g. wind generation
and load forecast [16] [17]. Thus in this paper, we consider
a situation where the algorithm has information about the
current and a limited number of future cost functions.

Formally, we consider online convex optimization over a
finite time horizon t ∈ [T ] := {1, . . . , T}. At each time
step t, a sequence of costs ft, . . . , ft+W−1 from a function
class is revealed to the online algorithm. This W -lookahead
window is perfect in the sense that these are the true cost
functions the algorithm will experience in future time steps.1

Given perfect W−lookahead, the decision maker needs to
pick an action xt from a compact convex action set X ⊂ Rn.
The goal is to minimize the total cost of online decisions
{x1, . . . , xT } in T stages. The total cost is given by

CT1 (x1, . . . , xT ) :=

T∑
t=1

(
ft(xt) +

β

2
‖xt − xt−1‖2

)
(1)

where x0 is given and β ≥ 0 is a weight parameter. Without
loss of generality, we assume x0 = 0. Notice that here we
consider quadratic switching cost functions, but the analysis
can extend to other switching cost functions with properties
such as monotonicity, convexity, and smoothness.

For the purpose of theoretical analysis, this paper considers
a function class FX(α, l,G) which consists of functions
defined on X that are α-strongly convex, differentiable and
have l-Lipschitz continuous gradients which are bounded by
G. Mathematically, this means for every t ∈ [T ] and any
xt, yt ∈ X , the following inequalities hold,

i) ft(yt) ≥ ft(xt) + 〈∇ft(xt), yt − xt〉+
α

2
‖yt − xt‖2

ii) ‖∇ft(yt)−∇ft(xt)‖ ≤ l‖yt − xt‖
iii) ‖∇ft(xt)‖ ≤ G

Given the above property for each ft, we can show the
following nice properties hold for the total cost function
CT1 (·). The proof is deferred to Appendix A.

1Although this assumption might be unrealistic, it is a good starting
point to study the effect of prediction on online decision making. We will
introduce prediction error in the future work.

Lemma 1. CT1 (x1 . . . , xT ) is α-strongly convex and has L-
Lipschitz continuous gradient, where L = l + 4β.

The problem setup has natural applications in many areas.
Here we briefly discuss two applications.

Example 1. (Economic Dispatch in Power Systems.) Con-
sider a power network with conventional generators and
renewable energy supply. At time t, let xt = {xt,i}ni=1 be
the outputs of n generators and X be the set of feasible
outputs. The generation cost of generator i is ci(xt,i). The
renewable supply is rt and the power demand is dt.

At time t, the goal of economic dispatch is to reduce
total generation cost while maintaining power balance:∑n
i=1 xt,i+rt = dt. Thus we incorporate imbalance penalty

into the objective and consider the cost function

ft(xt) =

n∑
i=1

ci(xt,i) + ξt(

n∑
i=1

xt,i − rt − dt)2

where ξt is a penalty factor. In literature, ci(xt,i) is usually
modeled as a quadratic function within capacity limit [5].
Thus, ft(xt) belongs to class FX(α, l,G).

In addition to the costs above, ramping process of con-
ventional generators also incurs significant costs, e.g. main-
tenance and depreciation fee. In literature, such costs are
referred as ramp costs and modeled as a quadratic function
of ramping rate β

2 ‖xt − xt−1‖
2 :=

∑n
i=1

β
2 ‖xi,t − xi,t−1‖

2

[14] [15]. As a result, the objective of economic dispatch for
T stages is to minimize total costs including ramp costs

min
xt

T∑
t=1

(
ft(xt) +

β

2
‖xt − xt−1‖2

)
Although demand and renewable supply are random, predic-
tion are available for a short time window [16] [17].

Example 2. (Trajectory Tracking): Consider a simple dy-
namical system xt+1 = xt + ut, where xt is the location
of a robot, ut is the control action (velocity of the robot).
Let yt be the location of the target at time t, and the
tracking error is given by ft(xt) = 1

2‖xt − yt‖2. There
will also be an energy loss for each control action, given
by β

2 ‖ut‖
2 = β

2 ‖xt+1 − xt‖2. The objective is to minimize
the sum of the tracking error and the energy loss,

min
xt

T−1∑
t=0

(
ft(xt) +

β

2
‖xt+1 − xt‖2

)
+ fT (xT ).

In reality, there is usually a lookahead window W for the
target trajectory yt [29].

A. Performance Metrics
There are two popular ways to analyze an algorithm’s

online performance, regret and competitive analysis. In this
paper, we will use dynamic regret and competitive ratio as
our performance metrics.

Given a realization of cost functions f1, . . . , fT , the opti-
mal offline solution is given by

{x∗1, . . . , x∗T } ∈ arg min
xt∈X,t∈[T ]

CT1 (x1, . . . , xT )



Let A denote an online algorithm and xA1 , . . . , x
A
T be the

action taken by this algorithm. Dynamic regret compares the
costs of algorithm A to the optimal offline cost,

Reg(A)=CT1 (xA1 , . . . , x
A
T )−CT1 (x∗1, . . . , x

∗
T ).

Ideally, it is desirable to have regret grow sublinearly with
T , because it means that the algorithm has no regret on
average as T → ∞. Unfortunately, dynamic regret depends
on how fast the cost changes and is usually impossible to
be sublinear in T given high fluctuation in costs (see our
Section V and [30]).2 Therefore, in literature, the dynamic
regret is usually characterized by the environment/cost dy-
namics measures, such as path length. For instance, path
length can be defined as

∑T
t=1 ‖y∗t+1 − y∗t ‖ where y∗t ∈

arg minxt∈X ft(xt). An overview on different definitions of
path lengths can be found in [2]. Most literature, as well as
this paper, looks for an algorithm that guarantees sublinear
regret when path length is sublinear in T [2], [4], [19], [30].

The other metric used in this paper is competitive ratio,
which is the ratio between algorithm performance and the
optimal offline cost

CR(A) =
CT1 (xA1 , . . . , x

A
T )

CT1 (x∗1, . . . , x
∗
T )
.

To make this definition useful, an underlying assumption is
that the cost function ft(xt) is positive and not close to 0
[8]. An online algorithm is considered to be successful if
CR(A) can be upper bounded by a constant value.

III. RECEDING HORIZON GRADIENT DESCENT

In this section, we will introduce our online algorithm, Re-
ceding Horizon Gradient Descent (RHGD), which uses pre-
diction and only needs a finite number of gradient updates.
Before presenting the algorithm we first discuss an offline
gradient algorithm, whose structure motivates our design of
RHGD and helps us analyze its online performance.

A. Offline Optimization

Given a realization of cost functions f1, . . . , fT , the offline
optimization is given by

min CT1 (x1, . . . , xT )

s.t. xt ∈ X, t ∈ [T ]
(2)

One simple algorithm to solve this problem is projected
gradient descent (GD). Denote the kth update of xt by GD
as x(k)t . Given initial points x(0)1 , . . . , x

(0)
T , the updating rule

of GD is given by

x
(k+1)
t = ΠX

(
x
(k)
t − ηgt(x

(k)
1 , . . . , x

(k)
T )
)

(3)

2If the performance metric is static regret, i.e. difference between the
online cost and the minimal cost over a static action, CT

1 (xA
1 , . . . , xA

T )−
minx∈X CT

1 (x, . . . , x), there exist algorithms that achieve sublinear static
regrets. However, static regret is not a suitable metric for the online problems
we consider in this paper because the optimal action should be time-varying
rather than being static.

where gt(x1, . . . , xT ) denotes the partial gradient of
CT1 (x1, . . . , xT ) with respect to xt, i.e.

gt(x1, . . . , xT ) :=
∂CT1
∂xt

∣∣∣∣
(x1,...,xT )

.

Thanks to the special structure of our problem, gt(·) only
depends on xt and its neighboring actions xt−1 and xt+1

for t < T . When t = T , it only depends on xT and xT−1.
The explicit forms of gradients are given by

gt(·) = ∇ft(xt) + β(xt − xt−1) + β(xt − xt+1), t < T

gT (·) = ∇fT (xT ) + β(xT − xT−1)

For ease of exposition, we abuse the notation by denoting
gt(x1, . . . , xT ) as gt(xt−1, xt, xt+1) since gt only depends
on xt−1, xt, xt+1. Accordingly, (3) is rewritten as

x
(k+1)
t = ΠX

(
x
(k)
t − ηgt(x

(k)
t−1, x

(k)
t , x

(k)
t+1)

)
(4)

This structure motivates our design of RHGD below.

B. Our Online Algorithm

Algorithm 1: Receding Horizon Gradient Descent
(RHGD)

Input: x0, prediction window length W , stepsize γ, η
Initialize: Let xts denote the value of xs at time t
where s = 1, . . . , T and t = s−W, s−W + 1, . . . , s.
Set x1−W1 = x0.
Update:
For t = 2−W to T

I) Initialize value for xt+W .
If t+W ≤ T ,

xtt+W = ΠX

(
xt−1t+W−1 − γ∇ft+W−1(xt−1t+W−1)

)
(5)

end
II) Update value for xt, . . . , xt+W−1 backwards.
For s = min(t+W − 1, T ) : −1 : max(t, 1),

xts = ΠX

(
xt−1s − ηgs(xt−2s−1, x

t−1
s , xts+1)

)
(6)

end
end
Ouput: xtt → xRHGDt at time t.

Due to the special structure of GD as in (4), we are able to
implement the algorithm (4) in an online fashion up to k =
W updates. The algorithm is formally provided in Algorithm
1 and named Receding Horizon Gradient Descent (RHGD).
Here, we explain the logic and meaning behind our algorithm
and discuss the connection between RHGD and the offline
GD algorithm as in (4).

We start with explaining the notations used in Algortihm
1. Firstly, xts denotes the value of xs at time t where s ∈
{1, . . . , T} and t ∈ {s−W, s−W + 1, . . . , s}.3 This means
that for each xs, the first time it is assigned a value is at

3To ease notation, here we augment the time steps by including nonpos-
itive values, i.e. allowing t = 1−W, . . . , 0.



time t = s−W . Thus xs−Ws is called the initial value of xs
using offline optimization language. Since at t = s−W , the
cost function of fs is still unknown, so xs−Ws is obtained
using the following rule

xs−Ws = ΠX

(
xs−1−Ws−1 − γ∇fs−1(xs−1−Ws−1 )

)
.

where xs−1−Ws−1 stands for the initial value of xs−1, and we
use x0 as initials of x1. In fact, this rule is (5) in Algorithm
1 by plugging in t = s−W . Moreover, this initialization rule
is inspired by the classic Online Gradient Descent (OGD),
as discussed in Remark 1 at the end of this section.

Starting from time s − W + 1, fs(·) becomes available
and its gradient ∇fs(·) is used to update xs. At each time
t ∈ {s−W + 1, s−W + 2, . . . , s}, RHGD updates xs for
once, so xts is the value of xs after k = t− (s−W ) updates
for k ∈ {1, . . . ,W}. The updating rule is in fact the same
as GD (4), which is given in (6) and copied below

xts = ΠX

(
xt−1s − ηgs(xt−2s−1, x

t−1
s , xts+1)

)
Although the arguments of gs(·) here do not share the same
superscript, they share the same k value, i.e. t−2− (s−1−
W ) = t−1− (s−W ) = t− (s−W ) := k, meaning that all
of them are values after k gradient updates. As a result, the
online updating rule (6) is the same as the offline GD (4),
until t = s or after k = s− (s−W ) = W updates. At time
s, the W th updated value xss is chosen to be RHGD’s final
decision, denoted as xRHGDs .

To sum up, at each time t ∈ {2−W, . . . , T}, RHGD
i) initializes the value for xt+W according to (5),

ii) updates the values for xt, . . . , xt+W−1 backwards ac-
cording to (6)4,

and this gives Algorithm 1.
The connection between RHGD and offline GD is crucial

to our analytical study in the next section. Thus we make a
formal statement on their relationship below.

Lemma 2. Given the same stepsize η, if the offline GD’s
initial points satisfy

x(0)s = xs−Ws ,∀s ∈ [T ]

then the output of RHGD is the same as offline GD after W
iterations:

x(W )
s = xss,∀s ∈ [T ].

Proof. The main idea of the proof has already been discussed
above. We omit the details due to space limit.

Remark 1. (Connection with Online Gradient Descent
(OGD)) Notice that the initialization rule (5) is the same
as classic Online Gradient Descent (OGD) in online opti-
mization without switching cost [1]:

xs = ΠX (xs−1 − γ∇fs−1(xs−1)) ,∀s ∈ [T ]. (7)

Therefore, initial values xs−Ws are outputs of OGD. When
W = 0, our RHGD reduces to OGD.

4Backward updating makes xt
s+1 available for calculating xt

s by (6).

IV. PERFORMANCE GUARANTEE

In this section, we analyze the performance of RHGD by
comparing with the optimal offline solution. We provide an
upper bound on dynamic regret which decays exponentially
with W . In addition, we show that RHGD’s competitive ratio
is bounded by 1 +O((1− 1

Qf
)W ) under mild condition.

A. Dynamic Regret
Here we give an upper bound on RHGD’s dynamic regret.

Theorem 1. Given ft(·) ∈ FX(α, l,G) for t ∈ [T ], and
stepsizes γ = 1/l, η = 1/L, the dynamic regret of RHGD is
upper bounded by

Reg(RHGD) ≤ δ(1− 1

Qf
)W

T∑
t=1

‖y∗t − y∗t−1‖ (8)

where δ = (β/l + 1)
GQf

(1−κ) , κ =
√

(1− α
l ), Qf = L

α ,
y∗t = arg minX ft(xt), and

∑
t ‖y∗t − y∗t−1‖ is known as

path length.

Before the proof, we make a few comments on the bound.
Firstly, notice that the bound in (8) depends on cost varia-

tion measure, i.e.
∑T
t=1 ‖y∗t −y∗t−1‖, which is also known as

path length and commonly used in dynamic regret’s upper
bound in literature [2]. In fact, in section V we will show
that this dependence is inevitable: given a finite lookahead
windown W , any online algorithm’s dynamic regret is lower
bounded by the path length up to a factor.

Secondly, the upper bound decays exponentially fast with
the prediction window W . Thus, RHGD’s performance im-
proves significantly by increasing the lookahead window.
This means that our algorithm uses the prediction informa-
tion effectively.

Now we prove the theorem. The main idea is to use
Lemma 2 and the convergence rate of the offline GD al-
gorithm to bound the dynamic regret. In addition, since the
initial values of RHGD are generated by OGD (5), the initial
values’ dynamic regret can also be bounded.

Although OGD is well studied [1], [2], to our best knowl-
edge, the upper bound of OGD’s dynamice regret for online
optimization with switching cost has not been explored. Thus
we present it here.

Lemma 3. Given ft(·) ∈ FX(α, l,G) for t ∈ [T ], and
stepsize γ = 1/l, the dynamic regret of OGD satisfies

Reg(OGD) ≤ (β/l + 1)
G

(1− κ)

T∑
t=1

‖y∗t − y∗t−1‖ (9)

where κ =
√

(1− α
l ) and y∗t = arg minX ft(xt).∑T

t=1 ‖y∗t − y∗t−1‖ is known as path length.

Proof. See Appendix B.

Now we are ready to prove Theorem 1.
Proof of Theorem 1: Applying Lemma 2, we can convert the
dynamic regret of RHGD to the objective error of offline GD
after W iterations

Reg(RHGD) = CT1 (x
(W )
1 , . . . , x

(W )
T )− CT1 (x∗1, . . . , x

∗
T )



According to convergence rate of offline gradient descent for
strongly convex and smooth functions, we have

Reg(RHGD)

≤
(
CT1 (x

(0)
1 , . . . , x

(0)
T )− CT1 (x∗1, . . . , x

∗
T )
)
Qf (1− 1

Qf
)W

From Theorem 2, we know that initial values of offline GD
is the same as the initial values of RHGD, which is also the
outputs of OGD. As a result,

Reg(OGD) = CT1 (x
(0)
1 , . . . , x

(0)
T )− CT1 (x∗1, . . . , x

∗
T )

Thus, by applying Lemma 3 we have the upper bound.

B. Upper Bound on Competitive Ratio

The following will show RHGD has constant competitive
ratio under a mild assumption on stage costs.

Remember that competitive ratio only makes sense when
ft(xt) is positive and not close to zero. Specifically, we
impose the following assumption as used in literature [8].

Assumption 1. For any t, there exists e > 0, such that
ft(xt) ≥ e‖xt‖.

This assumption usually holds when cost ft(xt) includes
electricity charge or raw material cost with xt representing
amount of output or the number of device [14] [8].

Given Assumption 1, RHGD’s competitive ratio can be
bounded by a constant, which exponentially decays with W .

Theorem 2. Given Assumption 1, we have

CR(RHGD) ≤ 1 +
2δ

e
(1− 1

Qf
)W

where δ = (β/l + 1) G
(1−κ) , κ =

√
(1− α

l ), Qf = L
α and e

is defined in Assumption 1.

Proof. When
∑T
t=1 ‖y∗t ‖ 6= 0,

CR(RHGD) ≤ 1 + δ(1− 1

Qf
)W
∑T
t=1 ‖y∗t − y∗t−1‖
CT1 (x∗1, . . . , x

∗
T )

≤ 1 + δ(1− 1

Qf
)W
∑T
t=1 ‖y∗t − y∗t−1‖∑T

t=1 ft(x
∗
t )

≤ 1 + δ(1− 1

Qf
)W
∑T
t=1 ‖y∗t − y∗t−1‖∑T

t=1 ft(y
∗
t )

≤ 1 + δ(1− 1

Qf
)W
∑T
t=1 2‖y∗t ‖∑T
t=1 e‖y∗t ‖

= 1 +
2δ

e
(1− 1

Qf
)W

The first inequality is from Theorem 1. The second one is
by throwing away switching cost. The Third one is because
y∗t minimizes ft(·). The last inequality is due to triangle
inequality of norm, and Assumption 1.

When
∑T
t=1 ‖y∗t ‖ = 0, then competitive ratio is 1, which

also satisfies this upper bound.

V. LOWER BOUND

This section studies the performance limit of online algo-
rithms given perfect prediction window W . For any online
algorithm, we show that i) the dynamic regret decays at most
exponentially fast with respect to the prediction window W ;
ii) it is impossible to achieve sublinear regret in our setting
given constant W and drastic fluctuations of costs, which
aligns with results for other settings [3], [30].

We study the lower bound of online algorithm performance
by constructing a special type of cost functions and introduc-
ing a characterization on all online algorithms.

Specifically, we consider costs ft(xt) = α
2 (xt − y∗t )2,

constraint X = [−1, 1] and unknow parameters y∗t ∈ X .
Note that y∗t = arg minX ft(xt). It is evident that ft(xt) ∈
FX(α, l,G) for l = α and G = 2α. Accordingly, the
Lipschitz factor of total cost is L = α+ 4β, and Qf = L

α .
Any online algorithm with perfect prediction window W

can be captured by a series of maps {At}Tt=1. Each At maps
the information that is available at time t to an action in X

xt = At(y∗1 , y∗2 , . . . , y∗min(t+W−1,T )). (10)

Notice that algorithms in the type of (10) include essentially
every possible deterministic online algorithm, because the
only limitation we impose on (10) is that the decision maker
does not know y∗t+W , . . . , y

∗
T .

By showing a lower bound of dynamic regret of all online
algorithms (10) for ft(·) defined above, we are able to reveal
the fundamental limit of online algorithm performance. A
formal statement is given in Theorem 3.

Theorem 3. Define ρ =
√
Qf−1√
Qf+1

. When T ≥

max(logρ

√
1−ρ2
2 , 2W ), for any online algorithm A in the

form of (10), there always exists some y∗1 , . . . , y
∗
T , such that

the dynamic regret of the algorithm is lower bounded by

Reg(A) ≥ α2(1− ρ2)2

32L
(

√
Qf − 1
√
Qf + 1

)2W
T∑
t=1

‖y∗t − y∗t−1‖.

Proof. Proof is by construction, which has been discussed
above. Technical details can be found in Appendix C.

Remark 2. For any online algorithm, Theorem 3 shows that
the dynamic regret decays at most exponentially fast with
respect to the prediction window W . On the other hand,
our algorithm RHGD also achieves a dynamic regret that at
least decays exponentially with W , as stated in Theorem 1.
It should be noted that the decaying rates are different. The

lower bound decaying rate is
√
Qf−1√
Qf+1

∈ [1− 2√
Qf

, 1− 1√
Qf

],

while the decaying rate of our algorithm is 1− 1
Qf

, which is
slower than that of the lower bound for large Qf . This gap is
expected since algorithm (10) does not place any restriction
on the computation or storage needs of the algorithm, while
our algorithm RHGD only uses finite memory and W + 1
gradient evaluations at each time step. However, we expect
that this gap can be bridged by using Nesterov Acceleration
techniques in crafting our online gradient algorithms. We
will leave this as our future work.



Remark 3. Notice that the lower bound in Theorem 3
depends on path length,

∑T
t=1 ‖y∗t − y∗t−1‖, which captures

the fluctuations of cost function ft(·). Thus when path length
is O(T ), Theorem 3 shows a O(T ) dynamic regret given
constant W . Similar results have already been discovered in
other settings [3], [30].

VI. A NUMERICAL STUDY: ECONOMIC DISPATCH

This section presents a numerical experiment of RHGD,
an economic dispatch problem as introduced in Example 1.

In the simulation, we consider three conventional genera-
tors with quadratic costs given below.

c1(xt,1) = (xt,1)2 + 15xt,1 + 10

c2(xt,2) = 1.2(xt,2)2 + 10xt,2 + 27

c3(xt,3) = 1.4(xt,3)2 + 6xt,3 + 21

Besides, we consider a high-penetration of wind supply as
shown in Figure 1 (b) where the data is from [31]. Figure 1
(a) depicts the load profile of New Hampshire from June 9
to June 12 in 2017 [32]. For simplicity, we let ξt = ξ = 1.2
and β = 1. In the simulation, each t corresponds to an hour.

Figure 1 (c) and (d) respectively present the dynamic regret
and the competitive ratio of RHGD in log scale as a function
of prediction window W . Notice that when W = 0, i.e.
without prediction, RHGD reduces to classic OGD. When
W increase from 0 to 4, both dynamic regret and competitive
ratio enjoy a dramatic decrease. This shows that even with
a small prediction window, RHGD can improve the online
decision to a large degree. When W > 4, Figure 1 (c) and
(d) show a linear decease in log scale. This demonstrates that
both dynamic regret and competitive ratio of RHGD decay
exponentially with W .

Moreover, we compare RHGD with another fast online
algorithm in literature: suboptimal MPC. Specifically, we
apply the algorithm in [26]. The terminal cost is chosen to
be β

2 ‖xt+1 − xt‖2 and the initial values follows OGD. To
have a fair comparison, we evaluate the same number of
gradients at each time for both algorithms. We also plot the
dynamic regret and the competitive ratio of the suboptimal
MPC in Figure 1 (c) and (d) respective. Interestingly, this
algorithm and our RHGD share similar performance, with
RHGD performs slightly better than suboptimal MPC when
W is large. One interesting future direction is to formally
analyze the regret and competitive ratio of suboptimal MPC.

VII. CONCLUSION

In this paper we propose a computational efficient online
algorithm, RHGD, for online convex optimization problems
with ramping cost. The algorithm uses W steps of prediction
and only needs W + 1 steps of gradient evaluation at
each time step. We show that the dynamic regret and the
competitive ratio of RHGD decay exponentially fast with
the prediction window W . This decaying rate matches a
lower bound of general online algorithms, meaning that more
computation can not achieves much better performance than
our RHGD. There are many interesting future directions,
such as i) generalizing the method to handle imperfect

prediction, ii) bridging the gap between the performance of
RHGD and the lower bound by using Nesterov acceleration
methods, iii) designing and studying other computational
efficient online algorithms such as suboptimal MPC.
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APPENDIX

A. Proof of Lemma 1

Proof. Remember that CT1 (x1 . . . , xT ) =
∑
t ft(xt) +

β
2 ‖xt − xt−1‖

2. Since
∑
t ft(xt) is α-strongly convex and

smooth, we only need to study β
2 ‖xt−xt−1‖

2. The Hessian
of switching cost is

A = β


2 −1 0 · · · 0
−1 2 −1 · · · 0

...
...

...
. . .

...
0 0 0 · · · 1


and 0 ≤ A ≤ 4βI. So L = l + 4β, and CT1 (x1 . . . , xT ) is
α-strongly convex.

B. Proof of Lemma 3

Before the formal proof, we introduce a supporting lemma,
which upper bounds the switching cost of OGD outputs.

Lemma 4. Given ft ∈ FX(α, l,G) for t = 1, . . . , T , and
stepsize 1

l , the outputs of OGD {xt}Tt=1 satisfy

T∑
t=1

‖xt − xt−1‖2 ≤
2G

l(1− κ)

T∑
t=1

‖y∗t − y∗t−1‖

where x1 is chosen to be x1 = x0, κ =
√

(1− α
l ), y∗t :=

arg minxt∈X ft(xt) for 1 ≤ t ≤ T and y∗0 = x0.

Proof. Firstly, given x1 = x0, we have
T∑
t=1

‖xt − xt−1‖2 =

T∑
t=2

‖xt+1 − xt‖2

According to Corollary 2.3.2 in [33]
T−1∑
t=1

‖xt+1 − xt‖2 ≤
2

l

T−1∑
t=1

ft(xt)− ft(y∗t ) (11)

Since ft ∈ F(α, l,G), and ‖xT − y∗T ‖ ≥ 0,

T−1∑
t=1

ft(xt)− ft(y∗t ) ≤ G
T−1∑
t=1

‖xt − y∗t ‖ ≤ G
T∑
t=1

‖xt − y∗t ‖

(12)
The remainder of the proof is to bound

∑T
t=1 ‖xt− y∗t ‖. By

triangle inequality of Euclidean norm,
T∑
t=1

‖xt − y∗t ‖ ≤
T∑
t=1

(‖xt − y∗t−1‖+ ‖y∗t − y∗t−1‖) (13)

From Theorem 2.3.4 in [33], we have
T∑
t=2

‖xt − y∗t−1‖ ≤ κ
T−1∑
t=1

‖xt − y∗t ‖

where κ =
√

(1− α
γ ). Plug this in (13), we have

T∑
t=1

‖xt − y∗t ‖ ≤ κ
T−1∑
t=1

‖xt − y∗t ‖+

T∑
t=1

‖y∗t − y∗t−1‖

≤ κ
T∑
t=1

‖xt − y∗t ‖+

T∑
t=1

‖y∗t − y∗t−1‖ (14)



where the first inequality is due to x1 = y∗0 = x0, and the
second one is due to ‖xT − y∗T ‖ ≥ 0.

Regrouping the terms in (14) gives us:

T∑
t=1

‖xt − y∗t ‖ ≤
1

1− κ

T∑
t=1

‖y∗t − y∗t−1‖ (15)

This inequality together with (11) and (12) proves the bound
in the lemma.

Now we are ready to prove Lemma 3.
Proof of Lemma 3:

Reg(OGD) ≤
T∑
t=1

(
ft(xt)− ft(x∗t ) + β/2‖xt − xt−1‖2

)
≤

T∑
t=1

(
ft(xt)− ft(y∗t ) + β/2‖xt − xt−1‖2

)
≤ G

T∑
t=1

‖xt − y∗t ‖+

T∑
t=1

‖y∗t − y∗t−1‖
Gβ

l(1− κ)

≤ G

(1− κ)

T∑
t=1

‖y∗t − y∗t−1‖+

T∑
t=1

‖y∗t − y∗t−1‖
Gβ

l(1− κ)

= (β/l + 1)
G

(1− κ)

T∑
t=1

‖y∗t − y∗t−1‖

The first inequality is by throwing away negative term
−β/2‖x∗t−x∗t−1‖2. The second one is because y∗t minimizes
ft(xt). The third one is from bounded gradient and Lemma
4. The last one is by (15) and combining like terms.

C. Proof of Theorem 3

The proof of Theorem 3 relies on the following Lemma.
It shows that, in the optimal offline solution, the dependence
of the action xt on the future y∗t+W decays at most expo-
nentially fast in W .

Lemma 5. Given y∗t ∈ [−1, 1], t ∈ [T ], the optimal off-
line solution can be written as x∗ = Ay∗ where y∗ =
[y∗1 , y

∗
2 . . . , y

∗
T ]′, and A is a T -by-T symmetric matrix. We

write A = [a1,a2, . . . ,aT ]′, and a′t = [at,1, at,2, . . . , at,T ].
Then, for τ ≥ 0, at,t+τ satisfies

at,t+τ ≥
1√

4βα + 1
ρτ (1− ρ2 − 2ρ2T ). (16)

Proof. Recall the offline optimization problem is given by,

min
x∈RT

T∑
t=1

[
α

2
(xt − vt)2 +

β

2
(xt − xt−1)2

]
(17)

where x1, . . . , xT are the decision variables and x0 = 0.
Taking derivative of the cost function, we have (defining θ =
β
α ),{
xt − vt + θ(xt − xt−1) + θ(xt − xt+1) = 0, t ∈ [T − 1]
xT − vT + θ(xT − xT−1) = 0

(18)

Define

H =



1 + 2θ −θ 0 0 · · · 0
−θ 1 + 2θ −θ 0 · · · 0
0 −θ 1 + 2θ −θ · · · 0
...

. . . . . . . . . . . .
...

0 · · · 0 −θ 1 + 2θ −θ
0 · · · 0 0 −θ 1 + θ


.

(19)
Then, (18) can be rewritten as Hx = y∗. Since H is
diagonally dominant, it is invertible. Also since, H’s diagonal
entries are positive, while the off-diagonal entries are non-
positive, we have H−1 is a nonnegative matrix. Let A =
H−1. Clearly A is symmetric since H is symmetric. Then
we have,

x∗ = Ay∗. (20)

It remains to prove the lower bound on the entries of A.
Define Ã = [ãi,j ] to be a T -by-T matrix, where ãt,t+τ =
cρ|τ | (for t = 1, . . . , T , τ = 1−t, . . . , T−t). In what follows,
we calculate HÃ. Firstly, for the second row till the second
to last row, i.e. for 2 ≤ t ≤ T − 1, 1− t ≤ τ ≤ T − t

[HÃ]t,t+τ = −θãt−1,t+τ + (1 + 2θ)ãt,t+τ − θãt+1,t+τ

= c[(1 + 2θ)ρ|τ | − θρ|τ+1| − θρ|τ−1|]

=


cρτ [(1 + 2θ)− θρ− θ 1

ρ ] = 0 when τ ≥ 1

cρ−τ [(1 + 2θ)− θρ− θ 1
ρ ] = 0 when τ ≤ −1

c[(1 + 2θ)− 2θρ] = 1 when τ = 0

Then, we calculate the first row of HÃ. When t = 1, 0 ≤
τ ≤ T − 1,

[HÃ]1,1+τ = (1 + 2θ)ã1,1+τ − θã2,1+τ
= (1 + 2θ)cρ|τ | − θcρ|τ−1|

=

{
cρτ (1 + 2θ − θ 1

ρ ) when τ ≥ 1

c(1 + 2θ − θρ) when τ = 0

=

{
ρτ [ 12 ( 1√

4θ+1
− 1) + θ√

4θ+1
] = ρτρθc when τ ≥ 1

1
2 ( 1√

4θ+1
+ 1) + θ√

4θ+1
= 1 + ρθc when τ = 0

For the last row, we have when t = T , 1− T ≤ τ ≤ 0, we
have

[HÃ]T,T+τ = (1 + θ)ãT,T+τ − θãT−1,T+τ

= (1 + θ)cρ|τ | − θcρ|τ+1|

=

{
cρ−τ (1 + θ − θ 1

ρ ) when τ ≤ −1

c(1 + θ − θρ) when τ = 0

=

{
ρ−τ 1

2 ( 1√
4θ+1

− 1) = ρ−τ 1
2 (c− 1) when τ ≤ −1

1
2 ( 1√

4θ+1
+ 1) = 1

2 (c+ 1) when τ = 0

Therefore, we have

I −HÃ =
−θcρ −θcρ2 −θcρ3 · · · −θcρT

0 0 0 · 0
...

...
...

...
...

0 0 0 · 0
1
2 (1− c)ρT−1 1

2 (1− c)ρT−2 1
2 (1− c)ρT−3 · · · 1

2 (1− c)





Recall the t’th row of A is a′t. We also let the t’th row of
Ã be ã′t. Let et be the T -dimensional vector with the t’th
entry being 1 and other entries being 0. Then, at = Aet and
ãt = Ãet. Then, we have,

at − ãt = Aet − Ãet = A(I −HÃ)et

= A[−θcρt, 0, · · · , 0, 1

2
(1− c)ρT−t]′

= −θcρta1 +
1

2
(1− c)ρT−taT (21)

Now we set t = 1 and t = T in (21), and get

a1 − ã1 = −θcρa1 +
1

2
(1− c)ρT−1aT (22)

aT − ãT = −θcρTa1 +
1

2
(1− c)aT (23)

Manipulating (23), and we can get

aT =
2

1 + c
ãT − ρT

2θc

1 + c
a1 ≤

2

1 + c
ãT (24)

where we have used the fact that all the entries of a1 are
nonnegative. Manipulating (22), using 1 + ρθc = θc

ρ and
plugging (24) into (22), we have,

a1 =
1

1 + cθρ
ã1 +

1− c
2(1 + cθρ)

ρT−1aT

=
ρ

θc
ã1 + (1− c) 1

2θc
ρTaT

≤ ρ

θc
ã1 +

1− c
1 + c

1

θc
ρT ãT (25)

Plugging the above into (24),

aT =
2

1 + c
ãT − ρT

2θc

1 + c
a1

≥ 2

1 + c
ãT − ρT

2θc

1 + c
(
ρ

θc
ã1 +

1− c
1 + c

1

θc
ρT ãT )

=
2

1 + c
ãT −

2

1 + c
ρT+1ã1 −

1− c
1 + c

2

1 + c
ρ2T ãT

≥ 2

1 + c
ãT −

2

1 + c
ρT+1ã1 −

2

1 + c
ρ2T ãT (26)

Using the upper bound on a1 (25) and the lower bound on
aT (26) and plugging them into (21), we have

at − ãt = −θcρta1 +
1

2
(1− c)ρT−taT

≥ −θcρt[ ρ
θc

ã1 +
1− c
1 + c

1

θc
ρT ãT ]

+
1

2
(1− c)ρT−t[ 2

1 + c
ãT −

2

1 + c
ρT+1ã1 −

2

1 + c
ρ2T ãT ]

= −ρt+1ã1 −
1− c
1 + c

ρt+T ãT

+
1− c
1 + c

ρT−tãT −
1− c
1 + c

ρ2T−t+1ã1 −
1− c
1 + c

ρ3T−tãT

≥ −ρt+1ã1 − ρ2T−t+1ã1 − ρ3T−tãT
Therefore, for 1 ≤ t ≤ T and 0 ≤ τ ≤ T − t,

at,t+τ

≥ cρτ − ρt+1cρt+τ−1 − ρ2T−t+1cρt+τ−1 − ρ3T−tcρT−t−τ

= cρτ − cρ2t+τ − cρ2T+τ − cρ4T−2t−τ

= cρτ (1− ρ2t − ρ2T − ρ4T−2t−2τ )

≥ cρτ (1− ρ2 − 2ρ2T )

where in the last inequality we have used ρ2t ≤ ρ2, and by
t+ τ ≤ T , ρ4T−2t−2τ ≤ ρ2T .

We are now ready to prove Theorem 3.
Proof of Theorem 3: For t ≤ T − W , define bt =
[at,1, at,2, . . . , at,t+W−1, 0, . . .]

′; for t ≥ T −W + 1, define
bt = at. Define ct = at − bt (c′t is the t’th row of
A with the first t + W − 1 entries being set to 0), and
C = [c1, c2, . . . , cT ]′.

First we fix A1, . . . ,AT . We generate y∗t i.i.d. from a
Bernouli distribution, with P (y∗t = 1) = P (y∗t = −1) =
1/2. We then have for t ≤ T −W ,

(xt − x∗t )2 = (xt − b′ty
∗ − c′ty

∗)2

= (xt − b′ty
∗)2 + (c′ty

∗)2 − 2(c′ty
∗)(xt − b′ty

∗)

≥ (c′ty
∗)2 + 2(c′ty

∗)(b′ty
∗ − xt)

We take expectation conditioned on y∗1 , y
∗
2 , . . . , y

∗
t+W−1

E[(xt − x∗t )2|y∗1 , . . . , y∗t+W−1]

(a)

≥ E[(c′ty
∗)2|y∗1 , . . . , y∗t+W−1]

+ 2E[(c′ty
∗)|y∗1 , . . . , y∗t+W−1](b′ty

∗ − xt)
(b)

≥ E[(c′ty
∗)2|y∗1 , . . . , y∗t+W−1] + 2E[(c′ty

∗)](b′ty
∗ − xt)

(c)
= E[(c′ty

∗)2|y∗1 , . . . , y∗t+W−1]

where (a) is because b′ty
∗ and xt only depends on

y∗1 , . . . , y
∗
t+W−1; (b) is because c′ty

∗ only depends on
y∗t+W , . . . , y

∗
T , which are independent from y∗1 , . . . , y

∗
t+W−1;

(c) is because y∗τ has expectation 0 for any τ . Now we
take expectation again over y∗1 , . . . , y

∗
t+W−1, and get E[(xt−

x∗t )
2] ≥ E[(c′ty

∗)2]. Summing over t,

E‖x−x∗‖2 ≥
T−W∑
t=1

E(c′ty
∗)2 = E‖Cy∗‖2 = E(y∗)′C ′Cy∗

Now since C ′C is a T -by-T symmetric positive semi-definite
matrix, we diagonalize C ′C to get C ′C =

∑T
t=1 λtζtζ

′
t,

where λt is a eigenvalue of C ′C associated with eigenvector
ζt, and ζ1, . . . , ζT form a orthonormal basis of RT . Thus,

E((y∗)′C ′Cy∗) =

T∑
t=1

E(λt(y
∗)′ζtζ

′
ty
∗) =

T∑
t=1

λtE(ζ′ty
∗)2

Let ζt = [ζt,1, . . . , ζt,T ]′, then E(ζ′ty
∗)2 = Var(ζ′ty

∗) =∑t
τ=1 ζ

2
t,τVar(y∗t ) = 1. Therefore, E‖x − x∗‖2 ≥∑T

t=1 λt = Trace(C ′C) =
∑T
t=1 ‖ct‖2. By the definition

of ct, and (16), for t ≤ T −W ,

‖ct‖2 ≥ a2t,t+W ≥
α(1− ρ2)2

4(4β + α)
ρ2W

where we have used by the lower bound on T , 2ρ2T ≤ 1−ρ2
2 .

As a result,

E‖x− x∗‖2 ≥ (T −W )
α(1− ρ2)2

4(4β + α)
ρ2W .



Therefore, there must exist a realization of y∗, s.t.

‖x− x∗‖2 ≥ (T −W )
α(1− ρ2)2

4(4β + α)
ρ2W

≥ T −W
T

α(1− ρ2)2

8(4β + α)
ρ2W

T∑
t=1

‖y∗t − y∗t−1‖

where in the last inequality, we have used
∑T
t=1 ‖y∗t −

y∗t−1‖ ≤ 2T. The results of the theorem follows directly
from the α-strong convexity of the off-line cost function and
T ≥ 2W .


