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Abstract— This paper presents an aggregation-disaggregation
framework for the community-level management of widely-
used Geothermal Heat Pump (GHP) systems in energy efficient
buildings. In accordance with the layered operating architec-
ture of the current power grid, this framework operates at
two different time-scales. At a slow time-scale, each building
predicts its GHP system future power consumption information
consisting of both upper and lower bounds and the utility
function, using aggregate thermal zone information and short-
term disturbance forecasts. The information is then reported to
a control center, i.e., an aggregator for all GHP systems in the
community who determines and notifies their future nominal
consumptions. At a fast time-scale, a distributed control scheme
is designed based on a primal-dual gradient method, such
that the nominal consumption can be tracked as closely as
possible under real disturbances, using only local measurements
and neighboring communications. In general, our framework
provides an approach to scaling up the optimization and control
for zone-building-aggregator interaction, which can be used to
provide flexible ancillary services from a population of GHP
systems to support the power distribution/transmission systems.

I. INTRODUCTION

Demand side management is becoming a key component
in the current power grid that helps reduce peak load and
adapt elastic demand to fluctuating generations [1]. Given the
fact that Heating Ventilation and Air Conditioning (HVAC)
systems in buildings account for 15%-20% of energy con-
sumption worldwide [2], [3], HVAC systems have a great
potential to provide ancillary services in demand side man-
agement. Thus, making them more active and responsive has
drawn recent attention as a way to assist in improving grid
reliability, efficiency, and robustness to uncertain generations.

Among different types of HVAC systems, Geothermal
Heat Pump (GHP) systems are widely adopted due to their
highly efficient use of energy. They can usually deliver more
than 3kWh of heat with 1kWh of electricity [4]. Hence the
main focus of this paper is on GHP systems. In order to
achieve active and responsive GHP systems capable of pro-
viding ancillary services to the power grid, aggregation and
coordination across a population of buildings are necessary,
since the capability of the collective is much more dominant
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and helpful than each individual’s. Although various control
techniques have been developed for GHP systems [5]–[7],
most of them are designed only to ensure the efficient and
robust operation of the system in a single building. If merely
scaling up them under the current operating architecture
of the grid, large amounts of sensing, communication and
computation will be required for grid operators to integrate
the building GHP systems. Also, from the grid operators’
viewpoint, it is expensive to interact with a large number
of buildings, collecting every piece of information from
and sending control commands to each system in real-time.
Therefore, new optimization and control frameworks are
desired as GHP system management schemes that can be
seamlessly embedded into the current grid operation.

The major issue that the desired frameworks need to
address is: the optimization and control of the power grid is
hierarchical [8], namely, how should lower-level responsive
GHP systems be included in a higher-level (e.g., commu-
nities, microgrids, distribution/transmission networks) power
dispatch problem? In particular, (i) since each GHP system
has its own dynamics and operating constraints whereas the
higher-level operator is unable to collect all of them, which
messages should each GHP system report to the higher-level
operator, and how to compute them efficiently? (ii) Given a
certain operating goal or signal from the higher-level oper-
ator, how to achieve that goal via properly controlling each
GHP system, without violating the operating constraints?
These questions lead to the imperative topic on aggregation
and disaggregation of GHP (and general HVAC) systems.

In fact, some recent work has focused on aggregation and
disaggregation of HVAC systems (more generally, Thermo-
statically Controlled Loads or TCLs) [9]–[13]. For example,
a generalized battery model was developed to characterize
the aggregate flexibility of TCLs in [9], and a direct load
control architecture was proposed to track an automatic
generation control signal from the system operator. In [10],
a building-aggregator-grid interaction contract framework
was presented based on Economic Model Predictive Con-
trol (MPC), which could effectively aggregate the flexible
power consumption of a group of HVAC fans to serve
as fast regulation reserve to the grid. In [11], an itera-
tive pricing mechanism was designed based on mean-field
games in order to steer TCLs to some desired aggregate
behavior. In [12], the authors proposed a novel geometric
approach to designing a virtual battery model for TCLs,
in which the aggregate flexibility was characterized by the
Minkowski sum of multiple homothetic polytopes. In [13],
an adaptive, online state estimation and control method
was proposed for large populations of TCLs subject to
biased disturbances. However, most literatures have one or
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more of the following drawbacks: (i) the thermal model
of buildings and HVAC systems is linear, and/or does not
capture temperature dynamics of individual thermal zones;
(ii) the aggregate information that buildings provide to the
higher-level operator does not include the utility function,
which is important for the higher-level operator to make
any decision [14]; (iii) the control scheme for the HVAC
system is implemented in a centralized manner that requires
lots of sensing, communication, computation, and may need
measurement of disturbances, e.g., indoor heat gains, which
are hard to obtain.

Contribution of the paper. This paper aims to develop an
aggregation-disaggregation framework for the management
of building GHP systems at the community level. Specifi-
cally, we demonstrate how convex optimization assists in the
related computation and control. We consider nonlinear ther-
mal dynamics with practical operating constraints of GHP
systems. We focus on zone-building-community interaction,
in which the GHP system consumption flexibility, including
the utility function, is characterized through computationally
efficiently solving proper optimization problems. In addition,
we design a distributed controller for zone-level control such
that the operating signal from the higher-level operator can be
tracked as closely as possible by each GHP system with only
local measurements (without measuring any real disturbance)
and neighboring communications.
Nomenclature and Notation: In this paper, GF denotes the
set of buildings equipped with a GHP system for Floor
heating/cooling, and GF (b) is the set of thermal zones/rooms
of building b in GF . GR is the set of buildings equipped
with a GHP system for Radiator heating/cooling, and GR(b)
is the set of zones of building b in GR. N (i) denotes the
set of neighboring zones of zone i. ẋ = ẋ(t) denotes the
derivative of a state variable x(t) with respect to time t, i.e.,
ẋ(t) = d

dtx(t). The positive projection of a function h(y) on
a variable x ∈ [0,+∞), (h(y))+x is:

(h(y))+x =

{
h(y) if x > 0
max(0, h(y)) if x = 0

.

II. PROBLEM SETUP

In this section, we first present the configuration of the
building GHP system and its thermal dynamics. Then we
introduce the aggregation-disaggregation framework which
is applicable to general thermal/HVAC systems.

A. GHP system in buildings
The schematic of a typical GHP system is illustrated in

Figure 1, which consists of two hydronic circuits, and one
refrigerant circuit/the heat pump, interconnected by two heat
exchangers, i.e., an evaporator and a condenser [4], [7]. In
winter, it transfers heat from the underground soil/water to
buildings for heating, and vice versa in summer for cooling.
The heat/cold can be either distributed to building concrete
floors (i.e., floor heating/cooling) or hydronic radiators (i.e.,
radiator heating/cooling). Detailed working process of the
GHP system is available in [15]. In the following, we will use
floor heating as an example to demonstrate the aggregation-
disaggregation procedure, while radiator heating is similar
and will be reported briefly. On the other hand, although the

Fig. 1: Schematic of a typical GHP system.

cooling mode is less commonly used, the related aggregation-
disaggregation follows the same procedure. For brevity, we
only focus on the heating mode case in this paper.

In general, the heat pump consumes electric power to
transfer heat to the water in the distribution hydronic circuit.
The amount of this heat depends on water flow rate, heat
pump supply/forward temperature, and return water temper-
ature [7], [16]. Each zone in the building is equipped with a
Thermal Wax Actuator (TWA) that adjusts the valve opening
of the pipes for regulating the flow rate. The supply temper-
ature is adjusted by regulating the compressor of the heat
pump. The return water temperature can be approximated
by the floor/radiator temperature which is accurate enough
for control design [17].

B. Thermal dynamic model with a GHP system
The thermal dynamic model for each zone in a building

with floor heating is described by a reduced Resistance-
Capacitance (RC) model [18] (more discussion on this model
is available in [15], [19]):

CiṪi =
T o − Ti
Ri

+
∑

j∈N (i)

Tj − Ti
Rij

+
Tfi − Ti
Rafi

+Qi (1)

where i ∈ GF (b), b ∈ GF , Ci is the thermal capacitance, Ti
is the indoor temperature, T o is the outdoor temperature, Ri
is the thermal resistance of the wall and window separating
zone i and outside, Rij = Rji is the thermal resistance of the
wall separating zones i and j, Tfi is the floor temperature,
Rafi is the thermal resistance between the indoor air and the
floor, and Qi is the heat gain from exogenous sources (e.g.,
user activity, solar radiation and device operation).

The thermal dynamics of floors equipped with a GHP
system is given by a simplified lumped element model [7]

CfiṪfi =
Ti − Tfi
Rafi

+
Twi − Tfi
Rfwi

(2a)

CwiṪwi =
Tfi − Twi
Rfwi

+ cwqi(T
s
b − Tfi) (2b)

where i ∈ GF (b), b ∈ GF , Cfi is the thermal capacitance of
the floor, Twi is the temperature of the water in pipes, Rfwi
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is the thermal resistance between the floor and the water, Cwi
is the thermal capacitance of the water, cw is the specific heat
of the water, qi is the water flow rate, and T sb is the supply
temperature of the heat pump. It is a standard operation that
T sb is a common input to the whole building [7]. But the
input qi is adjusted differently for different zones.

The electric power consumption of the GHP system of the
building equals the consumption of the heat pump, i.e.,

pb =
∑

i∈GF (b)
cwqi(T

s
b − Tfi)/(−abT sb + bb) (3)

where −abT sb + bb > 0 is the Coefficient of Performance
(COP, i.e., the ratio of the produced heat to the consumed
electricity) of the heat pump, and

∑
i∈GF (b) cwqi(T

s
b − Tfi)

is the produced heat1. The COP has been approximated as a
linear function of T sb [16], and ab, bb are positive coefficients
obtained from the heat pump data sheet [7], [16].

The thermal dynamics of a building equipped with a GHP
system for radiator heating is similar to (1)-(2), including a
reduced RC model and a simplified lumped element model,

CiṪi =
T o − Ti
Ri

+
∑

j∈N (i)

Tj − Ti
Rij

+
Tri − Ti
Rari

+Qi (4a)

CriṪri =
Ti − Tri
Rari

+ cwqi(T
s
b − Tri) (4b)

where i ∈ GR(b), b ∈ GR, Tri is the temperature of the
radiator combined with inside water, Rari is the thermal
resistance between the indoor air and the radiator, and Cri
is the thermal capacitance of the radiator. The electric power
consumption of the GHP system is the same as (3) with∑
i∈GF (b) cwqi(T

s
b − Tfi) changing to

∑
i∈GR(b) cwqi(T

s
b −

Tri). Note that floor heating and radiator heating can exist
in the same building in different zones.

C. The Aggregation-disaggregation framework

The operating structure of our aggregation-disaggregation
framework for building thermal system management in com-
munities is illustrated in Figure 2. This framework operates
at two different time-scales. At a slow time-scale, e.g., 5-
15 minutes, each thermal zone in buildings firstly uses
forecasts and historical data to predict future disturbances,
e.g., the outdoor temperature and indoor heat gains, which
are usually step change and slow-varying within a short
period of time. Secondly, each building aggregates informa-
tion from all its thermal zones to calculate (i) the system
future power consumption range consisting of the upper
and lower power consumption bounds [p

b
, pb], as well as

(ii) the future utility function of the system Ub(pb) with
respect to the consumption pb ∈ [p

b
, pb]. Then each building

reports its future consumption information to a control center
– an aggregator in charge of all thermal systems in the
community. Based on the received information, the control
center determines the nominal consumption p∗b for each
building and sends the values back to them2. At a fast

1In the heating mode, T s
b > Tfi, ∀i holds; in the cooling mode, T s

b <
Tfi,∀i holds. This is always true in practice [7], [16].

2We do not limit the way how the control center determines the nominal
values. For instance, the control center can aggregate the information from
individual buildings to participate in the electricity market.

Fig. 2: The operating structure of the proposed framework.

time-scale, each building carries out distributed/decentralized
control to guide every controllable component, qi, T sb in this
paper, of the thermal system to appropriately adapt their
behavior such that the given nominal value p∗b can be tracked
as closely as possible without affecting user comfort. This is
called the disaggregation procedure.

The reasons to adopt the time-scale separation in our
framework include: (i) it conforms with the hierarchical
optimization and control architecture in current power sys-
tems so that our framework can be easily embedded into
it; (ii) the rate of changes in disturbances is much slower
than that of control actuators in the thermal system, due
to which the operation planning/aggregation and real-time
control/disaggregation can be separated.

III. AGGREGATION IN BUILDINGS WITH GHP SYSTEMS

A. Steady-state aggregation

In this paper, we consider steady-state aggregation which
requires only short-term prediction, less communication and
computation compared with multi-step aggregation [20], and
thus is easy to implement. The reasons are as follows.
During a short period of time, e.g., 5-15 minutes, the outdoor
temperature T o and the indoor heat gain Qi vary slowly and
are within certain ranges. Under slowly-varying exogenous
inputs T o and Qi, the GHP system can quickly (compared
with the speed of changes in disturbances) drive the temper-
ature in each zone to stay at or closely to some steady state,
which satisfies user comfort and system operating constraints
given by Equation (5c)-(5e) listed below. Based on this
fact, each building can predict its GHP system future power
consumption information (consisting of the range and the
utility function) via steady-state aggregation with short-term
prediction of disturbances. To avoid confusion between the
steady-state values and temperature dynamics, we use Z• to
denote the steady-state temperature value of a corresponding
state T• (remark that T• is the temperature resulting from
model (1)-(2) or (4)). Also, a variable with tilde, i.e., •̃,
denotes its predicted value.

Under short-term prediction and normal operation, when
the dynamics (1)-(2) or (4) reach steady state, we have

Steady-state equation
T̃ o − Zi
Ri

+
∑

j∈N (i)

Zj − Zi
Rij

+
Zfi − Zi
Rafi

+ Q̃i = 0 (5a)
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Zi − Zfi
Rafi

+ cwqi(T
s
b − Zfi) = 0 (5b)

User comfort
T i ≤ Zi ≤ T i (5c)

GHP system operating constraint
0 ≤ qi ≤ qi (5d)

T sb ≤ T sb ≤ T
s

b (5e)
Prediction uncertainty

T o ≤ T̃ o ≤ T o (5f)

Q
i
≤ Q̃i ≤ Qi (5g)

where i ∈ GF (b), b ∈ GF , (5b) results from the steady state
equation of (2), and the system operating constraints (5d)-
(5e) are in accord with those in the optimization problem
(7) in [7]. In reality, the disturbance predictions are within
certain ranges, which is why we introduce (5f)-(5g). More-
over, we introduce T̃ om ∈ [T o, T

o
], Q̃mi ∈ [Q

i
, Qi] as

the most likely predicted (average) values of T̃ o, Q̃i: if not
provided, the default values are T̃ om = (T o+T

o
)/2, Q̃mi =

(Q
i
+Qi)/2. These parameters will be used to seek a proper

utility function later. For the case of using radiator heating,
the related equation is similar. Equation (5) actually defines
a region for system future steady states. Here we assume
that this region is feasible, and in particular, it is feasible
when T̃ o = T̃ om, Q̃i = Q̃mi hold: if the region is empty,
users could relax their comfort ranges (5c) to guarantee the
feasibility of (5).

B. The upper bound

Let ub =
∑
i∈GF (b) cwqi(T

s
b −Zfi), i.e., the produced heat

from the GHP system, and ui = cwqi(T
s
b −Zfi), i ∈ GF (b).

Finding the upper bound of pb is equivalent to solving the
following optimization problem:

max
Zi,Zfi,ui,T s

b ,ub,T̃ o,Q̃i

ub
bb − abT sb

(6a)

s. t. (5a), (5c), (5e)-(5g) (6b)
Zi − Zfi
Rafi

+ ui = 0 (6c)

0 ≤ ui ≤ cwqi(T sb − Zfi) (6d)

ub =
∑

i∈GF (b)
ui (6e)

where i ∈ GF (b), b ∈ GF . However, the above problem is
nonconvex since the objective function (6a) is nonconvex
in the decision variables. Instead, we consider a modified
version of this problem given by

max
Zi,Zfi,ui,ub,T̃ o,Q̃i,T s

b≤T
s
b≤T

s
b

ub
bb − abT sb

(7a)

s. t. (5a), (5c), (5f)-(5g), (6c), (6e) (7b)

0 ≤ ui ≤ cwqi(T
s

b − Zfi) (7c)

where we have enlarged the constraint set by replacing (6d)
with (7c). Because the decision variable T sb only appears
in the objective function of (7) with the boundary constraint
T sb ≤ T sb ≤ T

s

b and does not affect the other constraints (7b)-

(7c), solving problem (7) is equivalent to solving

max
Zi,Zfi,ui,ub,T̃ o,Q̃i

ub

bb − abT
s

b

(8a)

s. t. (7b)-(7c). (8b)

The following result shows the relation between (6) and (8).

Theorem 1. The optimal objective function values of prob-
lems (6) and (8) are the same.

Proof. It is sufficient to show that the optimal objective
function values of (6) and (7) are the same. Because the
constraint set of (6) is a subset of that of (7), the optimal
objective function value of (6) is no more than that of (7).
On the other hand, by setting T sb = T

s

b in (6), this problem
exactly becomes (8) which is equivalent to (7). Thus, the
optimal objective function value of (6) is the same as that
of (7), and is achieved when T sb = T

s

b .

By solving the linear programming problem (8), the upper
bound of electric power consumption of the GHP system is

pb = u∗b/(bb − abT
s

b) (9)

where u∗b is the optimal solution of (8).

C. The lower bound

As before, finding the lower bound of pb is equivalent to
solving the following optimization problem:

min
Zi,Zfi,ui,T s

b ,ub,T̃
o,Q̃i

ub
bb − abT sb

(10a)

s. t. (5a), (5c), (5e)-(5g), (6c)-(6d) (10b)

ub =
∑

i∈GF (b)
ui (10c)

which is nonconvex as the objective function (10a) is non-
convex in the decision variables. Note that now we can not
apply the method of exactly convexfying (6) as (8) to the
above problem. But we can use this method to obtain two
approximate versions of problem (10), which provide an
aggressive lower bound and a conservative lower bound:

min
Zi,Zfi,ui,ub,T̃

o,Q̃i

ub
bb − abT sb

(11a)

s. t. (5a), (5c), (5e)-(5g), (6c), (10c) (11b)

0 ≤ ui ≤ cwqi(T
s

b − Zfi) (11c)

for an aggressive (i.e., smaller) lower bound, and

min
Zi,Zfi,ui,ub,T̃

o,Q̃i

ub
bb − abT sb

(12a)

s. t. (5a), (5c), (5e)-(5g), (6c), (10c) (12b)
0 ≤ ui ≤ cwqi(T sb − Zfi) (12c)

for a conservative (i.e., larger) lower bound. Remark that (11)
is feasible since (10) is feasible, while (12) may be infeasible.
By assuming that problems (10), (11) and (12) are all
feasible, we have the following theorem.

Theorem 2. The optimal objective function values of prob-

3490



lems (10), (11) and (12) satisfy

u
(12)∗
b

bb − abT sb
≥

u
(10)∗
b

bb − abT s(10)∗b

≥
u
(11)∗
b

bb − abT sb
(13)

where the optimal solutions of those problems are marked
with problem number and ∗.

Proof. The proof is similar to that of Theorem 1 by studying
the inclusion relation between the constraint sets of those
optimization problems, and thus is omitted for brevity.

Each building solves either the nonconvex problem (10)
for an exact lower bound, or the linear programming prob-
lem (11)/(12) for an approximate lower bound, i.e.,

p
b
= u∗b/(bb − abT s∗b ) (14)

where u∗b , T
s∗
b is the optimal solution of (10)/(11)/(12), and

T s∗b = T sb when solving (11)/(12) for p
b
.

D. The most likely consumption and the utility function
Let the temperature set point determined by users be

T seti ∈ (T i, T i): if a user does not specify the set point,
then T seti = (T i+ T i)/2. It is straightforward that the most
likely/desired consumption of the GHP system pdb is the value
at which user comfort inside the building is maximumly
guaranteed, and meanwhile, the COP is as high as possible
for system energy efficiency (equivalently, the heat pump
supply temperature needs to be low). So we consider the
following optimization problem for seeking pdb :

min
Zi,Zfi,ui,T s

b

∑
i∈GF (b)

φi
2
(Zi − T seti )2 +

φb
2
(T sb − T

s
b)

2 (15a)

s. t. (5a), (5c), (5e), (6c)-(6d) (15b)

T̃ o = T̃ om, Q̃i = Q̃mi (15c)

where φi, φb are nonnegative weight coefficients representing
the priority of zones as well as optimizing the COP. The
reason to fix T̃ o, Q̃i to be their most likely values is that
they are not controllable inputs so that they should not be
actively tuned to seek the most likely consumption (on the
contrary, we do not fix them when seeking the upper and
lower bounds since doing so results in a larger set [p

b
, pb],

which can provide more flexibility for the control center to
make a power allocation plan among buildings). By solving
the convex optimization problem (15), the most likely electric
power consumption of the GHP system is given by

pdb =
∑

i∈GF (b)
u∗i /(bb − abT s∗b ) (16)

where u∗i , T
s∗
b is the optimal solution of (15).

Clearly, pdb ∈ [p
b
, pb] is always true. Once the most likely

consumption is obtained, each building uses [p
b
, pb], p

d
b to

generate its GHP system future utility function which will be
sent to the control center. An example is the quadratic utility
function given by Ub(pb) = − 1

2 (pb − p
d
b)

2, pb ∈ [p
b
, pb]. In

fact, it is an interesting direction to consider how to formulate
proper utility functions with the predicted information. Due
to the space limit, we only propose a simple approach via
quadratic curve fitting, considering efficiency loss, rather
than using Ub(pb) = − 1

2 (pb − p
d
b)

2, pb ∈ [p
b
, pb].

Let ELb(pb) be the optimal objective function value of
the following convex optimization problem:

min
Zi,Zfi,ui,T s

b

1∑
i∈GF (b) φi + φb + ψb

[ ∑
i∈GF (b)

φi
2
(Zi − T seti )2

+
φb
2
(T sb − T

s
b)

2 +
ψb
2

(∑
i∈GF (b)

ui − pb(bb − abT sb )
)2]

(17a)
s. t. (15b)-(15c) (17b)

where pb is given, and ψb is a nonnegative weight coefficient
representing the priority of tracking the point pb. The mean-
ing of ELb(pb) is the Efficiency Loss for a given nominal
consumption pb, considering user comfort, optimizing the
COP and consumption tracking (i.e., a convex combination
of these indexes). It is true that ELb(pdb) ≤ ELb(pb),∀pb ∈
[p
b
, pb] since the optimal solution of problem (15) satis-

fies
∑
i∈GF (b) u

∗
i = pdb(bb − abT

s∗
b ). We next compute

ELb(pb) and ELb(pb), and finally use the information to
fit a quadratic utility function given by

Ub(pb) = αbp
2
b + βbpb + γb (18a)

Ub(p
d
b) = −ELb(pdb), Ub(pb) = −ELb(pb),

Ub(pb) = −ELb(pb). (18b)

Note that we can also use more points in [p
b
, pb] to fit a

quadratic or higher order polynomial utility function.

Remark 1. In the aggregation procedure, we have assumed
that the predicted disturbances are within certain bounds.
However, the real disturbances may still violate the predicted
bounds in reality, i.e., there may still be prediction errors.
These errors may cause infeasibility in the disaggregation
procedure if the real disturbances deviate too much from the
predicted ones. Thus, the accuracy of the prediction matters.
One way to overcome the infeasibility issue could be tuning
user comfort constraint (5c). In the simulation section, the
prediction accuracy is within ±2◦C and ±20%, and this does
not cause any infeasibility in the disaggregation procedure.

For the case of using radiator heating, seeking related
consumption information follows the same procedure.

IV. DISAGGREGATION VIA REAL-TIME DISTRIBUTED
CONTROL

Once the future consumption range [p
b
, pb] and the utility

function of the GHP system Ub(pb) are obtained, each
building sends the information to the control center. After
making a power allocation decision for the next time slot
(examples are provided in the Appendix), the control center
notifies each building the nominal operating point p∗b . When
the new time slot begins, the thermal system regulates its
controllable inputs (i.e., qi, T sb of the GHP system) so that p∗b
can be tracked as closely as possible under real disturbances
(in addition, optimizing user comfort and the COP as shown
in the objective function (17a) can also be included). The
goal of disaggregation is to design control inputs to drive
system (1)-(2) or (4) to an appropriate steady state which
achieves the aforementioned purpose. In this section, we
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propose a disaggregation formulation (i.e., a steady-state
optimization problem formulation), which then leads to a
distributed control scheme for the GHP system.

Consider the steady-state optimization problem given by

min
Zi,,ui,T s

b

∑
i∈GF (b)

φi
2
(Zi − T seti )2 +

φb
2
(T sb − T

s
b)

2

+
ψb
2

(∑
i∈GF (b)

ui − p∗b(bb − abT sb )
)2

(19a)

s. t. (5c), (5e) (19b)
T o − Zi
Ri

+
∑

j∈N (i)

Zj − Zi
Rij

+ ui +Qi = 0 (19c)

0 ≤ ui ≤ cwqi(T sb − Zi)/(1 + cwqiRafi) (19d)

where we have used Zfi = Zi +Rafiui from equation (6c)
so that now the problem is independent of Zfi, and T o, Qi
are real disturbances. Assume that problem (19) is feasible
and satisfies Slater’s constraint qualification [21]. Then (19)
can be solved via convex optimization techniques. Once the
optimal solution is derived, the optimal control input q∗i is
obtained as q∗i = u∗i /(cw(T

s∗
b − Z∗i −Rafiu∗i )).

Problem (19) can be solved in either a centralized or
distributed/decentralized way. Any centralized algorithm re-
quires measuring the outdoor temperature T o and the in-
door heat gain Qi in every zone. Because these exogenous
disturbances can fluctuate and can be hard to measure, the
cost of centralized algorithms would be expensive. Next we
develop a real-time distributed algorithm that does not need
measurement of these disturbances based on [15]:

Żi = kZi

(
φi(T

set
i − Zi)−

∑
j∈N (i)

kζj (ζj + CjTj)

Rij

+ kζi(ζi + CiTi)
( 1

Ri
+
∑

j∈N (i)

1

Rij

)
− ν+i + ν−i − µ

+
i cwqi/(1 + cwqiRafi)

)
(20a)

u̇i = kui

(
ψb

(
p∗b(bb − abT sb )−

∑
i∈GF (b)

ui

)
− ζi − µ+

i

+ µ−i + keui
(ûi − ui)

)
(20b)

˙̂ui = k̂eui
(ui − ûi) (20c)

Ṫ sb = kT s
b

(
ψbp
∗
bab

(
p∗b(bb − abT sb )−

∑
i∈GF (b)

ui

)
− ε+b

+ ε−b + φb(T
s
b − T sb ) +

∑
i∈GF (b)

µ+
i cwqi

1 + cwqiRafi

)
(20d)

ζ̇i =
Ti − Zi
Ri

+
∑

j∈N (i)

Ti − Zi − Tj + Zj
Rij

+ ui +
Ti − Tfi
Rafi

(20e)

ν̇+i = kν+
i
(Zi − T i)+ν+

i

, ν̇−i = kν−
i
(T i − Zi)+ν−

i

(20f)

µ̇+
i = kµ+

i
(ui − cwqi(T sb − Zi)/(1 + cwqiRafi))

+

µ+
i

µ̇−i = kµ−
i
(−ui)+µ−

i

(20g)

ε̇+b = kε+b
(T sb − T

s

b)
+

ε+b
, ε̇−b = kε−b

(T sb − T sb )+ε−b
(20h)

q̇i = kqi(ui/(cw(T
s
b − Zi −Rafiui))− qi) (20i)

where i ∈ GF (b), b ∈ GF , kζi(ζi + CiTi), ν
+
i , ν

−
i , µ

+
i , µ

−
i ,

ε+b , ε
−
b are the Lagrange multipliers/dual variables for con-

straints (19b)-(19d), kZi , kui , keui , k̂eui
, kT s

b
, kζi , kν+

i
, kν−

i
,

kµ+
i
, kµ−

i
, kε+b

, kε−b
, kqi are positive scalars representing the

controller gains. Note that (i) ζi is equivalent to ζ̃i in Section
III-B in [15], (ii) ûi is introduced to improve the performance
of the controller as in [22], [23], and (iii) a low pass dynamics
is adopted for qi in (20i) to attenuate high frequency noises
as in [19]. Now using (20d) and (20i) as the input to (1)-(2),
we obtain a real-time distributed controller to regulate (1)-(2)
to a steady state which is the optimal solution to (19).

Theorem 3. Given constant/step change/slow-varying T o,
Qi, each trajectory of the overall system (1)-(2) and (20)
asymptotically converges to an equilibrium point at which
Ti = Zi, ui = cwqi(T

s
b −Tfi), T sb of this point is the optimal

solution of (19).

Proof. The proof is similar to that of Theorems 1 and 2
in [15], and thus is omitted for brevity.

This theorem requires T o, Qi to be either constant, step
change, or slow-varying, which holds in practice as they
vary at a time-scale of minutes. Remark that controller (20)
operates in real-time, i.e., at a time-scale of seconds.

Implementation. The proposed control scheme is com-
pletely distributed and can be implemented as follows. Given
Ci, Ri, Rij , Rafi, φi, qi, each zone in the building collects
[T i, T i], T

set
i from users, measures its local indoor tem-

perature Ti and floor temperature Tfi, receives the feed-
back signals kζj (ζj + CjTj), Tj − Zj from its neighbor-
ing zones and T sb , ψb(p

∗
b(bb − abT

s
b ) −

∑
i∈GF (b) ui) from

the compressor, and then uses the information to update
Zi, ui, ûi, ζi, ν

+
i , ν

−
i , µ

+
i , µ

−
i , qi. On the other hand, given

φb, ψb, p
∗
b , ab, bb, [T

s
b, T

s

b], the compressor receives the feed-
back signals ui, µ+

i cwqi/(1+cwqiRafi) from each zone, up-
dates T sb , ε

+
b , ε
−
b , and then broadcasts T sb , ψb(p

∗
b(bb−abT sb )−∑

i∈GF (b) ui). Here Ci, Ri, Rij , Rafi, qi, ab, bb, T
s
b, T

s

b are
building parameters, φi, φb, ψb are specified by users, and p∗b
is from the control center. Note that (20) is a dynamic feed-
back controller that adapts to changes in exogenous inputs
(disturbances and the nominal point), and it is implemented
in a much easier way than controllers based on MPC [4],
[6], [7], [24]. Finally, the disaggregation for radiator heating
systems follows the same procedure.

V. A NUMERICAL EXAMPLE

In this section, we present a numerical example on aggre-
gation and disaggregation of three GHP systems in the same
area (we do not add more buildings since our methods are
scalable and this is already enough to show the effectiveness
of the proposed framework). The configuration is: Building 1
consists of 3 zones with a triangle topology, all using radiator
heating; Building 2 consists of 4 zones with a rectangle
topology as in Figure 1, all using floor heating; Building 3 is
the same as Building 2, with Zones 1-2 using floor heating
and Zones 3-4 using radiator heating. The parameters of the
simulation are from [15] with some random variations. Due
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Fig. 3: Exogenous disturbances: predicted and real values.
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Fig. 4: Power consumption information via aggregation (su-
perscripts ‘a’ and ‘c’ denote the cases of using (11) and (12)
for lower bounds respectively).

to the space limit, we only show the result of Building 3
here (the weight coefficients are φi = 0.025, φb = 0.01,
ψb = 0.05 before 12h and ψb = 2.5 thereafter).

In the aggregation procedure, assume that (i) the prediction
accuracy of disturbances is within ±2◦C and ±20% of their
real values, as shown in Figure 3, (ii) the prediction of the
outdoor temperature is the same for all buildings, and (iii)
set points are the average of their upper and lower bounds
as given in Figure 5. The aggregation result is illustrated in
Figure 4, in which pc

b
= 0 means that (12) is infeasible as

mentioned earlier. We see that the future utility functions are
always concave due to ELb(pdb) ≤ ELb(pb),∀pb ∈ [p

b
, pb].

In the simulation, the control center makes power allocation
plans independently under a time-varying power capacity
constraint (21c) in the Appendix to maximize the sum of
utility functions derived with exact lower bounds. The nom-
inal consumption of Building 3 is given by the purple curve
p∗b in Figure 4. Remark that these figures demonstrate the
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Fig. 5: Disaggregation: trajectories of zone temperatures.
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results for 24 hours while in the actual implementation, the
prediction, aggregation and power allocation are repeated
every 5-15 minutes in a rolling fashion.

The result of disaggregation/real-time control using (20)
is shown in Figures 5-7. We see that after increasing ψb,
consumption tracking becomes more important so that user
comfort is sacrificed, i.e., temperatures stay at or closely to
their lower bounds. We also compare the case of keeping
ψb unchanged, and it is clear to see the effect of changing
weight coefficients from Figure 7. Remark that if the building
wants to exactly track the nominal point,

∑
i∈GF (b) ui −

p∗b(bb − abT sb ) = 0 can be set as a constraint in (19) rather
than appear in the objective function when designing the
control. However, doing this may result in infeasibility for
problem (19) as discussed in Remark 1.

VI. CONCLUSION AND FUTURE WORK

In this paper, an aggregation-disaggregation framework
has been developed for building GHP system management in
communities. We show how the framework performs, includ-
ing aggregation of zone information for the future consump-
tion range and utility function of a single building/a group
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Fig. 7: Disaggregation: trajectories of the supply temperature,
power consumptions and tracking performance (superscript
‘0’ denotes the case of using a constant ψb all the time).

of buildings, and disaggregation via zone-level distributed
control to minimize system efficiency loss. This framework
can be scaled up to provide flexible ancillary services to
support the power distribution/transmission networks.

Future work will be extending our framework to the man-
agement of other types of HVAC systems and home appli-
ances, as well as considering the aggregation/disaggregation
problem over multiple time periods. In addition, we are
going to study how to formulate proper utility functions and
consider their effectiveness and fairness. Last but not least,
the physical interaction between the controlled devices and
power grids/microgrids will be investigated.
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APPENDIX

If the control center is able to allocate power directly, the
following problem is solved to derive each p∗b :

max
pb

∑
b∈GF

⋃
GR
Ub(pb) (21a)

s. t. p
b
≤ pb ≤ pb (21b)

p
c
≤
∑

b∈GF
⋃
GR
pb ≤ pc (21c)

where [p
c
, pc] is the range of available power. If the center

interacts with the electricity market, an example of the
overall utility function is − 1

2 (pc −
∑
b∈GF

⋃
GR p

d
b)

2 with∑
b∈GF

⋃
GR pb ≤ pc ≤

∑
b∈GF

⋃
GR pb, where pc is the

overall consumption. The center can use the quadratic curve
fitting method as well to generate an overall utility function
that minimizes the total Efficiency Loss, given by

Uc(pc) = αcp
2
c + βcpc + γc (22a)

Uc
(∑

b∈GF
⋃
GR
pdb
)
= −

∑
b∈GF

⋃
GR
ELb(p

d
b) (22b)

Uc
(∑

b∈GF
⋃
GR
p
b

)
= −

∑
b∈GF

⋃
GR
ELb(pb) (22c)

Uc
(∑

b∈GF
⋃
GR
pb
)
= −

∑
b∈GF

⋃
GR
ELb(pb) (22d)

with
∑
b∈GF

⋃
GR pb ≤ pc ≤

∑
b∈GF

⋃
GR pb. Also, weight

coefficients can be introduced in (22b)-(22d) when priority
of certain buildings is required. Once receiving p∗c from the
market, it solves (21) in which p

c
= pc = p∗c to derive p∗b .
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