ACCELERATED DISTRIBUTED NESTEROV GRADIENT DESCENT *

GUANNAN QU AND NA LI f

Abstract. This paper considers the distributed optimization problem over a network, where
the objective is to optimize a global function formed by a sum of local functions, using only local
computation and communication. We develop an Accelerated Distributed Nesterov Gradient Descent
(Acc-DNGD) method. When the objective function is convex and L-smooth, we show that it achieves
a O(#) convergence rate for all € € (0,1.4). We also show the convergence rate can be improved

to O(t%) if the objective function is a composition of a linear map and a strongly-convex and smooth
function. When the objective function is u-strongly convex and L-smooth, we show that it achieves
a linear convergence rate of O([1 — C(%)E’”]t), where % is the condition number of the objective,

and C' > 0 is some constant that does not depend on %
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1. Introduction. Given a set of agents NV = {1,2,...,n}, each of which has a
local convex cost function f;(z) : RV — R, the objective of distributed optimization
is to find x that minimizes the average of all the functions,
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using local communication and local computation. The local communication is defined
through an undirected connected communication graph. This problem has recently
received much attention and has found various applications in multi-agent systems,
sensor networks, machine learning, etc [2, 10, 14].

There exist many studies on developing distributed algorithms for this problem,
e.g., [32,4, 22, 15, 8, 30, 19, 20, 17, 26, 38, 16], most of which are distributed gradient
descent algorithms based on a consensus scheme [24]. These methods have achieved
sublinear convergence rates for convex functions. When the convex functions are
nonsmooth, the sublinear convergence rate matches the Centralized Gradient Descent
(CGD) method. More recent work [28, 31, 23, 21, 34, 35, 37], have improved these
results to achieve linear convergence rates for strongly convex and smooth functions, or
O(%) convergence rates for convex and smooth functions, which match the centralized
gradient descent method as well.

It is known that among all centralized gradient based algorithms, centralized
Nesterov Gradient Descent (CNGD) [24] achieves the optimal convergence speed in
terms of first-order oracle complexity. Specifically, for L-smooth and convex problems,
the convergence rate is O(t%); for L-smooth and p-strongly convex problems, the
convergence rate is O((1 — \/zm)") for step size n € (0,1]. The nice convergence
rates lead to the question of this paper: how to decentralize CNGD to achieve similar
convergence rates? Paper [13] has developed Distributed Nesterov Gradient (D-NG)
method and shown that for convex and L-smooth problems,! it has a convergence
rate of O(lngt).2 This convergence rate is worse than the O(%) rate of CNGD and is

*This work is supported under NSF ECCS 1608509 and NSF CAREER. 1553407.
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(gqu@g.harvard.edu, nali@seas.harvard.edu).

IThe convergence rate for strongly convex and smooth functions is not studied in [13]. From
our simulation results in Section 5, the convergence rate for strongly convex and smooth functions
is sublinear.

2Paper [13] also studies an algorithm that achieves O(t%) convergence rate but it uses multiple
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not better than the rate of CGD (O(1)).

In this paper, we propose an Accelerated Distributed Nesterov Gradient Descent
(Acc-DNGD) algorithm. Our algorithm has two versions. The first version Acc-
DNGD-SC is designated for u-strongly convex and L-smooth functions. It achieves
a convergence rate of O((1 — /un)") as CNGD, but with a more restricted range of
step size 0 < n < 02%(%)3/7 where C is a constant that does not depend on L or u.?
This leads to a convergence rate of O((1 — C(£)%/7)*). We emphasize here that the
dependence on the condition number L/p in our convergence rate ([1 —C(4)%/7]! ) is
strictly better than that of CGD ((1 — #)"), and to the best of our knowledge, it is
the best among all distributed algorithms proposed so far.* The second version Acc-
DNGD-NSC works for convex and smooth functions that are not necessarily strongly
convex. It achieves a O(;2=) (Ve € (0,1.4)) convergence rate if a vanishing step
size is used. We further show that the convergence rate can be improved to O(t%)
when we use a fixed step size and the objective function is a composition of a linear
map and a strongly-convex and smooth function. Both rates are faster than CGD
(O(3)). To the best of our knowledge, the O(;r5—) rate is also the fastest among all
distributed algorithms being proposed so far.*

Our algorithm is a combination of CNGD and a gradient estimation scheme.
The gradient estimation scheme has recently been studied under various contexts in
[36, 7, 33, 28, 23, 35, 21]. As [28] has pointed out, when combining the gradient esti-
mation scheme with a centralized algorithm, the resulting distributed algorithm could
potentially match the convergence rate of the centralized algorithm. The results in
this paper show that, although combining the scheme with CNGD will not give a con-
vergence rate (O([1 — C(4)%/7]*) or O(1/t47)) that matches CNGD (O((1—/%)*)
or O(1/t?)), it does give an improvement over CGD and CGD-based distributed al-
gorithms (O((1 — £)") or O(1/1)).

The rest of the paper is organized as follows. Section 2 formally defines the
problem and presents our algorithm and results. Section 3 and Section 4 prove the
convergence of our algorithm. Lastly, Section 5 provides numerical simulations and
Section 6 concludes the paper.

Notations. In this paper, n is the number of agents, and N is the dimension of
the domain of the f;’s. Notation || - || denotes 2-norm for vectors and Frobenius norm
for matrices, while || - ||« denotes spectral norm for matrices, || - ||; denotes 1-norm for
vectors, and (-,-) denotes inner product for vectors. Notation p(-) denotes spectral
radius for square matrices, and 1 denotes a n-dimensional all one column vector. All
vectors, when having dimension N (the dimension of the domain of the f;’s), will all
be regarded as row vectors. As a special case, all gradients, V f;(z) and V f(z) are
treated as N-dimensional row vectors. Notation “<”, when applied to vectors of the
same dimension, denotes element wise “less than or equal to”.

2. Problem and Algorithm.

2.1. Problem Formulation. Consider n agents, N' = {1,2,...,n}, each of
which has a convex function f; : RN — R. The objective of distributed optimization

consensus steps per iteration. In the rest of the paper, we only focus on algorithms that use one
consensus step per gradient iteration.

3The value of C will be clear in Theorem 5.

4We only include algorithms that are based on consensus averaging and gradient evaluation
(without extra information like Hessian or solving sub optimization problems), and use one or a
constant number of consensus steps per gradient evaluation.
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is to find x to minimize the average of all the functions, i.e.

. s 1

(1) min f(z) £~ ; fi(x)

using local communication and local computation. The local communication is defined
through a connected and undirected communication graph G = (V, E), where the
nodes V = N and edges E C V x V. Agent i and j can send information to each
other if and only if (¢,j) € E. The local computation means that each agent can only
make its decision based on the local function f; and the information obtained from
its neighbors.

Global Assumptions. Throughout the paper, we make the following assump-
tions without explicitly stating them. We assume that each f; is convex (hence f
is also convex). We assume each f; is L-smooth, that is, f; is differentiable and the
gradient is L-Lipschitz continuous, i.e., Vz,y € RY,

IV fi(z) = Vi)l < Lz —y].

As a result, f is also L-smooth. We assume f has at least one minimizer z* with
fl@) = f"

Other Assumptions. We will use the following assumptions in different parts
of the paper, and those will be stated explicitly.

ASSUMPTION 1. Vi € N, f; is u-strongly convez, i.e. Yx,y € RN, we have
i
fily) = fi(z) +(Vfi(z),y — ) + §||y — x|

As a result, f is also p-strongly conver.

ASSUMPTION 2. The set of minimizers of f is compact.

2.2. Centralized Nesterov Gradient Descent (CNGD). We here briefly
introduce two versions of centralized Nesterov Gradient Descent (CNGD) algorithm
that is derived from [24, Scheme (2.2.6)].> The first version, which we term “CNGD-
SC”, is designated for u-strongly convex and L—smooth functions. Given step size 7,
let a = /pm. CNGD-SC keeps updating three variables z(t), v(t),y(t) € RY, starting
from an initial point z(0) = v(0) = y(0) € RY, and the updating rule is given by

(22) 2(t+1) = y(O) ~ Vi)
(2b) o(t+1) = (1= a)(t) +ay(t) = LV (y(1))
(2) 1) = x(t—f—l)—&-av(t—i—l).

1+«
The following theorem (adapted from [24, Theorem 2.2.1, Lemma 2.2.4]) gives
the convergence rate of CNGD-SC.

THEOREM 3. Under Assumption 1, when 0 < n < 1, in CNGD-SC (2) we have
fa@®) = =01 = m)").

5The two versions are essentially the algorithm in [24, Scheme (2.2.6)] with two set of parameters.
Describing the two versions in one form as in [24, Scheme (2.2.6)] will need more cumbersome
notations. For this reason, we write down the two versions separately.
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The second version, which we term “CNGD-NSC”, is designated for convex (pos-
sibly not strongly-convex) and L-smooth functions. CNGD-NSC keeps updating three
variables z(t), v(t), y(t) € RY, starting from an initial point 2(0) = v(0) = y(0) € RV,
and the updating rule is given by

(3a) st+1) = y(t) —nViy)
(3b) o(t+1) = v(t)—o%vf(y(t))
(3¢) y(t+1) = (1= ap)a(t+1) + apo(t + 1),

where (ay)72, is defined by an arbitrarily chosen o € (0, 1) and the update equation
of 1 = (1—au41)ai, where oy 11 always takes the unique solution in (0,1). The follow-
ing theorem (adapted from [24, Theorem 2.2.1, Lemma 2.2.4]) gives the convergence
rate of CNGD-NSC.

THEOREM 4. In CNGD-NSC (3), when 0 < n < 1, we have f(z(t))—f* = O(%).

2.3. Our Algorithm: Accelerated Distributed Nesterov Gradient De-
scent (Acc-DNGD). We design our algorithm based on a consensus matrix W =
[w;;] € R™*™. Here w;; stands for how much agent ¢ weighs its neighbor j’s informa-
tion. Matrix W satisfies the following conditions:

(a) For any (i,j) € E, w;; > 0. For any i € N, w;; > 0. Elsewhere, w;; = 0.

(b) Matrix W is doubly stochastic, i.e. =, wir; = >-; wijr = 1 for all 4,j € N.
As a result, 3o € (0,1) being the second largest singular value of W, such that for
any w € R™ ! we have the “averaging property”, [|[Ww — 1&|| < o||w — 1®|| where
@ = 117w (the average of the entries in w) [27]. How to select a consensus matrix to
satisfy these properties has been intensely studied, e.g. [25, 27].

Analogous to the centralized case, we present two versions of our algorithm. The
first version, Acc-DNGD-SC, is designated for u-strongly convex and L-smooth func-
tions. Each agent keeps a copy of the three variables in CNGD-SC, z;(t), v;(t), yi(¢)
and in addition s;(¢) which serves as a gradient estimator. The initial condition is
7;(0) = v;(0) = 3;(0) € RN and 5,(0) = Vfi(y:(0)), and the algorithm updates as
follows:

(4a) zi(t+1) = Zwijyj(t)—nsi(t)

(4b) vi(t+1) = (1-a) sz‘jvj(t) + azwz'jyj(t) - gsz’(t)

zi(t+ 1)+ avi(t+1)
1+

() st D) = D wgs ) + VA1) - VEG(D)

(4c) yit+1) =

where [wij]an are the consensus weights, > 0 is a fixed step size and o = /7.

The second version, Acc-DNGD-NSC, is designated for convex (not necessarily
strongly convex) and L-smooth functions. Similarly as Acc-DNGD-SC, each agent
keeps variable z;(t), v;(t), v;(t) and s;(t). The initial condition is z;(0) = v;(0) =
y:(0) = 0 and s;(0) = V£(0),° and the algorithm updates as follows:

6We note that the initial condition s;(0) = Vf(0) = % > Vfi(0) requires the agents to conduct
an initial run of consensus averaging. We impose this initial condition for technical reasons, while
we expect the results of this paper to hold for a relaxed initial condition, s;(0) = V f;(y;(0)) which
does not need initial coordination. We use the relaxed condition in numerical simulations.
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(5a) zi(t+1) = Z wi;y;(t) — mesi(t)

(5b) wlt 1) = D wiust) — i)

(5¢) yit+1) = (I—ap)z(t+1) + it +1)
(5d) si(t+1) =

Zwijsj(t) + sz(yl(t + 1)) - Vfl(yl(t))

where [w;j]nxn are the consensus weights and 7, € (0, %) are the step sizes. Sequence
(au)i>0 is generated as follows. First we let g = v/noL € (0,1). Then given oy €
(0,1), we select a1 to be the unique solution in (0, 1) of the following equation,”

(6) 2 Mt+1

021 = T (1 — ap)ad.

Ur
We will consider two variants of the algorithm with the following two step size rules.
e Vanishing step size: 1, = 7, for some n € (0,1), B € (0,2) and
to > 1.
e Fixed step size: n, =17 > 0.

In both versions (Acc-DNGD-SC (4) and Acc-DNGD-NSC (5)), because w;; = 0
when (i,5) ¢ E, each node i only needs to send x;(t), v;(t), y;(t) and s;(¢) to its
neighbors. Therefore, the algorithm can be operated in a fully distributed fashion
with only local communication. The additional term s;(¢) allows each agent to ob-
tain an estimate on the global gradient 3, V f;(y;(t)). Compared with distributed
algorithms without this estimation term, it helps improve the convergence speed. For
more intuition behind how the gradient estimation term s;(t) works, we refer the read-
ers to [28]. Because of the use of the gradient estimation term, we call this method
as Accelerated Distributed Nesterov Gradient Descent (Acc-DNGD) method.

1
(t+to)?

2.4. Convergence of the Algorithm. To state the convergence results, we
need to define the following average sequence Z(t) = L 3" | z;(t) € R™*N. We first
provide the convergence result for Acc-DNGD-SC in Theorem 5.

THEOREM 5. Consider algorithm Acc-DNGD-SC (/). Under the strongly convex

3 3
assumption (Assumption 1), when 0 <n < %(%)3/7, we have (a) f(Z(t))—f* =
O((1 = y/Em)"); (b) lly(t) — 1z*| = O((1 — /m)*/?).
The step size in theorem 5 results in a convergence rate of O([1 — C(£)>/7]*)

1.5 1.5
with C %. In this convergence rate, the dependence on the condition

is strictly better than that of CGD (O((1 — £)")), and hence CGD based
8

number

IS

distributed algorithms.® This is particularly beneficial because in many machine
4

learning applications, the condition number % can be as large as the sample size [5,
Section 3.6].
We next provide the convergence result for Acc-DNGD-NSC in Theorem 6.

"Without causing any confusion with the oz in (2), in the rest of the paper we abuse the notation
of at.

8The quantity % is called the condition number of the objective function. For a convergence
rate of ©((1 — (%)6)t), it takes @((%)‘S log %) iterations to reach an accuracy level e. Therefore, the
smaller J is, the better the convergence rate is.
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THEOREM 6. Consider algorithm Acc-DNGD-NSC (5). Suppose Assumption 2
is true and without loss of generality we assume ©(0) # x*. Let the step size be
= W with = 0.6 + € where € € (0,1.4). Suppose the following conditions are
met.

()

1
to > T .
min(£33)7/@9), ()%) 1

(ii) +2

7 < min(——

o? (1—0)3)
931’ 6144L

< D(B,t0)(B —0.6)(1 — 0)* 3/2
1\ 92160 + PP L L R o(0) — o )

where D(B,ty) = ———L——— and R is the diameter of the (2f(Z(0)) — f* +

(to+3)2e' T 2=5
2L||5(0) — x*||?)-level set of f.”

Then, J(#(1)) — J* = Olzt) = Olprk=).

In Theorem 6, condition (i) is intended to make 7;/n:11 close to 1 (as will be
required in Lemma 17 (iii)), and condition (ii)(iii) are intended to make 7; close to 0
(as will be required in Lemma 17 (ii)). While the conditions are needed for the proof,
we expect the same result will hold if we simply let to =1 and n = 5 L, which is what
we choose in the simulations in Section 5. The reason is that, regardless of the value
of n and ¢, we have n; — 0 and 7;/n:11 — 1, and hence for large enough ¢, n; and
ne/Ne+1 will automatically be close to 0 and 1 respectively.

While in Theorem 6 we require 8 > 0.6, we conjecture that the algorithm will
converge with rate O(ﬁ%ﬁ) even if we choose 8 € [0,0.6], with 8 = 0 corresponding
to the case of fixed step size. In Section 5 we will use numerical methods to support
this conjecture.

In the next theorem, we provide a O(t%) convergence result when a fixed step size
is used and the objective functions belong to a special class.

THEOREM 7. Consider algorithm Acc-DNGD-NSC' (5). Assume each fi(z) can
be written as f;(x) = h;i(xA;), where A; is a non-zero N x M; matriz, and h;(x) :
R>Mi 5 R is a po-strongly convex and Lo-smooth function. Suppose we use the fized

step size rule ny = n, with

(iii)

o2 (1 — 0)3)
93L° L2:534561-5
where L = Lov with v = max; || A;||2; and p = poy with vy being the smallest non-zero
eigenvalue of matriz A = LY | A;AT. Then, we have f(z(t)) — f* = O(3).

An important example of the type of functions f;(x) in Theorem 7 is the square
loss for linear regression (cf. Case I in Section 5) when the sample size is less than
the parameter dimension.

0 <n<min(——

Remark 8. All constants in the step size bounds provided in this section are
conservative. The conservative constants are a result of the fact that, in order to
simplify mathematical calculations, we have used coarse spectral bounds in the proofs
(see Lemma 14, 20, 21, 22). In numerical simulations, we use much larger step sizes.

9Here we have used the fact that by Assumption 2, all level sets of f are bounded. See [3,
Proposition B.9].



ACCELERATED DISTRIBUTED NESTEROV GRADIENT DESCENT 7

3. Convergence Analysis of Acc-DNGD-SC. In this section, we will provide
the proof of Theorem 5. We will first provide a proof overview in Section 3.1 and then
defer the detailed proof to the rest of the section.

3.1. Proof Overview. Without causing any confusion with notations in (2), in
this section we abuse the use of notation z(t), v(t), y(t). We introduce notations z(t),
v(t), y(t), s(t), V(t) € R™*N as follows,

(7a) a(t) = [z z2(t)", 2] 0(t) =) v2() o) ]
(7b) y(t) 7,527, () = [s1(0)7 52007, sa ()]
(7e) V() [V /1 (0) 7,V F2(y2(0)" - Vi (ya (8) ]

Now the algorithm Acc-DNGD-SC (4) can be written as

(8a) z(t+1) = Wy(t) —ns(t)
(8b) v(t+1) = (1—a)Wo(t)+aWy(t) — gs(t)
ozt + ) +av(t+1)
(8¢) y(t+1) = T+ o
(8d) s(t+1) = Ws(t)+ V(t+1) = V().
Apart from the average sequence Z(t) = = > | 2;(t) that we have defined, we also
define several other average sequences, v(t) = L 3" v;(t), y(t) = 230 yi(t),

5(t) = 5 2ty si(t), and g(t) = 5 320 V fi(yi(t))-

Overview of the Proof. In our proof, we firstly derive the update formula for the
average sequences (Lemma 9). Then, it turns out that the update rule for the average
sequences is in fact CNGD-SC (4) with inexact gradients [6], and the inexactness is
characterized by “consensus error” ||y(t) — 17(t)|| (Lemma 10). The consensus error
is then bounded in Lemma 11. With the bound on consensus error, we can roughly
apply the same proof steps of CNGD-SC (see e.g. [24]) to the average sequence and
finish the proof of Theorem 5 in Section 3.3.

LEMMA 9. The following equalities hold.

(9a) 2t+1) = gt) —ngt)
(9b) (t+1) = (1—a)i(t)+ag(t) - gg(t)
(9c) gt+1) = It 1)110;17@ +1)

(9d) S(t+1) = 5t +g(t+1)—g(t)=g(t+1)

Proof: 'We omit the proof since these can be easily derived using the fact that W is
doubly stochastic. For (9d) we also need to use the fact that 5(0) = g(0). O

From (9a)-(9¢) we see that the sequences Z(t), v(t) and 5(¢) follow a update rule
similar to the CNGD-SC in (2). The only difference is that the g(¢) in (9a)-(9¢) is
not the exact gradient V f(g(t)) in CNGD-SC. In the following Lemma, we show that
g(t) is an inexact gradient with error O(||y(t) — 14(¢)||?).

LEMMA 10. Under Assumption 1, Vt, g(t) is an inexact gradient of f at y(t)
with error O(||y(t) — 15(t)||?) in the sense that if we let f(t) = L 3" [fi(yi(t)) +
(V filya(t), 5(t) — yi(t))], then Vw € RN,

(1) f(w) = f(t) + (g(t),w = (1)) + %Ilw -5

10The exact gradient V£(5(t)), satisfies £(5(t)) + (V/(G(2)),w — §() + £l — O < f(w) <
f@@) +(Vi@k),w—gt) + %Hw — g(t)||2. This is why we call g(t) inexact gradient.
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(1) fw) < f(O) +{g(t),w = 5(1) + Lllw — g(O)* + L%Hy(t) — (1)

Proof: For any w € RY, we have

n

F@) = 237 5iw) 2 13 [flas0) + (V) — 90} + 5 o — 0]
= ST [ 0) + (VA (0), 50) — (@] + - S (VA ), @ - 5(0)

a g L =1
IS )
n p 2

> f(©) + (9(8),w = 5(1) + Sllw = 5O

which shows (10). For (11), similarly,

n

flw) < % Z [fi(yi () + (Y filyi(t)),w — wi(t) + g\lw —yi(®)]”]

Fo) + (g0~ g0) + 55> o — (o)

IN

F@) +(g(t),w = 5(1) + Lllw — 5(&)|* + L% Z 17(t) = y:(O1I*

where in the last inequality we have used the elementary fact that ||u+wv||? < 2|ul|?+
2||v||? for all u,v € RN, Then, (11) follows by > i, [|5(t)—v: (t)||> = [|ly(t)—15(¢)||>. O

The consensus error ||y(t) — 1g(t)|| in the previous lemma is bounded by the
following lemma whose proof is deferred to Section 3.2.

LEMMA 11. When 0 < 1 < min(+ (15_1”2)3, %g—z), we have

k-1

ly(k) — 1g(k)[| < Ar(n)0* + Aa(n) Y 6* " Fa(e)

=0
15(6) = (O + 2nllg(O)]], 0 = 52, and

& 3210 = 15O + 1 50) = 19Ol s 39VA(nL)
CERE | GEE

where a({) £

Ai(n)

At last, we will finish the proof of Theorem 5 in Section 3.3.

3.2. Proof of the Bounded Consensus Error (Lemma 11). We now give
the proof of Lemma 11. We will frequently use the following two lemmas, whose
proofs are deferred to Appendix-A.1.

LEMMA 12. The following inequality is true.
(12) lg(t+1) —g@)| < l5(t) — 2@ + 2nllg (@)
LEMMA 13. The following inequalities are true.

(13) IV(E+1) = V@) < Lyt +1) —y(@)l

(14) lg(®) = V(@) < %Ily(t) — 1y
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Proof of Lemma 11:

Overview of the proof. The proof is separated into two steps. In step 1,
we treat the algorithm (8) as a linear system and derive a linear system inequality
(15). In step 2, we analyze the state transition matrix in (15) and prove its spectral
properties, from which the conclusion of the lemma follows.

Step 1: A Linear System Inequality. Define state z(¢) = [||lv(¢t)—13(¢) ||, ||ly(¢)—
1)), L1s(t) — 19(1)]]T € R3 and we will derive a linear system inequality that
bounds the update of z(t), given as follows

(15) z(t+1) < G(n)z(t) + b(t).
Here b(t) = [0,0, v/na(t)]T € R3 is the input to the system with
a(t) £ |g(t) — z(@)l + 2nllg (@)l

The state transition matrix G(n) € R3*3 is given by

(1-a)o ao "aL
2
G(n) = ﬁ—gaa 11‘:_% o 2nL
ao 2 o+ 2nL

We now prove (15). By (8a) and (9a), we have

lo(t+1) =1zt + || = [[Wy(t) — 1g(t)] — nls(t) — 1g(®)]]]
(16) < olly(t) — 1y +nllst) — 1g(@)].

By (8b) and (9b), we have
[o(t+1) =10 + D < [|(1 — ) [Wo(t) — 1o(t)] + a[Wy(t) — 1(t)] — g[s(t) —1g(®)]|

(17) < (1= a)ollv(t) = 1o(B)|| + aclly(t) — 15(H)]| + gl\S(t) —1g@®)|.

By (8c) and (9c), we have

ly(t+1) =1y + 1)
1 e

< T llet+ ) - 12+ Dl + et +1) — 10+ D]
< 11 [ollote) = 230+ ) — 1900
1 i o {(1 — a)olu(t) - 18(8)]| + aolly(t) - 15O + s(t) - 19(0)|
18) < 1 2aolle(t) - WOl + S olly(t) — 1)) + 2nls(e) — 19()]

1+« 1+«

where we have used (16) and (17) in the second inequality.
By (8d) and (9d), we have

[s(t+1) = 1g(t +1)]|
= [[Ws(t) =1g(t) + [V(E+1) = V(1) = 1(g(t + 1) — g())]]]

< olls(t) — g + IVt +1) - V()|
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19) < olls(t) — 19(0)]| + Lliw(t + 1) — ()]

where in (a) we have used the fact that

IVt +1) = V(£)] = [1g(t + 1) = g@]|* = IVt +1) = VB = nllg(t + 1) — 9]

and in (b) we have used (13).
Now we expand y(t + 1) — y(t).
ly(t +1) =y
<yt +1) =1t + Dl + [ly(8) = 15Ol + 15t + 1) — 1g@)]|

2 aolo(®) - 10O + [T 0 + 1] (0) — 15|

+ 2nl[s(t) = 1g(®)| + 1yt + 1) — 150
< aollo(t) = 1o()[| + 2|ly(t) — 15(1)]
+2nls(t) = Lg@®)[l + vnlllgt) — 2@ + 2nllg@)l]

where in the last inequality we have used (12) (Lemma 12). Combining the above with
(19), we get

<

Tlls(t+1) = 1g(¢ + 1)
< o7 lls(0) = 190+ e+ 1) — (0}
< ago(®) - 10(t) | + 2ly(®) - 15(0)]

1

(20) + (o +2nL) = lls(t) = g + v | 5(t) — 2O + 2nllg@)]l |-

!

Combining (17) (18) (20) gives the linear system inequality (15).

Step 2: Spectral Properties of G(1). We give the following lemma regarding
G(n). We provide a proof-sketch here while the complete proof can be found in
Appendix-A.2.

LEMMA 14. When 0 < n < min(+(15%)?, 177634)’ the following holds.
(a) We have o + (onL)'/3 < p(G(n)) < o +4(nL)'/3 < 142 =0.

(b) The (2,3)th entry of G(n)t is upper bounded by [G(n)']23 < 39((:)2)/;/3 p(G(n))t.
(c) The entries in the 2nd row of G(n) are all upper bounded by ﬁp(G(n))t.

Proof-Sketch: Part (a) essentially says that when 7 is small, p(G(n)) should be close
to o. This follows from p(G(0)) = o and the fact that p(G(n)) is continuous in
n. A detailed calculation leads to the bound in (a). Part (b)(c), essentially says
that, the (p,q)th entry of G(n)" can be upper bounded by C,,p(G(n))" for some
constant Cpq > 0 that does not depend on ¢. This is a direct consequence of Perron-
Frobenius Theorem [12, Theorem 8.2.11]. In the appendix we calculate detailed values

of Ca1, Caa, Caz which lead to (b)(c). O
39(nL)'/?
(0)2/3

fact is crucial in the proof of Theorem 5 (cf. (29) and the argument following it).
The step size condition in Lemma 11 ensures the condition of Lemma 14 holds.

By (15),

Notice in Lemma 14 (b), the constant converges to 0 as n — 0. This

t—1

2(t) < G()'2(0) + ) G(n)' =" ~Fo(k).
k=0
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Recall the second entry of z(t) is ||y(t) — 1%(t)||, and b(t) = [0,0, v/na(t)]*. Hence the
above inequality implies,

ly(t) — 15|l
< max([G(1)"]2,1, [G(M)")2,2, [G(0)]2,3) || 2( ”H'Z[G 1=K, k)
39[2[ly(0) — 15(O)l| + Z115(0) — 1g(O)I] . 39f(77L)1/3t o
< (onL)2/3 0" + (0)2/3 g@ a(k).
£A1(n) 2 A5(n)

O

3.3. Proof of Theorem 5. We define a series of functions ®;(w). We define
Do(w) = f(2(0)) + &lw — v(0)]|* and given ®y(-), we define P4y (-) by,

(21) @) = (1 - a)@u(w) + a(f(1) + {g(t),w = 5(0) + & | = 5(0)]2).
Claim 1: ®;(-) can be written as,
(22) @:(w) = 67 + Sllw = o()]”
where ¢f = f(z(0)), and given ¢, we have
$re1 = (1 —a)r + (1fa)a|\ (t) = 9@ + af(2)

(23) - 577H9(t)|| + (1 = a)afg(t), o(t) — y(t)).

Claim 2: For any t, we have

(24) Pi(w) < f(w) + (1 = ) (Po(w) = f(w)):

Proof of Claim 1: By (21), ®; is always a quadratic function. Since VZ®q(w) = ul
and V2@, 1 (w) = (1 — a)V2®;(w) + aul, we get V2, (w) = ul for all t. We next
show by induction that ®,(-) achieves its minimum at o(¢). Firstly, ®¢ achieves its
minimum at 9(0). Assume ®;(-) achieves minimum at o(¢). Since @, is a quadratic
function with Hessian p, we have V&, (0(t + 1)) = pu(v(t + 1) — v(¢)). Then by (21),
we have

Vo 11(0(t+1)) = (1 — a)u(o(t + 1) — 0(t) + a(g(t) + u(o(t + 1) — 4(t)))
= u[o(t+1) — (1 — a)o(t) — ag(t) + %g(t)} = 0.

where the last equality follows from (9b) and the fact 1 = % Hence ®;,1 achieves
its optimum at v(t + 1). Now we have shown that ®.(-) is a quadratic function
that achieves minimum at ©(¢) with Hessian pf. This implies (22) is true. It re-
mains to calculate ¢f. Clearly, ¢f = f(z(0)). Setting w = g(¢) in (21), we get
B (5(1) = (1 — )@ (§(t)) + af (t). Combining this with (22), we can get (23). O

Proof of Claim 2: Clearly (24) is true for ¢ = 0. Assuming it’s true for ¢, then for
t + 1, we have by (21) and (10),

©rp1(w) = (1 — )P (w) + alf(t) + (g(t),w —§(1)) + %Hw Ol
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< (1= )Pi(w) + af (@) < F@) + (1= @) (Bo(w) — F(w):

The major step of proving Theorem 5 is to show the following inequality,

(25) F@@®) < ¢ +O0((1 — a)").
If (25) is true, then combining (25) with (24), we have
FE®) < 61 +0((1— a)') < B(a") + O((1 — a)')
<+ (1= @) (Ro(a”) — f(z7) +O((1 - ),

which implies f(Z(t)) — f* = O((1—«)?), the desired result of part (a) of the theorem.
We will next prove (25). At last we will show part (b), which is an easy corollary.

Proof of (25): By (23),
¢ty — f@E(E+1))

@ (1 )67 — £E@) + (1 - )G + L

I2(t) — 50l
+af(t) - *ﬂllg(t)IIQ + (1 = )alg(t),v(t) — §(t)) — f(Z(t+ 1))

® o
> (-~ @O + "D a0 - g2

+ (1= a)[f (1) + (9(t), 2(t) — 5(£)] + af (1) - %nllg(t)ll2
+ (1 —)a(g(t),v(t) — §(t)) — f(Z(t + 1))

= (L—a) (@} — f@1)) + f() - %nllg(t)ll2 +

—~
N>

=D yata) — g ? — (e + 1)
@ —«
(26) 2 (1= )6 — 1@E@) + (o0~ Dlg@I? + =D ae) — 5@ - Ziy(r) - 15012

2
where (a) is due to o(t) — 4(t) = 2 (g(t) — z(t)) and (b) is due to (10) (for w = z(t)).
In (¢), we have used (1—a)e(v(t) —g(t)) + (1 —)(2(t) —y(t)) = (1 —a)[av(t) +Z(t) -

(t+

Q

(1+a)g(t)] = 0. In (d), we have used f(Z(t+1)) < f(t)+ (> L—=n)llg®)|* + & |ly(t) -
13(t)||?, which follows from (11) (for w = Z(t + 1)). We expand (26) recursively,

t

Siar — FE(E+1)) > (1—a) ™) — f(2(0))) + (%77 =7’L) Y (1= ) Fllg(k)

(27) + L Z &) 1 H k) — g — £ D71 — o) Hly(k) — 1500)

k=0

RHIN(OfW we bzund)zz_o(l — )7 *|ly(k) — 1y(k)||?>. Fixing t, define vector v, €
or 0 < k<t),

v =[Am)(1 - )%, A (ma(0)(1 - a) 7, As(n)a(1)(1 = a) = ..., As()alt — 1)]

=01 —a) 2,01 —a)"7,... 001 —a)" = ,0,...,0/.

By Lemma 11 (the step size in Theorem 5 implies the condition of Lemma 11 holds),
we have |ly(k) — 13(k)|| < vTmg, and hence ||y(k) — 15(k)||* < vTmpmFv. Therefore,

t

(28) Do (1= a) T ly(k) - 1y(k)||* < v Ty

k=0
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where IT = 3" _,(1 — @) Fmal € REFDXI+D §s o symmetric matrix. Let TTs
(p,q)’th element be II,,. When ¢ > p, the (p,q)th element of w7} is given by
[Tk E]p.q = [7k]plmk]q, Which equals 28 F27P=4(1 — Q)" k> g — 1, and 0 if
k < q—1. Then, when g > p,

t

2 _
t—k pn2k+2—p—q 7t71+m 9 qu]‘ - (le—ia)t 2
M= 3 (1-a)*6 (1—ay e o (L :
k=q—1 l1—o 1= 19—a

e (1-0)? -0 _
By the step size in Theorem 5 we have n < T and hence a < 5% =1-6.

Therefore, \/% <Vl<l,and1— 2= >1-V0> 152 = 122 Therefore,

Vi—a
0 _
prq 92 — - 92 — — ] — 5"
q=p+1 1- 1—a g=p+1 1 « 1- 1—a 1 «a 1 T—a (1 U)

And similarly,

p

P P 1— P

1 0 _ 1 (=) 16
D e DLy <
q=1 q=1 -

T-a g1 VI Q@ -5 1= (1—o)®

Hence, by Gershgorin Disk Theorem[11], p(II) < maxp(zgzll ,,) <32/(1—0)2
Combining the above with (28),

t

> (=) y(k) = 15(k)|* < p(ID)|v]|?

k=0

o~
|

32 A

T M) =)' + Az(n)?

(1- a)t—k—la(k)2i|

>
=l
| o
-

a i)z (A0’ = @) +242()* Y- (1 = @) lg(k) - 2(R)|?

IN

=
[=}

t—1

+ 807 Aa(n)? > (1= @) gk

k=0

where in the last step, we have used by definition, a(k)? = (||y(k)—z(k)||+2nllg(k)|)? <
2||5(k) — z(k)||* + 8n%||g(k)||?>. Now returning to (27), we get,

$ri1 — f(2(+1))

£43(n)
L 324 (n)? sl 256Ln°Aa2(n)® | < —k 2
> 7gm(lfa) +(§77*77 *m)kzo(lfa) llg(k)|l
@)+l o] - ) ) — s

k=0

To prove (25), it remains to check As(n) and A4(n) are positive. Plugging in
As(n) = 39@72%)1/3 into As(n) and using (1—a) > 1 (< n< ﬁ) , we have

1 512 x 39%(nL)%/3
As(n) > n(; —nL - (nL)

R R AL
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where in the second inequality we have used by the step size condition in Theorem 5,

2 L 5/3 _ 1.2 _0.8 . . .
nL < 1, and % <i(en< %) For A4(n), similarly plugging

in As(n) and using 1 — a > % (<n< ﬁ) and o = /17, we have

12 2
_ ﬂ1 /LM(WL)7/6 >0

Aa(n) = (1—0)20%/3

D=

where in the last inequality we have used by the step size condition in Theorem 5,
8/7(1_0_)12/7

4> %M(M)”G (=1 < “grooor—(£)*7)- O

At last we will prove part (b) of Theorem 5. Using (24), ¢f < @i(z*) < f* +
O((1 — a)"). Hence ¢f,; — f(Z(t+1)) < ¢y — f* = O((1 — «)t). Using (29),
we have As(n)llg(t)|? + =2A4(n)||5(t) — 2(1)||> = O((1 — @)*). Therefore, both
llg(®)||? and ||5(t) — z(¢)||* are O((1 — «)?). Then, the a(t) defined in Lemma 11 is
O((1 — a)*/?). By Lemma 11, we also have ||y(t) — 1%(t)|| = O((1 — a)*/?) (where
we have used an easy-to-check fact: /1 —« > ). Since f is p strongly convex, we
have f(z(t)) — f* > %||z(t) — 2*||* which implies |Z(t) — 2*|| = O((1 — «)*/?). Since
Z(t)—2*||, |5(t) —Z(t)| and ||y(t) — 15(t) | are all O((1—«a)!/?), by triangle inequality
we have [|y(t) — 1z*|| = O((1 — a)¥/?).

4. Convergence Analysis of Acc-DNGD-NSC. In this section, we will pro-

vide the proof of Theorem 6 and Theorem 7. We will first provide a proof overview
in Section 4.1 and then defer the detailed proof to the rest of the section.

4.1. Proof Overview. Same as (7), we introduce matrix notations x(t), v(t),
y(t), s(t), V(t) € R™*N. We also define z(t), v(t), 9(t), 5(t) and g(t) analogously.
Then our algorithm in (5) can be written as

(30a) z(t+1) = Wy(t) —ms(t)

(30b) o(t+1) = Wolt) - %s(t)

(30c) yt+1) = (Q—oa)z(t+1) + vt +1)
(30d) s(t+1) = Ws(t) + V(t+1)— V().

Overview of the Proof. We derive a series of lemmas (Lemma 15, 16, 17 and 18)
that will work for both the vanishing and the fixed step size case. We firstly derive
the update formula for the average sequences (Lemma 15). Then, we show that the
update rule for the average sequences is in fact CNGD-NSC (3) with inexact gradients
[6], and the inexactness is characterized by “consensus error” ||y(t) — 15(¢)|| (Lemma
16). The consensus error is bounded in Lemma 17. Then, we apply the proof of
CNGD (see e.g. [24]) to the average sequences in spite of the consensus error, and
derive an intermediate result in Lemma 18. Lastly, we finish the proof of Theorem 6
and Theorem 7 in Section 4.3 and Section 4.4 respectively.

As shown above, the proof is similar to that of Acc-DNGD-SC in Section 3. The
main difference lies in how we bound the consensus error (Lemma 17) and how we
apply the CNGD proof in Section 4.3. In what follows, we will mainly focus on the
different parts while putting details for the parts that are similar to Acc-DNGD-SC
into the Appendix.

LEMMA 15. The following equalities hold.

(31a) z(t+1) = yt) —mg(t)
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Ui

(31Db) o(t+1) = o(t)— a—tg(t)
(31c) gt+1) = (1 —am1)Z(t+1) + o10(t + 1)
(31d) 5t+1) = 5(t)+gt+1)—g(t)=g(t+1)

Proof: We omit the proof since these equalities can be easily derived using the fact
that W is doubly stochastic and the fact that 5(0) = ¢(0). O

From (31a)-(31c) we see that the sequences Z(t), v(t) and g(t) follow a update rule
similar to the CNGD-NSC in (3). The only difference is that the g(¢) in (31a)-(31c)
is not the exact gradient V f(g(¢)) in CNGD-NSC. In the following Lemma, we show
that g(¢) is an inexact gradient.

LEMMA 16. Vt, g(t) is an inezact gradient of f at §(t) with error O(|ly(t) —
15(t)||?) in the sense that, Yw € RN !

(32)  flw) = f(t) +(g(t),w — y(t)
(33)  f(w) < f(t)+(g(t),w = (1) + Lllw — g(O)* + L%Hy(t) — 157,

where f(t) = £ 3202 [fi(wi(t) + (V filys()), §(t) — y:(2))].

Proof: We omit the proof since it’s almost identical as the proof of Lemma 10. [
The consensus error ||y(t) — 1g(t)|| in the previous lemma is bounded by the

following lemma whose proof is given in Section 4.2.

LEMMA 17. Suppose the step sizes satisfy
(i) ne > N1 > 0, \
.. . 2 1—
(i) o <min(fg, Ggr).
(iii) supyo 72 < min((ZE2)e/28, 10).
Then, we have,

ly(e) ~ 150 < wv/axatn) | L)~ 20 + T Lnllg(0)]

where x2 : R — R is a function satisfying 0 < x2(n;) < %ntl/g, and Kk = rﬁa).
We next provide the following intermediate result.

LEMMA 18. Define vy = m ﬁ We define a series of functions (P :

RN — R)i>0, with ®g(w) = f(z(0)) + R |lw — v(0)||* and

(34) O 41 (w) = (1= ) @(w) + e[ f(1) + (g(t), w — §(1))).
Then, we have,
(35) P (w) < fw) + M(Po(w) — fw))

where \¢ is defined through Ao = 1, and Miy1 = (1 — ay) M. Further, we have function
Dy (w) can be written as

(36) By (w) = &F + L — (1)

U The exact gradient Vf(g(t)), satisfies f(g(t)) + (VF(H(),w — g(t)) < f(w) < f(Ht) +
(Vf(@),w—15(t)) + %Hw — g(t)||2. This is why we call g(t) inexact gradient.
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where 7y is defined through vi41 = (1 —an), and ¢f is some real number that satisfies

¢ = f(2(0)), and
* * R 1 — —
(37) Girn = (1= a)ei + o f(t) = Smillg@®)1* + an{g (1), (t) - 5(1)).
Proof: Its proof is almost the same as the derivation of (22) (23) (24) in the proof

of Theorem 5. For completeness we include a proof in Appendix-B.4. O

4.2. Proof of the Bounded Consensus Error (Lemma 17). We will fre-
quently use the following lemma, whose proofs can be found in Appendix-B.1. We will
also use Lemma 13 in Section 3.2, which still holds under the setting of this section.

LEMMA 19. The following equalities are true.

Qi

+1—ap]g(t)

(39) o+ 1) —gt+1) = (1— ) ®F) — (1) +m(l — aqr)(1 - ai)g(t)

t

(38) gt +1) = 5(t) = oera (0(t) — g(t)) — e | o

Proof of Lemma 17:

Overview of the proof. The proof is divided into three steps. In step 1, we
treat the algorithm (30) as a linear system and derive a linear system inequality (40).
In step 2, we analyze the state transition matrix in (40) and prove a few spectral
properties. In step 3, we further analyze the linear system (40) and bound the state
by the input, from which the conclusion of the lemma follows. Throughout the proof,
we will frequently use an easy-to-check fact: oy is a decreasing sequence.

Step 1: A Linear System Inequality. Define z(t) = [ox|lv(t) — 10(t)]], |ly(t) —
(1)), s(t) — 19T € B2, b(t) = [0,0, yna(t)]T € R® where

a(t) = a: L]|o(t) = §(t)|| + 2\ L[l g(1) |
in which \ £ % > 1. Then, we have the following linear system inequality holds.

éG(m)

o 0 Nt
(40) 2t+1)< | o o 2 z(t) + b(t)
L 2L o+2nL

The derivation of (40) is almost the same as that of (15) (in the proof of Lemma 11).
Due to space limit, we omit the derivation here. It can be found in Appendix-B.2.
Step 2: Spectral Properties of G(-). When 5 is positive, G(n) is a nonnegative
matrix and G(n)? is a positive matrix. By Perron-Frobenius Theorem ([12, Theorem
8.5.1]) G(n) has a unique largest (in magnitude) eigenvalue that is a positive real
with multiplicity 1, and the eigenvalue is associated with an eigenvector with positive
entries. We let the unique largest eigenvalue be 6(n) = p(G(n)) and let its eigenvector
be x(n) = [x1(n), x2(n), x3(n)]*, normalized by x3(n) = 1. We give bounds on the
eigenvalue and the eigenvector in the following lemmas. Due to space limit, we only
provide a proof-sketch, while the complete proof can be found in Appendix-B.3.
LEMMA 20. When 0 < nL < 1, we have o < 0(n) < o +4(nL)*/3, and x2(n) <

2 .1/3
.2/3 .

LEMMA 21. When n € (0, L\Q/\E/ﬁ)’ 0(n) > o + (onL)'/? and x1(n) < W
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2
LEMMA 22. When 0 < (» < ¢ < Gp, then ;ggg < ()97 and % <
(%;)QS/J'
2

Proof-Sketch: Lemma 20 and Lemma 21 essentially say that when 7 is small, 6(n) =
p(G(n)) should be close to o, and x2(n), x1(n) should be close to 0. These can
be seen through the fact that G(0)’s all three eigenvalues are o, with eigenvector
[0,0,1]7. Therefore, when 7 is small, G(n)’s all eigenvalues should be close to o, and
eigenvectors “close” to [0,0,1]7. Detailed calculations in the Appendix lead to the
bound in Lemma 20 and Lemma 21. To prove Lemma 22, we essentially need to prove
that both function x1(n) and x2(n) behave asymptotically similar to functions of the
type cn® for some ¢, § > 0. Hence ilgglg ( L)% and similarly for xo(-). O

It is easy to check that, under our step SlZG condition (ii) in Lemma 17, all the
conditions of Lemma 20, 21, 22 are satisfied.

Step 3: Bound the state by the input. With the above preparations, now
we prove, by induction, the following statement,

(41) 2(t) < Vna(t)kx(n:)

where k = %. Eq. (41) is true for ¢t = 0, since the left hand side is zero when ¢ = 0.

Assume (41) holds for ¢. We now show (41) is true for t+ 1. We divide the rest of
the proof into two sub-steps. Briefly speaking, step 3.1 proves that the input to the
system (40), a(t+1) does not decrease too much compared to a(t) (a(t+1) > ZH3a(t));
while step 3.2 shows that the state z(¢ + 1), compared to z(t), decreases enough for
(41) to hold for t + 1.

Step 3.1: We prove that a(t + 1) > ZFa(t). By (39),
a(t +1) = arpa Llo(t + 1) — (¢ + )H + 2>\77t+113||9(1t + 1|
= a1 L||(1 = ouy1) (0(8) — 3(t))

1
+ (1 =) (1= )mg (@)l + 2mea Lllg(t + 1)

> ara (1= o) Lo(t) = (1) | = =2 (1= o) (1= ae)mL]lg(1)]
+ 221 Lllg()1| — 2>\77t+1L||9( —g®)|l.
Therefore, recalling a(t) = o, L||5(t) — g(t)|| + 2)\L77,5||g(t)||7 we have

alt) — a(t +1) < o — o (1= aee) | LIo(0) — 5O + [“22(1 = i) (1 - el
+ 2 L — 2/\nt+1L} gl + 2 01 Li|g(t + 1) — g(@)|l
< [ar = avrr (1= acsn) | L5(E) = GO + O + 2A(0 = 1)) Llg(1)]
+ 2041 Llg(t +1) — (t)u

2
Gty Gl T 0 (8) + 22 Llg(t + 1) — g(0)]

42 < 1-—
( ) - maX( it Qi 2A Nt

where in the last inequality, we have used the elementary fact that for four posi-
tive numbers ai,a9,a3,a4 and z,y > 0, we have a1x + asy = Z—;agx + Z—Za4y <
max(gt, ¢2)(asz + asy).
Next, we expand [|g(t + 1) — g(t)]|,
lg+1) =gl < gt +1) = VF(@E+ DI+ lgt) = VLGOI + VI (@t + 1)) = VFG®H)I

%) %Ily(t +1) -1+l + %Hy(t) — 1@l + Lyt +1) —g@)|l
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L o — 150+ “Z2lly(t) — 130 + L2mills(t) — 1g()]| + at
\Faat v v \/ﬁ Yy Y ﬁ nte||s g a

(©)
< Lorxa(ne)a(t) + 2Lrx2(ne)a(t) + 2Lnerxs(ne)a(t) + a(t)

d 1/3
(43) @ a(t){Lan(UmL)l/g + 2Ln2L’72t/3
Here (a) is due to (14); (b) is due to the second row of (40) and the fact that a(t) >
L|g(t+ 1) —g(t)]] (cf. (38)); (c) is due to the induction assumption (41). In (d), we
have used the bound on x1(-) (Lemma 21), x2(-) (Lemma 20), and x3(n;) = 1. In (e),
we have used s L < 1, 0 <1 and k > 1.

Combining (43) with (42) and recalling £ = 2, A = -2, we have

(e)
+ 2Lk + 1} < 8kaf(t).

2 J—
a(t) — a(t + 1) < max(1 — 2L 4 Qoen L M T 0eeny oy g6, La(t)
(e (e 2 e

Ne+1 Nt — 77t+1) 384 )

20, 2T + Lla(t
AR TR

where in the last inequality, we have used the fact that

< | max(1 —

2
(e « e
S SR /S B S 25 ¥ ety

(0773 (6773 Oét Nt

1- 1— 1) a1 <1-— + 20441

where the equality follows from the update rule for «; (6). By the step size condition

(iii) in Lemma 17, n?+1 < 15)1?0, and hence 1 — ";tl < 11_—6". By the step size condition

(ii), 2as41 < 20 = 24/moL < 11_6 , and nOL(1 5z < 11_TU' Combining the above, we
have a(t) — a(t + 1) < 5%a(t). Hence a(t + 1) > 2%a(t).
Step 3.2: Finishing the induction. We hauve7

26+ 1) € Gn)=(t) + b(t)
< Gl ra(yrxine) + Via)x(m)

9 9(ne)vna(t)rx(ne) + vVaalt)x(n)
= Vna(t)x(n:)(x0(ne) + 1)

(d) 1
< Viat + Dx(m1) (7t

% max( xi(m)  x2(m) 1)

3+o x1(net1)” x2(nis1)’

(e) o+2 4 x1(ne)  xz(ne)
(e) na(t + 1 K X max ) ’1
vna(t +1)x(es1) 3 "3 (Xl(nt+1) x2(Ne+1) )

+1)

(44) < malt + Dx(mesn)

where (a) is due to (40), and (b) is due to induction assumption (41), and (c) is
because (1) is an eigenvalue of G (1) with eigenvector x(n:), and (d) is due to step
3.1, and () < o +4(noL)'/? < 2 (by Lemma 20 and step size condition (ii) in
Lemma 17), and in (e), we have used the fact 7 +1 = 2k (since K = ). For
(f), we have used that by Lemma 22 and step size condition (iii) (in Lemma 17),

x1(n¢) xz () 1)< ( Tt )28/o< o+33

max , 1) < < )
(Xl(ﬁzﬂ) X2 (Me+1) Nt+1 o+24

Now, (41) is proven for t + 1, and hence is true for all t. Therefore, we have
ly(t) = 1g(@)]| < wvnxz(ne)a(t).

Notice that a(t) = o L||o(t) — 4(t)|| + 2\ Lnellg(t)[| < LIIF(t) — 2(t)|| + 125 Luellg ()]
(by ae(o(t) — g(t)) = (1 — ay)(g(t) — Z(t))). The statement of the lemma follows. [J
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4.3. Proof of Theorem 6. We first introduce Lemma 23 regarding the asymp-
totic behavior of oy and ;.

LEMMA 23. When the vanishing step size is used (n; = t+t TFtoyF to 2 1, 8€(0,2)),
and ng < L (equwalently ag < 1), we have

(1) a; < t+1
(ii) A = O(z7).
(#ii) Ay > Hfifw where D(B,tg) is some constant that only depends on B and
to, given by D(B,to) = L

(to+3)2e! 0778
Proof-Sketch: Due to space limit, we provide a proof sketch here, while the com-
plete proof can be found in Appendix-B.5. First through the update rule (6) it

is not hard to check oy — 0. Then, we can calculate al - L % +
t+1 Ne+1 Ot
1 1 1 iq ; Mt Ay 1\B8/2
i \/1+4 PR — 5. This, coupled with the fact that |/ 1= ~ 1+ )= =
r7t+1u2 Nt41 Ot

B 1_B1 1 . o1 41 2=
1+2;, would lead to i a2 N This implies a Rlsp and hence oy ~ ==.
So we have shown part (i). For (ii) and (iii), notice that log A\s = Z_:lo log(l —ay) =
2;10 ap =~ —(2-0) 2;10% ~ —(2 — ) logt. Therefore \; ~ O(515). O

Now we proceed to prove Theorem 6.
Proof of Theorem 6: It is easy to check that with the step size condition in Theorem 6,
all the conditions of Lemma 17 and 23 are satisfied, hence the conclusions of Lemma 17
and 23 hold. The major step of proving Theorem 6 is to show the following inequality,

(45) A(@o(z") = f7) + &7 = f(Z(t)).
If (45) is true, by (45) and (35), we have
F@(6) < &7+ Xe(@o(a”) = f7) < @u(27) + Ae(Ro(a”) = f7) < 7+ 2Xe(Po(2") — f7).

Hence f(Z(t)) — f* = O(A\) = O(35=5), i.e. the desired result of Theorem 6.

Now we use induction to prove (45). Firstly, (45) is true for ¢ = 0, since ¢f =
f(&(0)) and ®o(x*) > f(z(0)) > f*. Suppose it’s true for 0,1,2,...,¢t. For 0 < k <,
by (35), ®x(z*) < f* + Ap(Po(x*) — f*). Combining the above with (36),

* ’Yk * _ * * *
o+ g llz” = o(R)|* < F* + Ae(@o(a) = f7).
Using the induction assumption, we get

(46) F@WR) + ™ = 5 < I+ 20(Po(a) = ).

Since f(Z(k)) > f* and yx = Ag70, we have |lz* — v(k)||* < %(@0(1‘*) f*). Since
(k) = 5 (5(k) =2 (k) +2(k), we have [|o(k)—2*|* = H%(T )—z(k))+x(k)—a*|?* =
saz |9(k) — 2(R)[I* — [|z(k) — 2*[|*. By (46), f(z(k)) < 20o(z*) — f* = 2f(2(0)) —
f* + 70llv(0) — 2*||?. Also since v = 17La0 < 2L, we have Z(k) lies within the

(2f(2(0)) — f* +2L||v(0) — z*||*)-level set of f. By Assumption 2 and [3, Proposition
B.9], we have the level set is compact. Hence we have ||Z(k) — 2*|| < R where R is
the diameter of that level set. Combining the above arguments, we get

I15(k) = 2(k)|1* < 20k (I5(k) — 2" ||* + [|2(k) — 2"[|*)
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< 2ai(%(%(w*) - f)+R%
= 2ai[%(f(f(0)) — f*) +2[|5(0) — =*||* + R?]

(47) < 205 [4]9(0) — 2”|” + R?]

204
where (' is a constant that does not depend on 7, and in the last inequality we have
used by the L-smoothness of f, f(z(0)) — f* < £||2(0) — 2*||* < 2| z(0) — 2*|>.
Next, we consider (37),
* * y 1 _ _
Grr1 = (L —ou)pr + o f(t) — §7hllg(t)||2 + e (g(t), v(t) —y(t))
= (1—a) (@i — f(@) + (1 — a) f(Z(t)) + e f(2)

— nllg®)F + aulg(0), 2(2) - 9(0)

Y (1 —a)(¢7 — F(@(1)) + (1 = a){f(t) + (9(t), 2(t) — 5(t))}

Facf (1) — Smllg()]® + aulg(t), 5(6) — 5(0)
(48) Y (1 - a0)(@i ~ F@W) + 70~ Jmllg(o)]?

where (a) is due to (32) and (b) is due to ay(o(t) — 5(t)) + (1 — o) (Z(t) — g(t)) = 0.
By (33) (setting w = Z(t + 1)) and Lemma 17,

F@(t+1) < f(&) + (9(8), 2(t + 1) = g() + Lllz(t + 1) — g(8)||* + *Ily(t) —1g(1)|?
L2n¢||g()lI]-

(19) <0~ (= i) la(OI? + 2LR2xa ()P0 — 201 + 2

Combining the above with (48) and recalling k = %, we get,

. ) . 1 4608L
s = (1)) 2 (1= )@ — F@O) + (g — L — 2N
— 26" xa ()2 L7 |5 (t) — & (1)
(50) > (1—au)(¢r — f(Z(t))) — 26" x2(me)* LP||5(t) — &(1)||*
where in the last inequality we have used that, recalling xa(n:) < 72 /377t1 / 3
1 4608L3x2(n)%n? _ 1 4608 L3n2 4?2/
- _ L 2 t > = _ L 2 TYVPH Ut
gt M 1-o)p =M "= gz 0)4 [4/3
1 184321, (Ln,)>/?
— Ty, — 2 — A
o't = & 1—o)t
18432(Ln)>/3
>m(1/2 — gL — —2 20
sl 77t( / n (1 _ 0_)4

18432(Ln)°/? (1—0)%4

where the last inequality follows from nL < i, and Tmoyr <1 (<: nL < 4533
cf. step size condition (ii) in Theorem 6). Next, expanding (50) recurblvely7 we get

t

t t
bip1 — f(2(E+1)) H(lfak)(% f(2(0))) Z% x2(np)*L2g(k) —z(®R)1* [T (1 —ar)

k=0 l=k+1
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t

t
== > 2wt ) LPlgtk) — 2®)IP T (1 —ao).

k=0 e=k+1
Therefore to finish the induction, we need to show

t

Y26 xa(m) L2 g(k) — 2(R)IIP [ (1= o) < (@o(=") = f)Aesr-

k=0 {=k+1

Notice that

K *||2><2(nk) l9(k) — 2P 5
k+1

Xt: 267 x2 (k) * L3N 5(k) — 2(B)|1* TTopy1 (1 — o) @)

t
= (Qo(@*) = f*)Ae41 Z::
) S~ A4(6/(1—0))2L% 2
/312

< 2C1
_2 0(0) — 2|2 (G 2o Xkt

Zt: 1152L2/3Cy 2302 1

— (1—0)2[[5(0) —2*[2 ™% "*xiqa

k 0

20,

where C is a costant that does not depend on 7, and in (a) we have used ®q(z*)— f* >
L15(0) — 2% > 0, and ]_[é k+1(1 ) = Mt1/Ak+1; in (b), we have plugged in

= 5 used xa(m) < QLQW (cf. Lemma 17) and the bound on ||5(k) — z(k)|?

-0’

(equatlon (47)). Now by Lemma 23, we get,

¢ g2 1o i 23 4 (k+141t9)* "
T TN T S (k4 10)3° (R+1)2 D(Bto)
@ 2/34(to + 1> P & 1
- D t Z 5@
(Bito) = (k+1)3
2/3 4(t0 + 1)27/6 y 2
=" T DB.te) 06

Where in (a) we have used, k+to > k+1, k+ 14ty < (to +1)(k+1); in (b) we have
used ﬁ > 1. So, we have

S 2 L)~ SO oy (L= 00) o 80+ 1770
P (o(z*) = f*) At - D(B,t0)(8 — 0.6)
where in the last inequality, we have simply required 7%/3 < % (i.e. step

size condition (iii) in Theorem 6), which is possible since the constants Cy and D(3, to)
do not depend on 7. So the induction is complete and we have (45) is true. g

4.4. Proof-Sketch of Theorem 7. Due to space limit, we only provide a proof-
sketch here. The full proof can be found in Appendix-B.6.
Proof-Sketch of Theorem 7: We first show that, since Vf;(y;(t)) = Vh;(y:(t)A;) AL,
vector Z(t) — g(t) will always lie within the row space of matrix A. Then we show, the
inequality (32) in Lemma 16, when evaluated at w = Z(t), can be strengthened to,

(1) F@0) > F0) +{g(0), 2(0) — 50} + 2 2(e) — 57 — () — 130
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Next, we basically follow the same derivation as equation (48) (49) (50), but using the
strengthened inequality (51) instead of (32) in Lemma 16. Because of the additional
|Z(t) — y(t)||* term in (51), we will get,

$ip1 — F@(E+1) > (1= an)(@f — f(@(1) + (Bin — E2n®)|g@)II* + (Bs — Ean®/*)|l2(t) — 5(6)|>

where Ey, Eo, E3, E4 are constants that do not depend on 7. By making n small
enough, we have ¢7, ; — f(Z(t + 1)) > (1 — a¢)(¢f — f(Z(t))) > 0. Next we have,
f(@@) < of < Oy(x*) < f* 4+ A(Po(a™) — f*). Hence, f(Z(t)) — f* = O(A\). Lastly,
it can be shown that, when using a fixed step size, A, = O(%).

5. Numerical Experiments. We simulate our algorithm on different objective
functions and compare it with other algorithms. We choose n = 100 agents and
the graph is generated using the Erdos-Renyi model [9] with connectivity probability
0.3. The weight matrix W is chosen using the Laplacian method [31]. In details,
W =1- Wﬁ, where d; is degree of node ¢ in the graph G, and £ = [L;;]
is the Laplacian of the graph defined to be L;; = —1 for (i,5) € E, and L;; = d;
and L;; = 0 for 4,j not connected. We will compare our algorithm (Acc-DNGD-
SC or Acc-DNGD-NSC) with Distributed Gradient Descent (DGD) in [22] with a
vanishing step size, the “EXTRA” algorithm in [31] (with W = WAL) the algorithm
studied in [36, 7, 33, 28, 23, 35, 21] (we name it “Acc-DGD”), the “D-NG” method
in [13]. We will also compare with two centralized methods that directly optimize
f: Centralized Gradient Descent (CGD) and Centralized Nesterov Gradient Descent
(CNGD-SC (2) or CNGD-NSC (3)). Each element of the initial point z;(0) is drawn
from i.i.d. Gaussian with mean 0 and variance 25. For the functions f;, we consider
three cases.

Case I: The functions f; are square losses for linear regression, i.e. f;(z) =
ﬁi Z%;1(<uim7 x) — Vi )% where u;, € RN (N = 3) are the features and v;,,, € R are
M;

the observed outputs, and {(wim, Vim )}y are M; = 50 data samples for agent i. We
generate each data sample independently. We first fix a predefined parameter & € RV
with each element drawn uniformly from [0, 1]. For each sample (wn, Vim ), the last
element of w;,, is fixed to be 1, and the rest elements are drawn from i.i.d. Gaussian
with mean 0 and variance 400. Then we generate v, = (T, im) + €;m Where €;,, are
independent Gaussian noises with mean 0 and variance 100.

Case II: The functions f; are the loss functions for logistic regression [1], i.e.
filz) = Ivlf Zn]\le [In(1 4 e{®m®) — v, (Wi, )] Where g, € RN (N = 3) are the
features and v;,, € {0,1} are the observed labels, and {(uimmim)}%;l are M; = 100
data samples for agent i. The data samples are generated independently. We first
fix a predefined parameter 7 € RY with each element drown uniformly from [0, 1].
For each sample (i, vim), the last element of w;, is fixed to be 1, and the rest
elements of u;,, are drawn from i.i.d. Gaussian with mean 0 and variance 100. We

then generate v;,, from a Bernoulli distribution, with probability of v;,, = 1 being
1

1+e—(Tuim) *
For Case I and Case II, the functions are both strongly convex and smooth, so

we test the strongly-convex variant of our algorithm Acc-DNGD-SC and the version
of CNGD we compare with is CNGD-SC. We note here that the parameters of the
fi’s are chosen to have a large condition number L/u & 400 in order to verify that
our algorithm has a better dependence on the condition number than CGD and CGD
based distributed methods. The simulation results are shown in Figure 1, where the z-
axis is iteration number ¢, and the y-axis is the average objective error 1 37 f(;(t)) —
f* for distributed methods, or objective error f(x(t)) — f* for centralized methods.
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Case | Caselll
10° 10%,
" —Acc-DNGD-SC . 105 Acc.DNGD-SC
<400 D-NG o D-NG
DGD DGD
—EXTRA —EXTRA
Acc-DGD 10710 Acc-DGD
10710 —CGD —CGD
—CNGD —CNGD
0 500 1000 1500 0 500 1000 1500 2000
Iterations Iterations

Fig. 1: Simulation results for case I and case II. Step sizes for Case I are, Acc-DNGD-
SC: n = 0.0002, a = 0.0128; D-NG: 7, = %24%; DGD: 5, = 0%02; EXTRA: n =
0.0009; Acc-DGD: i, = 0.0004; CGD: n = 0.0015; CNGD: n = 0.0015, o = 0.0355.
Step sizes for Case II are, Acc-DNGD-SC: 1) = 0.05, a = 0.0216; D-NG: 5, = %552,
DGD: 5, = 295 EXTRA: 1 = 0.2450; Acc-DGD: 1 = 0.1143; CGD: n = 0.3267;

\/z ’

CNGD: n = 0.3267, a = 0.0551.

It can be seen that our algorithm Acc-DNGD-SC indeed performs significantly better
than CGD, CGD-based distributed methods (DGD, EXTRA, Acc-DGD) and also
D-NG.

Case III: the objective functions are given by,

o Manaym ot ag) i (ana)] <1,
fi(”“)‘{ M) — ™= (ba) it [{a 2] > 1,

where m = 12, a;,b; € RN (N = 4) are vectors whose entries are i.i.d. Gaussian with
mean 0 and variance 1, with the exception that b, is set to be b, = — Z?;ll b; s.t.
>-;bi = 0. It is easy to check that f; is convex and smooth, but not strongly convex
(around the minimizer).

Case III is intended to test the sublinear convergence rate =5 (8 > 0.6) of
the Acc-DNGD-NSC (5) and the conjecture that the tz%,g rate still holds even if
B € [0,0.6] (cf. Theorem 6 and the comments following it). Therefore, we do two
runs of Acc-DNGD-NSC, one with 8 = 0.61 and the other with § = 0. The results are
shown in Figure 2, where the z-axis is the iteration ¢, and the y-axis is the (average)
objective error. Notice that Figure 2 is a double log plot. It shows that Acc-DNGD-
NSC with 3 = 0.61 performs faster than 1/t1-39, while D-NG, CGD and CGD-based
distributed methods (DGD, Acc-DGD, EXTRA) are slower than 1/¢13%. Further,
both Acc-DNGD-NSC with = 0 and CNGD-NSC are faster than %2

6. Conclusion. In this paper we have proposed an Accelerated Distributed Nes-
terov Gradient Descent (Acc-DNGD) method. The first version works for convex and
L-smooth functions and we show that it achieves a O(tl%) convergence rate for
all € € (0,1.4). We also show the convergence rate can be improved to O(7%) if the
objective function is a composition of a linear map and a strongly-convex and smooth
function. The second version works for p-strongly convex and L-smooth functions,
and we show that it achieves a linear convergence rate of O([1 — C(£)%/7]t) for some
constant C' independent of L or p. All the rates are better than CGD and CGD-
based distributed methods. In the future, we plan to tighten our analysis to obtain
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—Acc-DNGD-NSC, 3 = 0.61
" 107% |—Acc-DNGD-NSC,3 = 0
;
- D-NG
—DGD
—EXTRA
Acc-DGD
10710 }—CGD )
—CNGD-NSC
- - 11" baseline

-1/t baseline

10° 10" 102 10° 10*
Iterations
Fig. 2: Simulation results for case ITI. Steps sizes: Acc-DNGD-NSC with 5 = 0.61:
N = % ag = 0.7071; Acc-DNGD-NSC with 8 = 0: n; = 0.0045, g = 0.7071;
D-NG: n; = 2991 DGD: 5, = 209, EXTRA: 5 = 0.0091; Acc-DGD: 1 = 0.0045;

t+1 Vi
CGD: n = 0.0091; CNGD-NSC: n = 0.0091, oy = 0.5.

better convergence rates. Specifically, we expect in the convex and L-smooth case,
our method can achieve a O(515) rate for all 0 < 8 < 2.
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Appendix A. Proofs of Auxiliary Lemmas in Section 3.

A.1. Proof of Lemma 12 and Lemma 13.

Proof of Lemma 12: We have,

1g(t +1) —g(®)]|

= [z(t+1) —z(t)] +

1+« 1+«
= = ) — 7] — T g(0) + o a((t) — 70) - 10|
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1
—Z
1+a « o

2 lgt) — 3@)] + m\lg(t)ll

= [l=——[g(t) — 2(t)] + ——aly(t) -

1+a

< [lg(t) =zl + 2nllg(@)]-
O
Proof of Lemma 13: For (13), we have
IVt +1) = VO = [ DIV ilyilt + 1) = Vilys (D)2
i=1
< Z L2|lyi(t +1) —wi(1)[1?
= Llly(t+1) —y(@)l.
For (14), we have
< % Z IV £:(8)) = V(3 (0)]
1 n
< J 2 2 L) = 50
= ﬁlly(t) = 1y(1)]l.
O

A.2. Proof of Lemma 14. In this section, we provide the proof of Lemma 14.
Proof of Lemma 1/: (a) We first calculate the characteristic polynomial of G(7) as

£p0(¢) £p1(¢)
PO = (¢ =) = 770)(¢ 0 = 2mL) =i (¢ — o = 20L) + ko]

where k1 and ko are positive constants given by
ki =4nL + onL < 5nL

and

2nLa’o(2
ks = 202 L2(4 + 0) + nLo(2 + ao) + W

< 10n*L? + 3nL + 6nL < 197L.
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where we have used nL < 1. Let {y = o + 4(nL)"/3. Then ¢y > o + 2nL. Since
p(o + 2nL) < 0, and p(¢) is a strictly increasing function on [y, +00) (since when
¢>¢Co,p'(¢) > (o—0)(Co— ﬁa) —ky > 16(nL)?/3 —5nL > 0), and also since G (n)’s
largest eigenvalue in magnitude must be a positive real number (Perron-Frobenius
Theorem [12, Theorem 8.2.11]), we have p(G(n)) is a real root of p on [0 + 2nL, 00).

Then p(G(n)) < (o will follow from p({o) > 0, which is shown below.
2a
p(Go) = [4(nL) (L) + T-0) — k| (4nL)? = 2mL) — ko
> (16(nL)*"* —5nL)(4(nL)"* — 20L) — ks
> (16(1L)*® = 5(nL)**)(4(nL)"* = 2(1L) /%) — k2
— 220L — ky > 0.

For the lower bound, notice that k;/g > 2(nL)?/3 > 4nL (which is equivalent to

nL < %, cf. the step size condition in Lemma 14). Therefore, we have

p(o + 0.84k3"%)
2
= (0.84k3/)(0.84k3* + H—O‘ao)(o.szm;/ 8 _onL) — k1 (0.84ks"% — 2nL) — ky

1

e kea/?)(0.84k3%) — ko < 0

< (0.84k3/)(0.84KL% +

where we have used that, noticing ko > 2nLo and o = /un < v/nL < 1/1/83 (cf. the
step size condition in Lemma 14),

« < k;/g
g .
1+a 2.25/6

3 3 o k2 3
[1+a0] <aa<nLaU<2k2< 5 1/8% =

Hence we have p(G(n)) > o + 0.84k%/3. Also noticing ke > 2nLo, we have

p(G(n)) > o +0.84(2nL0) /3 > o + (onL)'/3.

Before we proceed to (b) and (c), we prove the following claim.

Claim: G(n)’s spectral gap is at least p(G(n)) — o.

To prove the claim, we consider two cases. If G(n) has three real eigenvalues, then
notice that py(¢) is nonpositive on [o,0 4+ 2nL], and p;(¢) is affine and positive on
[0, 0+2nL] (since py (0 +2nL) = ko > 0, p1(0) = ko —2nLky = ko —2n?L%(4+0) > 0),
therefore p(¢) has no real roots on [0, 0 + 2nL]. Also notice p({) has exactly one real
root on [0 + 2nL,c0) (the leading eigenvalue; here we have used the fact that p({) is
strictly convex on [0 + 2nL,00) and p(o + 2nL) < 0), hence p’s other two real roots
must be less than . We next show that the two other real roots must be nonnegative.
Let the three eigenvalues be 1, 72 and 73 with 1 being the leading eigenvalue. Then,

2

1
M +72+ 73 =Trace[G(n)] = (1 —a)o + 112

o+ o0+ 2nL.
Then, using a = /pn < % (cf. the step size condition in Lemma 14), we have 1 —« > %

1+o¢2

and T

> %, and hence

72+’73>20771>074(7]L)1/3>0
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where in the last inequality, we have used nL < g—i (cf. the step size condition in
Lemma 14). Next, we calculate

11—«
N727s = —p(0) = 0* (0 + ML), e~ k(o + 20L)

11—« 14+ a—2a2 9 1—a?—2a°
—2nLo———— — L—
1+« nLo 1+« an 1+«
1—2a+a2+2a3_’_031—@_2771/01—&—@—2@2
l1+a 1+« 1+«

=o%(o +2nL)

=o’nL

1
> 503 —2nLo.

where in the last inequality, we have used 1 — 2« > 0, 1;—3 > % (<n< i,
by our step size selection in Lemma 14). At last, we use the fact that our step size
bound in Lemma 14 implies 2nLo < %03 (<= nL< i02). Then, v1y273 > 0. Since
v1 > 0, we have y27v3 > 0. We have already shown -5 + 3 > 0. Hence, both v, and
3 are positive. Now that we have already shown that, 7o and 73 are positive reals
less than o. This implies the spectral gap is at least p(G(n)) — o.

On the other hand, if G(n) has one real eigenvalue (the leading one) and two
conjugate complex eigenvalues, then let the modulus of the two conjugate eigenvalues

be 7 and we have

implied

P2p(GO) = ~p(0) = 0%(0 + 2L) T + ks — ha(o +21L)

We calculate

l+a—-2a2 , 1-a?-2a3
ko — k 2nL) = -2nLo——m——— — L— <0
2 — ki(o +2nL) nLo——— o°n T a <0,

where we have used 2a? < 1 and o +2a3 < 1 (since o < v/nL < 1/1/83). Therefore,
72p(G(n)) < 0?(o+2nL). Noticing that p(G(n)) > o+2nL, we have 7 < . Therefore,
we can conclude that the spectral gap is at least p(G(n)) — o.

Now we proceed to prove (b) and (c).

(b) Same as before, we let the three eigenvalues of G(n) be 71, 2 and 73 with
1 = p(G(n)) being the leading eigenvalue and v; > |y2| > |y3|. We assume vo # 3.2
Then by the claim on spectral gap, we have v, — |y3| > 71 — 72| > (onL)*/3. We will
use the following lemma.

LEMMA 24. If a series (Bi)i>o0 can be written as By = a1yt + aavh + azyh for

some o, s, a3 € C, then we have

(5|Bo| + 6| B1| + 3| B2| )7}
(onL)?/3

|B:| <

We know that through diagonalization, all the entries of G(n)' can be written as

the form described in Lemma 24. We know that [G(n)%]23 = 0, [G(n)']2s = 2nL,

12There will be some values of 7 and « for which G(n) will have only two eigenvalues, one of
which has multiplicity 2. This case can be dealt with by taking the y2 — ~3 limit and won’t affect
our result.
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[G(1n)?]23 = 2nL(0 + 2nL + 011':05) + Lo {72 <9nL. As a result,

39nL 39(nL)'/3
[G(n)t]QS S (O'T]L)Q/B,Yi = (0_)2/3 7{

() Similarly to (c), we can bound [G(n)?]21 and [G(n)!]22. We calculate, [G(1)%]21 =
0, [G(n)21 < 1, [G(n)?]21 < 4. Hence

18

t
L)Z/S V-

[G(n)']21 < on

Similarly, [G(1)°]22 = 1, [G(n)']22 < 1, [G(1)?]22 < 6. Hence

29

[G(n)t]w < W%.

As a result,
max(Gn) on, (G o [G0) o) < Bt

At last, we provide the derivation of Lemma 24.
Proof of Lemma 24: We have,

1 1 1 oy By
Y2 3 ay | = | By
S R o By

Hence we can solve for aq, as, ag, getting

1
o1 = 5 [1273(y3 = 72)Bo + (03 = 73) B1 + (73 = 72) Ba
1 - Z
az =+ Yavi(m —3)Bo + (V3 — 1) B1 + (v — 3) B2
ot -
ay = % 7172(v2 = 71)Bo + (7F —73)B1 + (v2 — 1) B2

where A = (1 — 72)(v2 — 73) (73 — 71). We now calculate,

[(v1 —v3)75 + (2 = y)%5] = 1(v2 — ¥3)75 + (2 — 1) (5 — 3)|

t—1
= (2= + (e =) (s —72) DA g
k=0

< |v2 — sl [mlt +tly — Arz\lvzlt”]

Similarly,

(3 =¥+ (vF =) =103 =) + (F — %) (s — %)
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t—1
< 2072 — yallval’ + 2 = vallve — sl D 5 FAS
k=0

< |y2 — sl [2|72|t + 2t — 72||72|t71}.

Iysv (v — ¥3)7% + 12 (2 — v = 1(rs — 72)(0F — (2 + v3)) + M2 (2 — 1) (0 — 5))|

t—1
< 3y — ysllv2l" + I = vallve = sl D v FA5|
k=0

< bz = 3l [31al’ + thn = vallal ).
Hence,

lagys + a7

1
< 1Al {|BO\|7371(W’1 —¥3)75 + 1172(v2 — 1)V + 1Bull( — ) + (F — 3)s

+ |Ball(m1 — v3)7s + (2 — 1)

|72 - 73|

<
Al

[(3Bo| +2|Bi| + [Ba|) 2’ + (1Bo| + 2/Bi| + | Bal)thy1 — 2l 7.

Now let min(|y; — |y2||, |71 — |y3]]) = B > (omL)'/3. Notice that

t _ —
N4 |72|)t el B

[y2l* 12| el 7 el

Therefore, t|y,|t =1 < %7{ Hence,
|y + s
< D2 2l @Bl 2]+ Bl + D252 0]+ 2B+ | Bati — el

(3[Bo| +2|Bi1| + [B2])|7|* 4 (Bol +2|B1| + | Ba|)t|yel"""

71 =2l — sl |71 — 73]
< BIBol +2[Bi| +[Ba)7i | (IBol +2[Bi| +|Ba|)vi
+

- B2 B2

(4|Bo| + 4|B1| + 2| B2| )i

32
At last, it is easy to check

(|Bo| + 2|B1| + |Bz2|)7i
(2 .

la1vi] <

Therefore,

(5] Bo| +6|B1| +3|B2)y1 _ (5Bol +6|B1| + 3| B2)11

Byl <
1Bl < 2 = (onL)?/3

Appendix B. Proofs of Auxiliary Lemmas in Section 4.
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B.1. Proof of Lemma 19. The derivations are shown below.

Gt +1) = () = (1 — arr) (5(E) — meg(8)) + e (0(t) - ng“)) —g(t)

Q41
Qi

= a1 (0(t) = y(t)) —me | +1—ap]g(t)

Ot +1) = gt +1) = 3(t) — L g(t) = (1 — @) (§(E) — mg(t)) — aper (3(t) — L g(1))

= (L= ) (@(6) = 5(0) + (1~ ars)(1 = - )g()
U
B.2. Derivation of (40) in the Proof of Lemma 17. By (30a) and (31a),
we have
ot +1) = 1z(t + 1| = [[Wy(t) — 15()] — m[s(t) — Lg@)]]|
(52) < olly(t) = 15O +mells(t) — 1g@)]-

By (30b) and (31b), we have

[o(t+1) = 1o(t + 1)|| < [[[Wo(t) - 10(t)] - %[S(t) = 1g(0)]|l
(53) <oallv(t) - 1(t)] + %IIS(t) —1g(t)].
Hence,
(54) vt +1) = 1o(t + 1)|| < oaullo(t) — 1o(t)]| + mells(t) — 1g(2)]|-
By (30c) and (31¢), we have

ly(t+1) — 15(t + 1]
< (1 =)zt +1) =12t + 1)|| + appa||ot + 1) — Lo(t + 1)

< (- ) [o|y<t> 10+ mes(e) — 1g<t>|}

+ a1 {Ullv(t) —1o(t)] + %IIS(t) - 19@)}
(55) < agollo(t) = 10|+ olly(t) — 1g@)[| + 2n:ls() — 1g(D)]]

where we have used (52) and (53) in the second inequality.
By (30d) and (31d), we have

(4 1) — 1g(t + D]l = [Ws(t) — 1g(5) + [V(t + 1) — V(&) — 1(g(t + 1) — g(t))]
< ols(t) — 19(0)] + V(¢ + 1) — V(1)
(56) < olls(t) — 19| + Llly(t + 1) — y()]

where in (a) we have used the fact that

196+ 1)~ V) - gt + 1)~ 1900]|
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=[V(t+1) = VO = nllg(t + 1) — g()]
<vE+1) - v)l®
and in (b) we have used (13).
Now we expand y(t + 1) — y(¢),
ly(t+1) —y@Ol < lly(t +1) = 1yt + DI + [ly(1) = 1y + [15(¢ + 1) — 1g(@0)]|
< agjo(t) — 188 + 2[ly(t) — 1g(1)]|
(57) + 2ne[s(t) = 1g(@) || + [t + 1) = 15|

Combining the above with (56), we get,

[s(t+1) = 1g(t + 1)|| < arLljo(t) — 10(t)[| 4 2Lly(¢) — 1g(t)||
(58) + o 2t o) = 19001+ LAlgte + 1) - 500
By (38) we have a(t) > L||g(t + 1) — g(t)||. Now we combine (54) (55) (58) and get
the desired linear system inequality (40). O

B.3. Proof of Lemma 20, Lemma 21 and Lemma 22. We first prove
Lemma 20.
Proof of Lemma 20: We write down the charasteristic polynomial of G(n) as

(59)  p(¢) =(C—0)*(¢—0o—29L) — 5nL(¢ — o — 2nL) — 2nLo — 10n*L?.
We evaluate p(-) on o + 4(nL)*/? and get,
plo +4(nL)"/?) = (16(nL)** — 5nL)(4(nL)"/* = 2nL) — 2nLo — 109°L*
> 22nL — 2nLo — 109*L* > 0

where we have used (nL)? < (nL) < (nL)%/? < (nL)'/3. Tt’s easy to check p(c) < 0.
Also, p'(¢) =2(¢ —0)(( — o —2nL) + (¢ — )2 = 5nL > 0 on [0+ 4(nL)'/?,00), so p’s
largest real root must lie within (o, 0 44(nL)'/?). Therefore, o < (1) < o+4(nL)*/3.
For the eigenvectors, notice that

Lxi(n) +2Lx2(n) + (o + 2nL)xs(n) = 0(n)xs(n)-

Hence, 0(1)xs (1) 2 oxs(n) +2Lx2(n), and xa(n)/xa(n) < “B=2 < Zop'/ - O
For the rest of this section, we will use the following formula for x1(-) and xa(-).

LEMMA 25. We have

Xl(n) = 9(77) _ 0"
_0m) -0 U

Proof:  Since G(n)x(n) = 6(n)x(n), we have, writing down the first line,

ax1(n) +nxs(n) = 0(n)x1(n)

from which we can get the formula for x1(n). Writing the third line of G(n)x(n) =
0(n)x(n), we get

Lxa(n) +2Lx2(n) + (o + 2nL)xs(n) = 0(n)xs(n)
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from which we can derive the formula for x2(n). O
Now we proceed to prove Lemma 21.

Proof of Lemma 21: Since nL < %, we have (onL)'/3 > 2nL. Hence by (59),

p(o+ (onL)Y/3) < (onL)?/3((onL)Y/3 —2nL) —20mL < 0. Hence 6(n) > o+ (onL)/3.

As a result, x1(n) < W O
The rest of the section will be devoted to Lemma 22. Before proving Lemma 22,

we prove an axillary lemma first.

LEMMA 26. We have

2L(6(n) — 0)® + 5L(6(n) — o) +20L
3(0(n) — 0)* = 4nL(6(n) — o) —5nL -

2
Further, when 0 < n < g3, we have

0'(n) =

/3

Proof: Since p(6(n)) = 0 (where p is the characteristic polynomial of G(n) as defined
n (59), we take derivative w.r.t. n on both sides of p(6(n)) = 0, and get

0=2(0(n) — )0 (n)(0(n) — o —2nL)
+(0(n) —0)*(0'(n) — 2L) — 5L(6(n) — o — 2nL)
— 5nL(#'(n) — 2L) — 20 L — 20nL>.

From the above equation we obtain

, 2L(0(n) — o)? —|—5L(0(77) o)+ 20L
(60) 0 = 500 — o —anL(6() —0) —5uL

By Lemma 20, the step size n < i‘—; implies that

(61) 0(n) — o < 4(nL)Y/? < o2/3.
Hence, the nominator part of €'(n) satisfy,
2L(0(n) — 0)? +5L(0(n) — o) + 20L < 9L/,
Also notice,
AnL(0(n) — o) + 5L < 9L < (onL)*?

where the last inequality comes from the step size condition 1 < The step size

L93
and hence we can use Lemma 21 to get (6(n) —o)? >

condition also implies 7 < =7 f

(onL)?/3. Hence, the denominator part of 6'(n) satisfy
3(6(n) — 0)* —4nL(6(n) — o) = 5L > 3(onL)** — (onL)** = 2(onL)*".
Combining the bound on the nominator and the denominator, we get

9Lo?/3 LY/3
< <5
Q(OnL)Q/B n2/3

0<60'(n) <
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O
Now we proceed to prove Lemma 22.
Proof of Lemma 22: Define £,& : R — R to be & (y) = logx1(e¥) and &(y) =
log x2(e¥). The statement of the lemma can be rephrased as,

6
log x1(e'°8%*) —log x1(€'*8<*) < —|log ¢; — log (o,
o

28
log x2(e'°8%") — log x2(e'*8<?) < ==[log (1 — log (a].
g

So we only need to show that &; is g—Lipschitz continuous and &; is %S—Lipschitz

continuous, on interval y € (—oo, log( %)) We calculate the derivative of £ and let
n=e’€(0,0%/(9°L)),

€ (y) = xamn _ m [(9(77) —0) —779’(77)] )
! xa(m  xa(m) (0(n) —0)? 0(n) —o
Notice that 7 satisfies all the step size conditions of Lemma 20,21,26. We have
nt’ (n)
G <1+ 7~
| 1( )‘ 9(”) —
CE71/3/,2/3
<14 WA/
(onL)'/3

<6/0'/3 <6/0.
This implies &; is 6/0-Lipschitz continuous. Similarly, for &, we have

€(y) = Xa(n)1

xz(n)
By Lemma 25, we have
(onL)"/? U
> 0
ey TPy S VE
@ @D,

2
2L (onL)1/3
© (onL)'/*
- 4L
: 1/3 ~ (onL)'/®

where in (a), we have used (onL)"/” < /9 < 1, and in (b), we have used ““L7— >
2%, which is equivalent to nL < ¢2/8% and follows from our step size condition.
Now, we calculate x5(n),

= |9’(77) . O) —o) — 779’(?7)|
2L 2007) — 0)?
0'(n) 1 nd’ (1)
=20 Y sem—o) T 200 - o)
1 1 15 LY3 /3
w02 T a8 T2 (onr)2s

IX2(n)

5
< Z
2
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2 (nL)*/3 2(onL)'/3 ~ 202/3(nL)"/®
<1
= (onL)*®
Therefore,
n-7/(onL)*3 28
() < LT 28
(onL)Y/3/(4L) o
Hence, & is ——Llpschltz continuous. O

B.4. Proof of the Intermediate Result (Lemma 18). The proof essentially
follows the same argument as the CNGD (see e.g. Section 2.2 in [24]).

First, we prove (35). Notice (35) is true for ¢ = 0. Then, assume it’s true for ¢,
then for t 4+ 1, we have

®r1(w) = (1= ) @e(w) + ar(f(8) + (9(t),w — §(t)))

< (1= ay)Pe(w) + e f(w)

< f(w) + A1 (Po(w) — flw)).
where in the first inequality we have used (32) and in the second inequality we have
used the induction assumption.

Next, we prove (36). It’s clear that ®; is always a quadratic function. Notice that
V2®g(w) = ol and
V2<I)t+1(w) = (]. - at)Vz@t(w).

We get V2®,(w) = 141 for all t, by the definition of ;.

We next claim, ®,, as a quadratic function, achieves minimum at o(¢). We prove
the claim by induction. Firstly, ®¢ achieves minimum at 9(0). Assume ®; achieves
minimum at 9(t). Then, V®;(w) = y:(w — (t)). Notice that by (34),

V@i (w) = (1 —ap) VO (w) + arg(t)
= (1= o) y(w — 0(t)) + g (2).
Set w=0(t + 1), we get
V@1 (0t +1)) = (1= ag)n(o(t+1) —0(t) + ag(t)
-1 - at)%aft + au]g(t)
0

where the last equality follows from the fact that a? = n;(1 — a4)7y;, which can
be proved recursively. It’s true for ¢ = 0 by definition of 9. And note o, , =
(1 = apr)of = (1= ) mesr(l — o)y = mear(l — oeg1)ye41. Hence ®ppy
achieves optimum at o(¢ + 1), and hence the claim.

We have proven ®;(w) is a quadratic function that achieves minimum at (t) and
satisfies V2®; = 7¢1. This implies ®; can be written in the form of (36) for some
unique ¢; € R.

We next show ¢; satisfies (37). Clearly, ¢ = f(z(0)). We now derive a recursive
formula for ¢;. Since by (34)

o1 (5(1) = (1 — ) Bu(y(t) + anf(2).
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Also by (36), we get
b1+ T2l — o(t + 1)
= (1= an)lé7 + S 5(t) = 0®)|*) + o f (1),

Since o(t + 1) — y(t) = (v(t) — y(t)) — Z-g(t), therefore

2
[9(t +1) = g@)I1* = lo(t) = 5O — 2%(9(0, o(t) = () + %\Ig(t)ll2~

Hence

* * P 1 77152’Yt+1 2 Ye+1 _ _
i1 = (1 —ap)pp +asf(t) — 2 a2 lg()* + a—fm(g(t),v(t) —y(t))

= (1 - )} + arf(t) - %mllg(t)Il2 +ai(g(t), v(t) = y(1)).

O

B.5. Proof of Lemma 23. We provide a comparison lemma that will be helpful
for the analysis.

LEMMA 27. Given two step size sequences (nt) and (n;): that satisfy, no < ny,
Nt41 Mg U
and Vt, " < o then oy < ay.
Proof: ~ We prove the statement by induction. First, ag = /oL < \/n)L
Next, assume oy < af, then %af < n:;?la?. Define function ¢ : (0,1) — (0, c0)
t

with £(y) = y?/(1 — y). It’s easy to check that £ is a strictly increasing function and

Q.

is a bijiection. Notice that azy; = f‘l(%af) < 5—1(%%2) = o}, So we are
done. / O
Proof of Lemma 23: Since n41 < 1z, we have of; < of and hence oy is decreasing.
Now we derive the asymptotic convergence rate of ay.

Proof of (i). Firstly, we have,

2 Ni4+1 2 Ni+1 2
apy g+ ——ajag — o; =0
ue t
Hence
1 Net1 n7
o 2 t+1 4 Nt+1 o
Q41 = 5 ;T 50y +4 t
ui un ui
Nt+1 2
_ 2 paalel
2
N1 .2 Met1 4 Ne41 2
0t at+\/ n; ap +4 ne M
2
- /i3
1+ ,/1+ 4m+1a§
Hence

1 1 1 1 1
_ 77t:+\/1+4 77t2_\/77t
Q11 M1 0 2 2 Ne410G N1 O
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—

(62) 5

1
~ 2 4
\/1 Nt +10t2 + \/ﬂt+1 at

>

N[ =

Hence, NATERVUTETEES %m Therefore, for t > 1,

at Qt—1

(63) Az *F+ ZW

Qi

Now we use the comparison lemma (Lemma 27) with a fixed step size n; = 79. Notice
that ne1/m: < n34q /M, we have a; < of. Repeating the argument for (63), we get
(63) is also true if we replace n; with n; and «; with «}. Hence, for t > 1,

Vi \F

o

+ tf> (t+1)\/%-

This implies that for ¢t > 0, o} < H% Hence,

2
64 <a < —.
(64) at—o‘t—t+1

This gives part (i) of the lemma. Now we derive a tighter upper bound for a; which
will be used later. Returning to (63), we have

t
1
Ve f+ Z i
(673 2
t
1 N4
~ 5221 (k + to)P/2
1 s 1
> = ——=d
2 " 1 (y+t0)ﬂ/2 Y
1 2 8 B
= N[t +14+t) 72 — (to + 1) 2]
Vg —pglt+ +t0)' 77 = (to+1)'77]
Therefore,
11 2 _s s, (t+1)P?
— > oMt +1+t)""2 — (to +1)' 2] x
oo > Vi Gl T (4 )] B
1
> 55t to = (44100 + 1) ).
Notice that when ¢ > 2, the right hand side of the above formula is positive. Hence,
9 _
(65) ap < p -, Vt > 2.

t+to — (t+t)P/2(tg + 1)1~

Proof of (ii). We return to (62), and use (64) to get,

SEUE SN
Oét+1 T]t+1 O(t 2 8 2 1)
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Hence, for ¢t > 1,

Ve V-1 1 Ve
YE_NVIEE oo Y.
Qi a1 2ﬁ+ 4t
Therefore, for t > 1,
t t
Viie _ Vo |1
AL A T
ar T Qg QZ\F Z
k=1 k=1
t
Vio 1
<o ikg\f(kﬂ—t EE +Z‘f kﬁ/2+1
Vo \/77/t 1 \f /t 1
<X — 4+ = ——d —1 ——d
~ ag + 2 Jo (y+to)P/2 vt 4 [+ 1 yb/2Hl vl
\/770 \/77 2 1-8/2 1-6/2 \[ 2 2 1
SR Al A t+to —t 1+2-2—
Vo \f 1-g/2 V1 2
S— (b4t + X1+ 2.
L+ o) i+
Therefore, for t > 1,
1 1 1
— < (t+t o — ) (E+10)P2

And then, for t > 1,

2- 2-p 2-p
—ay <
e S T (t+t0)+(2—6)(a0%g/2+%+§)(t+t0)ﬁ/z
) (2= B (ks + 35 + 1)
(t+to)[(t+10)' "2 + (2= B)(—rm + 55 + 7))
1
o E)
(t+1t0)* =

=0

Now we consider \; = [[i_5(1 — o). We have

t—1
log\; < — Z Qay
k=0

2—-p 2-4
—Oéo-FZ(i—ak)—
P k+to P k+tg
> 1 t+tg
<*040+O( /3)*(2 6)
1; (k+1t0)*"= 141

= —(2—B)log(t +to) + O(1)

where we have used > 7o % < 0o since 277 > 1. Hence, \; =
(k-+t0)>~

O(t%ﬁ), i.e. the part (ii) of this lemma.

O(grmy=s) =
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Proof of (iii). It is easy to check that Vy € (—1,00), log(1 +y) > . Therefore,
t—1 t—1 2

66 log A\t > — = — — .

() N T kz_ol_ak

By (64) and the fact oy, < g < 3, we have

t—1 a2 t—1 t—1 1 7T2
67 k<9 2<8Y) —— _<8-— <14
R

We next bound 22;10 ag. Notice that when k > tg + 2, we have

B
2

(k+to) > 272 (k + t0)P/2(1 + to) 1~

Hence, by (65), we have when k > to + 2,

2-8 2-8  2-8
ap < B

k4to— (k+t)8/2(tg+1)-2  k+to  k+io

(2= B)(k + t0)P/2(tg + 1)1 =7 23

(k4 to)(k+to — (k+t0)B/2(tg + 1)1—5) ko

=Bt + D72 2-5
= (1—25"Y)(k+1to)> % T Erte

Hence, for t > tg + 3,

t—1

iak Z (2—=B)(to + 1)1~ . ;

k=to+3 jermrs (1 _2571)(145‘“7f 2
_B
t 1 2 t—14+1¢
2t + 1) 3 +(2-B)log 10
T (1—257Y) (2t +2)1 3 2to + 2

2 — 1+t
- 4 (2-PB)log——1 "
21_@_1+( B) og " STI)
4
< ————=+(2—-08)log(t —1+1g).

Notice that, when t < ty + 3, the above inequality is still true since the left hand side
is 0 while the right hand side is positive. Hence,

t—1 to+2 t—1
DSy okt Y
k=0 k=0 k=to+3
to+2 t—1
S
_c ag
<D gt X
k=0 + k=to+3

< 2+ 2log(to + 3) + +(2—-08)log(t —1+tg)

4
(2= B)log 2

6
< (Z—B)log(t—1+to)+210g(t0+3)+2+m
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Therefore, combining the above with (67) and (66), we get
6
log A\t > —(2— B)log(t — 1+ tg) — 2log(to + 3) — 55 16.
Hence,
1

A > .
(t+to)2B(to + 3)2e'0T 78

O

B.6. Proof of Theorem 7. In this section, we provide a detailed proof for
Theorem 7.

LEMMA 28. Under the conditions of Theorem 7, we have inequality (32) in Lemma 106,
when evaluated at w = Z(t), can be strengthened to,

F@(1) = f() + (g(t), 2(t) — 9(t)) + gllf(t) —5O)* - %Ily(t) - 15(0))?

where @ = poy, and 7y is the smallest non-zero eigenvalue of the positive semidefi-
nite matriz A = %Z?:l A; AT (Matriz A has at least one nonzero eigenvalue since
otherwise, all A; would be zero.); L = Lov and v = max; || A||?.

Proof: Tt is easy to check that A is a symmetric and positive semidefinite matrix.
Let y € RY¥ be any vector in the null space of A. Notice,

0=(yA,y) = §:||yA||2>O

This implies Vi, yA; = 0. Then,

n n

(90)9) = (D" Vhily() A AT 5) = 5" Vha(yi($)4) ATy" = 0.

i=1 i=1

This implies that, g(¢) lies in the space spanned by the rows of A. By (39) and the
fact that ©(0) — 4(0) = 0, we have ©(¢t) — g(¢) lies in the row space of A. Hence
z(t) — y(t) = 25 (y(t) — v(t)) also lies in the row space of A. Therefore,

(@) - 5(0))A, 2(t) — 5(1)) = vz (t) — 5.

Therefore,
- iim(w(tm )
e z [haCsr()4:) + (Thalyi (0140 5(0)As — 34 + 2@ (0) = 31 (6) Al
— 53 A0 + (T ), 70 ) + 510~ DA
2 53 L0 + (TR0, 70 = w0)] + 5 DTRG0, 50) - o0)
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i[ () = G0 A — 1GE) - ws(8) Al
> f(t)+ (g(t), 2(t) — 5(1) + £° Z«f(w — (1) A AT, 7 () — (1)
- Z lyi(t) — 5011

, <t>—g<t>>+%«x(t)—g(t))A@(t)—g(t» Elly(t) - 15(0)]

> F(0)+ {g(0),7(0) ~ 50) + grorlla) — 5O — 5~ l(e) — 15(0)

I
s
—
=
+
)
~
N—

8

where in (a) we have used the fact that h;(+) is po-strongly convex, and in (b), we have
used the definition of f(¢), and the fact that [|(7() — v:(£)) Al < V7|5(t) — vs(2)]|
(since A;’s spectral norm is upper bounded by /v).

We now finish the proof of Theorem 7.
Proof of Theorem 7: It is easy to check that f; is convex and L-smooth. It is easy
to check under the step size conditions, Lemma 17 holds. We will prove by induction
that,

(68) of > f(x(t)).
Equation (68) is true for t = 0. Next, by (37),

$ip1 = (1= an)} +arf(t) - %mllg(t)ll2 + au(g(t), v(t) — y(1))

2 (1 0 (30 + @ f(6) — Smellal) I + o lo(0), 50) — 5(2)

= (= ) L) + (9(0), 7(0) — 50) + X 1a) — 50)1?
oyt 1012 + e (1)~ Gullo(®)I? + alale),5(0) ~ 500)
60) 2 FO ~ oI+ (- a0 lew) - 501 - L) - 1)

where (a) is due to the induction assumption (68), (b) is due to Lemma 28 and (c) is
due to ax(0(t) — 5(t)) + (1 — o) (Z(¢t) — g(t)) = 0. By (33) (Lemma 16),

IN
)

F@t+1)) < f(6) + {g(t), 2(t +1) = 5() + Llz(t + 1) = 5] + %Hy(t) - 15|

F&) = (e = Lu)llg()|I* + %Hy(t) - 150"

IN

Combining the above with (69) and using Lemma 17, we have,

Ghr — P+ 1) > (ne— L) lgOIP + (1~ a2 (0) — 50)I? — 3 2 ly(t) — 15(0) P
> (gm— L)l + (1~ o)X ) — (1) P

= 3Lexa(me)* (L2 () — g(1)II* + %L%?Hg(t)llz)
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_ 1 2 192L3“2X (77t)277t2 2
- (int - Lnt - (1 — 2_)2 )”g(t)H
(70) + (1 - at)% = 3r%x2(n0)° L) |2 (t) — 5(1)|1*.

-5 we have
—0

Since n; = n, and x2(n) < QL"Q;//;, and recalling k = 1

1 19203 k% x2(n)*n? _ 1 27648 5
Zn — L 2 LS 2 L 2 (nL 5/3
27715 yn (1_0_)2 s 277 n (1_0_)477 (7’ )
1 27648
(5 —Ln (1_0)4(77 )°7%) >
where in the last inequality, we have used nL < 1, and 5776;1?4 (nL)*? < L («nL <
(1_0)2.4

“oas— ) all following from our step size condition.

. 1/3
Next, since a; < ap < 3 and x2(n) < %, we have,

H 2 273 < H 432 2/315/3
(I =) = 36"x2(m)"L Zg*mﬁ/])/ >0

where the last inequality (equivalent to n?/? < Lé‘/s%) follows from the step
size condition. Hence, returning to (70), we get ¢y, > f(Z(t 4 1)). Therefore the

induction is finished and (68) is true for all t. Hence, by (35),

F(@() < of < Pu(a7) < f7 + M(Do(2") = f7).

Therefore f(z(t)) — f* = O(\). Following an argument similar to Lemma 23 (or
simply let 8 — 0 in Lemma 23), we will have \; = O(1/t?). As aresult, f(z(t))—f* =
O().

=
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