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Abstract—1In this paper, we consider residential demand
response (DR) programs where an aggregator calls upon some
residential customers to change their demand so that the total
load adjustment is as close to a target value as possible.
Major challenges lie in the uncertainty and randomness of the
customer behaviors in response to DR signals, and the limited
knowledge available to the aggregator of the customers. To learn
and select the right customers, we formulate the DR problem
as a combinatorial multi-armed bandit (CMAB) problem with
a reliability goal. We propose a learning algorithm: CUCB-
Avg (Combinatorial Upper Confidence Bound-Average), which
utilizes both upper confidence bounds and sample averages
to balance the tradeoff between exploration (learning) and
exploitation (selecting). We prove that CUCB-Avg achieves
O(logT) regret given a time-invariant target, and o(7") regret
when the target is time-varying. Simulation results demonstrate
that our CUCB-Avg performs significantly better than the
classic algorithm CUCB (Combinatorial Upper Confidence
Bound) in both time-invariant and time-varying scenarios.

I. INTRODUCTION

Demand response (DR) has been playing an increasing
role in reducing the operation cost and improving the sus-
tainability of the power grid [1]-[9]. Most of the existing
successful DR programs are for commercial and industrial
customers. As residential demand takes up to almost 40%
of the U.S. electricity consumption [10], there is a growing
effort in designing residential DR in both academia and
industry. In a typical residential DR program, there is a DR
aggregator such as a utility company requests load changes
from users, for example, by changing the temperature set
points of the air conditioners. To encourage users’ partici-
pation, most of the residential DR programs use incentive
schemes such as prices, rewards, coupons, raffles, etc, under
the assumption that customers are price responsive [7]-[9].
However, because the average monetary reward budget for
single household is usually small, it is reported that rewards
play a limited role for users to decide whether to participate
in or opt out of a DR program [8].

On the other side, there are many factors besides rewards
that affect residential user decisions, such as house size and
type, household demographics, outdoor humidity and tem-
perature, people’s lifestyles, etc. However, the DR aggregator
has limited knowledge of these factors. It is also unclear
how these factors will affect people’s DR action. Moreover,
people with similar factors might react to the same DR
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signal in very different ways. These intrinsic, heterogeneous
uncertainties associated with the residential customers call
for learning approaches to understand and interact with the
customers in a smarter way.

Multi-armed bandit (MAB) emerges as a natural frame-
work to handle such uncertainties [11], [12]. In the simplest
setting, MAB considers n independent arms, each providing
a random contribution according to its own distribution at
time 1 < ¢t < T. Without knowing these distributions, a
decision maker picks one arm at each time step, and tries
to maximize the total expected contribution. The decision
maker should decide whether to explore arms to learn the
unknown distribution, or to exploit the current knowledge
by selecting the arm that has been providing the highest
contribution. When the decision maker can select multiple
arms at each time, the problem is referred as CMAB (Com-
binatorial MAB) in literature [13]-[17]. (C)MAB captures a
fundamental tradeoff in most learning problems: exploration
vs. exploitation. A common metric to evaluate the perfor-
mance of (C)MAB learning algorithms is the regret, which
captures the difference between the optimal value assuming
the distributions are known and the achieved value of the
online learning algorithm. A sublinear regret implies good
performance because it indicates that the learning algorithm
eventually learns the optimal solution.

When applying CMAB framework to residential demand
response, we can treat each customer as one arm. Then the
aggregator follows CMAB methods to explore (learn) and
exploit (select) the customers to achieve the goal of its DR
program. There exist studies of DR via (C)MAB [9], [18]-
[20]. However, most literature sets the goal as maximizing
the load reduction for peak hours without considering the
load reduction target and reliability issues.

Our Contributions: In this paper, we formulate the DR
as a CMAB problem whose objective is to minimize the
deviation between the total load adjustment and a target
level for the power system reliability. We consider a large
number of residential customers, each of whom can commit
one unit of load change (either reduction or increase) with an
unknown probability. The task of the aggregator is to select
a subset of the customers to approximate the target level as
close as possible. The size of the subset is not fixed, giving
flexibility to the aggregator to achieve different target levels.
Compared with the classic CMAB literature [13]-[17], a
major difference of our formulation is that the reliability
objective leads to a non-monotonic objective function for the
CMAB problem, making the existing CMAB approaches and
regret analysis inapplicable here.



In order to design our CMAB online learning algorithm,
we first study the corresponding offline combinatorial op-
timization problem assuming the probabilities of customers
are known. Based on the structure of the offline algorithm,
we propose an online algorithm CUCB-Avg (Combinatorial
Upper Confidence Bound-Average) and provide a rigorous
regret analysis. We show that, over 71" time steps, CUCB-
Avg achieves O(log T') regret given a static target and o(T)
regret given a time-varying target. The dependence of regret
in both cases on dimension n (the number of customers) is
polynomial. By simulation, we show that the performance
of CUCB-Avg is much better than the classic algorithm
CUCB [13], [16], [17] and similar to Thompson sampling,
another popular CMAB method which has good empirical
performance but is usually difficult to theoretically analyze
[21]-[23].

Related Work in CMAB. Most literature in CMAB studies
a classic formulation which aims to maximize the total
(weighted) contribution of K arms with a fixed integer K
(and known weights) [12], [14]-[17], [24]. As for more
general problem formulation, Chen et. al. study the monotone
objective function: the objective value function is monoton-
ically nondecreasing with arms’ parameters given a fixed
selected subset [13]. They propose the Combinatorial Upper
Confidence Bound (CUCB) using the principle of optimism
in the face of uncertainty. Another line of work follows the
Bayesian approach. [25] studies a Bayesian learning algo-
rithm, Thompson sampling, for general CMAB problems, but
its analysis is based on several assumptions including finite
prior distribution and the uniqueness of the optimal solution,
and the regret bound consists of a large exponential term.

However, our CMAB problem with the reliability objective
function does not satisfy the conditions of monotonicity
or the uniqueness of the optimal solution, and a properly
selected prior distribution for our problem may not satisfy the
assumption in [25]. Therefore, either the learning approaches
or the analysis in current literature do not suit our CMAB
problem, motivating us to design new CMAB algorithms.

Organization of the Paper. Section II introduces the prob-
lem formulation. Section III introduces an offline algorithm
and an online algorithm CUCB-Avg. Section IV studies the
performance guarantee for a time-invariant target. Section V
studies the performance guarantee for a time-varying target.
Section VI provides the simulation results.

Notations. Given a set E, and a universal set U, the
complement of set E' is denoted as E, the cardinality of set
E is |E|. For any positive integer n, let [n] = {1,...,n}.
Let Iz(x) denote the indicator function on set U such that
Ig(zx) = 1ifx € FE and Ig(x) = 0 if z ¢ E. When
k = 0, the summation Zle a; = 0 for any a;, and the set
{o(1),...,0(k)} = 0 for any o(¢). Finally, we define the
big-O and small-o notations. For z = (z1,...,7;) € R,
we write f(x) = O(g(x)) as x — +oo if there exists a
constant M such that |f(z)] < M]|g(x)| for any x such
that z; > M Vi € [k]; and we write f(z) = o(g(x)) if
lim, 400 f(z)/g(x) = 0. We usually omit the phase “as
r — +o0” for simplicity. When studying the asymptotic

behavior near zero, we consider the inverse of x.

II. PROBLEM FORMULATION

Motivated by the discussion in the previous section, we
will formulate the DR as a CMAB problem in this section.
We focus on the load reduction to illustrate the problem. The
load increase can be treated in the same way.

Consider a demand response (DR) program with an ag-
gregator and n residential customers (arms) over 7' time
steps where each time step corresponds to one DR event.!
Each customer may respond to a DR event by reducing one
unit of power consumption with probability 0 < p; < 1, or
not respond at all. The demand reduction by customer ¢ at
time step ¢ is denoted by X, ;, which is assumed to follow
Bernoulli distribution: X ; ~ Bern(p;) and is independent
across time?.

At each time 1 < ¢t < T, there is a DR event with a
demand reduction target D > 0 determined by the power
system. This reduction target might be due to a sudden drop
of renewable energy generation or a peak load reduction
request, etc. The aggregator aims to select a subset of
customers S; C [n], such that the total demand reduction is
as close to the target as possible. The loss/cost at time ¢ can
be captured by the squared deviation of the total reduction
from the target D:

Ly(Si) = (D Xii— D)’

iE€ES}

Since demand reduction X, ; are random, the goal is to
minimize the expected squared deviation,

in EL . 1
Juin ¢(St) (1)

In this paper, we will first study the scenario where the
target D is time-invariant. Then we will extend the result
to the scenario where the target D, is time-varying to
incorporate different DR signals resulting from fluctuations
of power supply and demand.

When the response probability profile p = (p1,...,pn) is
known, the problem (1) is a combinatorial optimization, and
an offline optimization algorithm is provided in Section III.
The optimal solution is denoted by S;.

In reality, the probabilities of response are usually un-
known. Thus, the aggregator should learn the probabilities
from the feedback of previous demand response events, then
make online decisions to minimize the difference between
the total demand reduction and the target D. The learning
performance is measured by Regret(T"), which compares the
total expected cost of online decisions and the optimal total

'The specific definition of DR event and the duration of each event is
up to the choice of the system designer. Our methods can accommodate
different scenarios.

2For simplicity, we only consider that each customer has one unit to
reduce. Our method can be easily extended to multi-unit setting and/or the
setting where different users have different size of units. But the regret
analysis will be more complicated which we leave as future work.



expected costs in 7" time steps:

Regret(T) = E[) _ Ri(S)] 2)

where R;(S:) = L+(S:) — L(S}) and the expectation is
taken with respect to random X, ; and possibly random S;.

The feedback of previous demand response events includes
the responses of every selected customer, ie., {X;;}ics,.
Such feedback structure is called semi-bandit in literature
[13], and carries more information than bandit feedback
which only includes the realized cost L;(.S;).

Lastly, we note that our problem formulation can be
applied to other applications beyond demand response. One
example is introduced below.

Example 1. Consider a crowd-sourcing related problem.
Given a fixed budget D, a survey planner sends out surveys
and offers one unit of reward for each participant. Each
potential participant may participate with probability p;. Let
X = 1 if agent © participates; and X;; = 0, if agent i
ignores the survey. The survey planner wants to maximize the
total number of responses without exceeding the budget too
much. One possible formulation is to select subset Sy such
that the total number of responses is close to the budget D,

Iréltn(z X;;— D)?
1€St
Since the participation probabilities are unknown, the survey
planner can learn the participation probabilities from the
previous actions of its selected agents and then try to
minimize the total costs during the learning process.

III. ALGORITHM DESIGN

In this section, we first analyze the offline optimiza-
tion problem and provide an optimization algorithm. Then
we introduce the notations for online algorithm analysis,
and discuss two simple algorithms: greedy algorithm and
CUCB (Combinatorial Upper Confidence Bound). Finally,
we present our online algorithm CUCB-Avg, and provide
intuitions behind the algorithm design.

A. Offline Optimization

When the probability profile p is known, the problem (1)

becomes a combinatorial optimization problem:
. . 2
EREHS @ pQ p o D ) n o) O
€S i€S

Though combinatorial optimization is NP-hard in general and
only has approximate algorithms, the problem (3) admits a
simple optimal algorithm, as shown in Algorithm 1. Roughly
speaking, Algorithm 1 takes two steps: i) rank the arms
according to p;, ii) determine the number k£ according to
the probability profile p and the target D and select the top
k arms. The output of Algorithm 1 is denoted by ¢(p, D)
which is a subset of [n]. In the following theorem, we show
that such algorithm finds an optimal solution to (3).

3Strictly speaking, this is the definition of pseudo-regret, because its
benchmark is the optimal expected cost: minstg n) E L¢(St), instead of
the optimal cost for each time, i.e. ming, c[n) Lt JSt).

Algorithm 1: Offline optimization algorithm

1: Inputs: n, p1,...,pn, D >0
2: Rank p; in a non-increasing order:

Po(1) > 2> Po(n)
3: Find the smallest £ > 0 such that

k
Y oy > D —1/2
i=1
or k=nif
i=1

Ties are broken randomly.
4: Ouputs: ¢(p, D) = {o(1),...,0(k)}

Theorem 1. For any D > 0, the output of Algorithm I,
&(p, D), is an optimal solution to (3).

Proof Sketch. We defer the detailed proof to Appendix A
and only introduce the intuition here. To solve (3), we need
two things: i) the total expected contribution of S, ), ¢ ps,
is closed to the target D, ii) the total variance of arms in S
is minimized. i) is guaranteed by Line 3 of Algorithm 1: it is
easy to show that [ 3, s, p) pi—D| < 1/2.1i) is guaranteed
by only selecting arms with higher response probability, as
indicated by Line 2 of Algorithm 1. The intuition is given
below. Consider an arm with large parameter p; and two
arms with smaller parameters ps, p3. To make analysis easier,
we assume p1 = ps + ps. Thus replacing p; with po, ps will
not affect the first term in (3). However,

p1(1 —p1) < p2(l —p2) +p3(1 — p3)

by p? = (p2 +p3)? > p3 + p3. Therefore, replacing one arm
with higher response probability by two arms with lower
response probabilities will only increase the variance. O

Remark 1. There might be more than one optimal subset.
Algorithm 1 only outputs one of them.

Corollary 1. When D < 1/2, ¢(p, D) = 0 is optimal.

Notice that when D < 1/2, the optimal subset ¢(p, D) =
() does not depend on p. Therefore, in the online setting, we
can always find an optimal subset for D < 1/2 even without
any knowledge of p.

B. Notations for Online Algorithms

Let p;(t) denote the sample average of parameter p; by
time ¢ (including time t), then

1
w2

TEI;(t)

pi(t) =

where I;(t) denotes the set of times steps when arm 7 was
selected by time ¢ and T;(¢t) = |I;(t)| denotes the number
of times that arm ¢ has been selected by time t. Let p(t) =



(p1(t),...,pn(t)). Notice that before making decisions at
time ¢, only p(t — 1) is available.

C. Two Simple Online Algorithms: Greedy Algorithm and
CUCB

In this subsection, we introduce two simple algorithms:
greedy algorithm and CUCB, and explain why they perform
poorly in our problem.

Greedy algorithm is initialized by selecting every arm
at time ¢ = 1. It then uses the sample average of each
parameter p;(¢t — 1) as an estimation of unknown probability
p; and chooses a subset based on the offline oracle described
in Algorithm 1, ie. S; = ¢(p(t — 1), D). The greedy
algorithm is expected to perform poorly because it only
exploits the current information, but fails to explore the
unknown information, as demonstrated below.

Example 2. Consider two arms with parameters p1 > po.
The goal is to select the arm with the higher parameter.
Now, suppose after some time steps, we have explored the
suboptimal arm 2 for enough times, such that the sample
average provides a good estimation Dy = Do, but haven’t
explored the optimal arm 1 enough so that the sample
average is under-estimated: p; < pa2 < pi. If we apply
greedy algorithm, we will keep selecting the suboptimal arm
2 based on current information: p1,po, but fails to explore
arm 1’s information. As a result, the regret will be O(T).

A well-known algorithm in CMAB literature that balances
the exploration and exploitation is CUCB [13], [17]. Instead
of using sample average p directly, CUCB modifies the
sample average by adding a confidence interval radius,

U() = min(t = 1)+t @

where « is a positive parameter of the algorithm. Then
CUCB applies the offline oracle S; = ¢(U(t), D) where
Ut) = (Ui(t),...,Upn(t)). Us(t) is restricted to [0,1] in
case U(t) is outside the domain of the oracle ¢. U;(t) is
also known as the upper confidence bound of p;, and is
restricted to [0, 1] allows the algorithm to balance exploration
and exploitation, because it carries the information of both
the sample average, and the number of exploration times
T;(t —1). CUCB performs well in classic CMAB problems,
such as maximizing the total contribution of K arms for a
fixed number K [13], [17].

However, CUCB performs poorly in our problem, as
demonstrated by simulations in Section VI. The major prob-
lem of CUCB is the over-estimation of the arm parameter
p. By choosing S; = ¢(U(t), D) based on upper confidence
bounds, CUCB selects less arms than needed, which not only
results in a large distance between the total load reduction
and the target, but also discourages exploration.

D. Our Proposed Online Algorithm: CUCB-Avg

Based on our discussion above, we propose a new algo-
rithm, CUCB-Avg. The novelty of our algorithm is that it
utilizes both sample averages and upper confidence bounds
by exploiting the structure of the offline optimal algorithm.

Algorithm 2: CUCB-Avg

1: Notations: T;(t) is the number of times selecting
arm ¢ by time ¢, and p;(t) is the sample average of
arm 7 by time ¢ (both including time ¢).

2: Inputs: o > 2, D

3. Initialization: At ¢t = 1, play S; = [n], compute
T;(1), pi(1) according to the observation { X1 ;}icn]

4 fort=2,...,7T do

Compute the upper confidence bound for each i:

U;(t) = min(p;(t — 1) + m’ 0

6:  Rank U;(t) by a non-increasing order:

Ua(t,l)(t) > 2 Ua(t,n)(t)'
7:  Find the smallest k; > 0 such that

k¢
Zﬁa(t,i)(t —-1)>D~-1/2

i=1

w

or ky = n if 357 Pop(t —1) <D —1/2.
8. Play S; = {o(t,1),...,0(t, k) }. Update T;(t)
and P;(t) according to the observation {X;;}ics,
9: end for

We note that the offline algorithm 1 selects the right subset
of arms in two steps: i) rank (top) arms, ii) determine the
number £ of the top k arms to select. In CUCB-Avg, we use
the upper confidence bound U;(¢) to rank the arms in a non-
increasing order. This is the same as CUCB. However, the
difference is that our CUCB-Avg uses the sample average
Pi(t — 1) to decide the number of arms to select at time ¢.
The details of algorithm are given in Algorithm 2.

Now we explain why the ranking rule and the selection
rule of CUCB-Ave are expected to work for our problem. The
ranking rule is determined by U;(t) and an arm with larger
U;(t) is given a priority to be selected at time ¢. We note
that U;(¢) is the summation of two terms: the sample average
Pi(t —1) and the confidence interval radius that is related to
how many times the arm has been explored. Therefore, if an
arm i) has a small T;(¢t—1) indicating that arm ¢ has not been
explored enough or ii) has a large p;(¢ — 1) indicating that
arm ¢ might have larger parameter p;, then arm ¢ tends to
have a larger U;(¢) and thus is given a priority to be selected.
In this way, CUCB-Avg selects both under-explored arms
(exploration) and arms with large parameters (exploitation).

When determining k, CUCB-Avg uses the sample aver-
ages and selects enough arms such that the total sample
average is close to D. Compared with CUCB which uses
upper confidence bounds to determine k, our algorithm se-
lects more arms, which reduces the distance between the total
reduction and the target, and also encourages exploration.

IV. REGRET ANALYSIS

In this section, we will prove that our algorithm CUCB-
Avg achieves O(log T') regret when D is time invariant.



A. The Main Result
The next theorem upper bounds the regret of CUCB-Avg.

Theorem 2. Consider n arms with parameter p =
(p1,-.-,pn) over T time steps. There exists a constant
€0 > 0 determined by p and D, such that for any o > 2, the
regret of CUCB-Avg is upper bounded by

2n )+ aMnlogT
-2 22

where M = max(D?, (n — D)?).

Regret(T) < M (1 + " (5)

Before the formal proof, we make a few comments.

Regret Bound. The regret bound in (5) is O(n3logT)
because M ~ O(n?) and ¢ is a constant determined by
p and D. The bound is referred as distribution-dependent
bound in literature as p is invariant with horizon 7' [12].

Choice of a. o shows up in two terms: iMfg and %

The first term grows when « decreases, and the seocond
one decreases when « decreases. Since the second term is
O(log T') while the first term is constant with respect to 7T,
« should be chosen to be close to 2 when 7' is large.

Role of ¢;. We defer the explicit expression of ¢p to
Appendix C and only explain the intuition behind ¢( here. To
start with, we explain why the upper bound in (5) decreases
when ¢y increases. Roughly speaking, €y is a robustness
measure of our offline optimal algorithm, in the sense that
if the probability profile p is perturbed to be p by ¢y (i.e.,
|pi — pi| < €o for all 7), Algorithm 1’s output ¢(p, D) would
still be optimal for the true profile p. Intuitively, if ¢ is
large, the learning task is easy because we are able to find
an optimal subset given a poor estimation, leading to a small
regret.

To give a rough idea of what factors will affect the
robustness measure €y, we provide an explicit expression of
€9 under two assumptions in the following proposition.

Proposition 1. If the following two assumptions hold,
(Al): p; are positive and distinct: py(1) > -+ > Po(n) > 0
(A2): There exists k > 1 such that

k
Zpo—(i) >D-1/2
i=1

k—1
Zpg(i) <D-1/2
=1

then the €q in Theorem 2 can be determined by:

.01 02 Ay
= min(=, 22, =k 6
€0 mm(kz’k’Z) (6)
where
k= lo(p, D)l
k
> poy =D —1/2+4,
- ™

k1
D poy =D —1/2— 0y,
i=1

Ai = Po(iy = Po(it1),Vi=1,...,n—1

We defer the proof to Appendix B and only make two
comments on the proposition here. Firstly, it is easy to verify
that Assumptions (Al) and (A2) imply ¢y > 0. Secondly,
we verify that €y defined in (6) is the robustness measure.
Essentially, we need to show that if Vi, |p; — p;| < eo,
we have ¢(p, D) = ¢(p, D) = {c(1),...,0(k)}. We prove
this in two steps. Step 1: when ¢y < %, the k arms with
higher p; are the same k£ arms with higher p; because for any
I1<i<kand k+1<j<n,wehave p,;) > pyr)— €0 =
Do(k+1) T €0 > Do(j)- Step 2: because g < %, %, we have
DY Pot) > Y (Po(o) —€0) = D = 1/24 81 — keo >
D —1/2 and i) Y0 oy < Y0 (Pogi) + €0) = D —
1/2 — 02 + (k —1)eg < D —1/2 Thus, we have shown that
65, D) = {o(1),...,o(k)}.

Finally, we briefly discuss how to generalize the expres-
sion of €y in (6) to the case without (Al) and (A2). When
(A1) does not hold, we only consider the gap between the
arms that are not in a tie, i.e. {A;| A; >0, 1 <i<n-—1}
When (A2) does not hold and Zi:ll Poi) = D —1/2, we
consider less than &k — 1 arms to make the total expected
contribution below D — 1/2. For the explicit expression of
€9, we refer the reader to Appendix C.

Comparsion with the regret bound of classic CMAB. In
classic CMAB literature whose goal is to select K arms with
highest parameters for a fixed integer K, the regret bound
depends on %‘ [17]. We note that ATK plays the same role
as the €y in our problem, as it is the robustness measure of
the classic problem above. That is, given any estimation p
with estimation error at most Ay /2: Vi, |p; —pi| < Ak/2,
the highest K arms with the profile p are the same highest
K arms with the profile p.

In addition, the regret bound in literature is O(f}f/g) as
Ak goes to zero [17], while our regret bound in (5) is
O(%). This difference may be due to technical reasons.

B. Proof of Theorem 2

Proof outline: We will divide the T time steps into four
parts, and bound the regret in each part separately. Then
Theorem 2 is proved by summing up the four regret bounds.

The time steps are partitioned based on event Fy;, and
By (€p), which are defined below. Let E; denote the event
when the sample average is outside the confidence interval
considered in Algorithm 2:

alogt

Ey={3ien], pi(t—1)—pi| > m}

For any ¢ > 0, let B;(e) denote the event when Algorithm
2 selects an arm who has been explored for no more than

& 12‘;% T times:

alogT
) ®
Let €5 > 0 be a small number such that Lemma 3 holds.
Now, we will define the four parts of the 7' time steps,
and briefly introduce the regret bound of each part.
1) Initialization. The regret of initialization at ¢ = 1 is
bounded by a constant (Inequality (9)).

Bi(e) :={3i€ S, st. Ti(t—1) <



2) Time steps when E; happens. The regret is bounded
by a constant because E; happens rarely due to con-
centration properties in statistics (Lemma 1).

3) Time steps when E; and By (o) happen. The regret is
at most O(logT') because Bi(eg) occurs for at most
O(logT) times (Lemma 2).

4) Time steps when E; and By(eo) happen. No regret due
to enough exploration of the selected arms (Lemma 3).

Notice that time steps are not divided sequentially here. For
example, time steps ¢ = 1 and ¢ = 3 may belong to Part 2
while time step ¢t = 2 belongs to Part 3.

Detailed proof: Firstly, we note that for all time steps 1 <
t < T, the regret is upper bounded by

Ri(Sy) < Ly(S;) <max(D? (n—D)>) =M (9)

Thus, the regret of initialization at ¢ = 1 is bounded by M.

The number of time steps in Part 2 is small because the
sample average p;(t) concentrates around the true value p;
with a high probability. In the following, we first state a
classic concentration bound: Chernoff-Hoeffding’s inequality
and then use it to bound the regret when E; happens.

Theorem 3 (Chernoff-Hoeffding’s inequality). Xi,..., X,
i.i.d in [0, 1] with mean i, then
P(| > Xi —mp| > me) < 2e77™ (10)
i=1

Lemma 1. When o > 2,
T

EY IpRi(S:) <
t=2

Proof. By Inequality (9) and the fact I, > 0, we have,

2Mn
a—2

T T

EY IpRi(S:) < MREY I,

t=2 t=2

So we only need to bound E ZtT:z Ig

T
E Z Ig, =Y P(E)

_ alogt
< (t—1) —pil = [ 5

1
alogt
P(lps(t = 1) —pil > \/—Qf Ti(t—1) = 5)

2
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where the first inequahty is by enumerating possible i € [n],
the second inequality is by enumerating possible values
of T;(t — 1): {1,. — 1}, the third inequality is by
Chernoff Hoeffdlng S mequahty, and the last inequality is by
Zt 2 e < fl O

Next, we show Part 3 contributes at most O(log T') regret.

t(“l—a 2"

Lemma 2. For any ¢y > 0,

T
EY  Re(S)(5, 5,0 <

t=2

aMnlogT
26(2)

Proof. By Inequality (9) and the fact I;z, p, ()} = 0

T T
RS, 5,y S MED_ I{p(o))

t=2 t=2

Now, by the definition of B;(ep) in (8), whenever Bi(ep)
happens, the algorithm selects an arm ¢ that has not been

selected for alzo%T times, increasing the selection time
counter T;(t 7) by one. Thus, such event can happen for at
most ozn202g times. O

When E; and B (eo) happen (Part 4), every selected arm is
fully explored and every arm’s sample average is within the
confidence interval. As a result, CUCB-Avg selects the right
subset and hence contributes zero regret. This is formally
stated in the following lemma.

Lemma 3. There exists ¢¢ > 0, such that for each
1 <t < T, if E;, and By(ey) happen, CUCB-Avg se-
lects an optimal subset, i.e., S is optimal. Accordingly,
E Ri(St)I{E, B, () = 0, where the expectation is taken
with respect to the algorithm history by time t — 1: F;_1 =
{STa {X'r,i}iGST E:—;11

Proof Sketch: We defer the proof to Appendix B and C and
sketch the proof ideas here, which is based on two facts:
Fact 1: when E; and B(e) happen, the upper confidence
bounds can be bounded by

Ui(t) > p;, Vi€ [n]
and the confidence bounds of the selected arm j satisfy

p;(t —1)

Fact 2: when ¢y is small enough, CUCB-Avg selects an
optimal subset.

To get the intuition for Fact 2, we assume Assump-
tion (Al) and (A2) in Proposition 1 hold and consider
the expression of ¢y by (6). We also denote ¢(p, D) =
{o(1),...,0(k)}. In the following, we roughly explain why
the selected subset S; is optimal given ¢y defined in (6):

i) By e < A’“ , we can show that the selected subset S,
is either a superset or a subset of the optimal subset
{o(1),...,0(k)}

ii) By ey < 91/k, we can show that we will not select

more than k£ arms, because, informally, even if we

underestimate p;, the sum of arms in {o(1),...,0(k)}

is still larger than D — 1/2.

By ¢y < d2/k, we can show that we will not select

less than k& arms, because, informally, even if we over-

estimate p;, the sum of k—1 arms in {o(1),...,0(k)}

is still smaller than D — 1/2.

As a result, S; = {o(1),...,0(k)} according to Line 7 of
Algorithm 2. O

—pj| < €g, Uj(t) < pj + 2¢p, Vj € S;.

iif)



Finally, we prove Theorem 2 by summing up the bounds:

T
Regret(T) =ERi(S1) +E Y Ri(S) (g,
t=2

T T
+EY R(S)I(5, By +E D RSB, Bueo))

t=2 t=2

2Mn  aMnlogT

<
SM+ oa—2 2€2

O

V. TIME-VARYING TARGET

In practice, for each DR event ¢, the reduction target
D; > 0 might be different. Thus, it is worth studying the
performance of CUCB-Avg given the time-varying target. In
the following, we will show how to extend CUCB-Avg to
the time-varying case, then provide a sublinear regret bound.

The adaptation of Algorithm 2 to time-varying case is
straightforward. At each time ¢, the decision maker uses the
current target D; to run the algorithm by letting D = D;.

Next, we will analyze the regret of CUCB-Avg in time-
varying case. Notice that we impose no assumption on the
dynamics of D, except that it is bounded, which is almost
always the case in practice.

Assumption 1. There exists a finite D > 0 such that
0<D,<D, V1<t<T

The next Theorem provides an upper bound of the regret
of CUCB-Avg, the proof of which is deferred to Appendix
D.

Theorem 4. Suppose Assumption 1 holds. For any o > 2,
the regret of CUCB-Avg is upper bounded by

Wl

_ 2M _
Regret(T) < M + T—Z +9n2 (MlogT)* Ts
_ 1
—|—6n(MlogT)3T%
aMnlogT an , - Lo

A2i A; > 0} and M = max(D?,n?).

ol

+ max(

where 8 = min{

We defer the proof to Appendix D and make some
comments here.

Discussion of ). We note that M is the upper bound on the
single-step regret R;(S;) given any possible target D; and
realization of X ;.

Regret bound. The dominating term of 1the regret with
respect to T is (6n + %) (MlogT)? T3, which is
O(n®/31og(T)'/3T?/3) by M ~ O(n?). The dominating
term with respect to n is 9n® (MlogT)® T's, which is
O(n'%31og(T)?/3T"/3) by M ~ O(n?). In total, the regret
bound is O(n®/3log(T)'/3T?/3 4+ n'9/310g(T)?/3T1/3).
The regret bound is worse than the bound given a static
target because D, can change in an adversarial way. When
Dy is randomly generated, the regret is usually much better
than the worst case regret bound, as shown in Section VI.

x10% 10 210°

== CUCB
12 CUCB-Avg
=== Thompson sampling

14

==CUCB
CUCB-Avg
8 | m==Thompson sampling

Regret

0
o° 10" 102 10° 10’ 102
Time Time

(a) Static case (b) Time-varying case

Fig. 1: The figures compare the regret of CUCB, CUCB-
Avg and Thompson sampling. In both cases, CUCB-Avg has
O(logT) regret, greatly outperforms CUCB, and performs
similarly to Thompson sampling.

Role of . B captures the gap between any two arms with
similar mean values. Roughly speaking, it plays a similar
role to € in the static case. Intuitively, when 3 is small, the
learning task is difficult because our algorithm cannot rank
the arms correctly without a good estimation. Thus a smaller
[ results in a larger regret, which aligns with Theorem 4.

VI. NUMERICAL EXPERIMENTS

In this section, we numerically study the performance of
CUCB-Avg for residential DR, and compare it with classic
bandit algorithms such as CUCB and Thompson sampling
[13], [21]. We will show that CUCB-Avg performs much
better than CUCB and similarly to Thompson sampling.

A. Thompson sampling

Thompson sampling is a Bayesian algorithm that views
the unknown probability vector p as a random vector with
a prior distribution. It is fundamentally different from all
the algorithms mentioned above, which all view p as an
unknown but deterministic vector. Thompson sampling is
well-known for its good empirical performance in classical
CMAB problems [22], [23], [25], thus it is worth comparing
our algorithm with Thompson sampling by simulation for our
problem. The theoretical analysis of Thompson sampling is
both limited and complicated, thus we leave for future work
the regret analysis of Thompson sampling for our problem.

For the reader’s convenience, we briefly explain the algo-
rithm procedures here. Thompson sampling first selects the
subset S; based on sample p; from the prior distribution at
t = 1 (or the posterior distribution at ¢ > 2 ) and the offline
oracle ¢: S; = ¢(p, D), then updates the posterior distribu-
tion by the feedback from the selected subset, { X ;}ics,.
For more details, we refer the reader to [21].

B. Time-invariant target D

This section studies a residential DR program with a time-
invariant load-reduction target. Specifically, we consider n =
100 customers, whose response probability p; is uniformly
randomly drawn from [0, 1] for all i. Let the load-reduction
target be D = 35 units, and the time horizon be T" = 100.
Set the algorithm parameter as o = 2.1.

Figure la plots the regret of CUCB, CUCB-Avg and
Thompson sampling with a logarithmic scale for the x-axis



based on 200 independent simulations. The prior distribution
of p is chosen to be the uniform distribution on [0, 1]".
Firstly, the figure shows that the regret of CUCB-Avg is
linear with respect to log(7"), which matches our theoretical
result in Theorem 2. In addition, the classic algorithm CUCB
performs poorly in our problem, generating regret almost
linear in 7. This is aligned with our intuition in Section
III. Finally, the figure shows that CUCB-Avg and Thompson
sampling have similar performance. In this scenario, CUCB-
Avg performs slightly better, but we note that there exist
other scenarios where Thompson sampling is slightly better.

C. Time-varying target D,

This section studies a DR program with time-varying
load-reduction targets. Specifically, we consider n = 100
customers, whose mean value p; is uniformly randomly
drawn from [0, 1] for all ¢ € [n]. Let time horizon be T' =
300. Consider target D; to be independently uniformly drawn
from [10, 30]. Set the algorithm parameter as o = 2.05.

Figure 1b plots the regret of CUCB, CUCB-Avg and
Thompson sampling with a logarithmic scale for the x-
axis based on 200 independent simulations. The prior dis-
tribution of p is chosen to be the uniform distribution on
[0, 1]™. Interestingly, the figure shows that CUCB-Avg still
guarantees O(log(T")) regret in the time-varying case, better
than the regret upper bound O(T' (log T')3) in Theorem 4.
This is because the regret bound in Theorem 4 considers
the worst case scenario of D,. The regret can be much
better when D; does not behave adversarially, as in our
experiment. In addition, we see that CUCB-Avg generates
larger regret than Thompson sampling at the first 6 time
steps. This is because CUCB-Avg conducts more exploration
at the beginning. Finally, similar to the static case, Figure
1b shows the poor performance of CUCB, and the similar
performance of CUCB-Avg and Thompson sampling. In this
scenario, CUCB-Avg performs slightly better, but there exist
other scenarios where Thompson sampling is slightly better.

VII. CONCLUSION

In this paper, we study a combinatorial multi-armed bandit
problem motivated by residential demand response with the
goal of minimizing the difference between the total load
adjustment and a target value. We propose a new algorithm
CUCB-Avg, and apply it to both static and time-varying
cases. We show that when the target is time-invariant, CUCB-
Avg achieves O(logT) regret. When the target is time-
varying case, our algorithm achieves o(T") regret. The numer-
ical results also confirm the performance of the algorithm.
Future work includes 1) studying the performance guarantee
of Thompson sampling, 2) deriving the lower bound of
the regret for our problem, 3) generalizing the model to
handle dynamic population and other load reduction models
of customers, e.g. continuous distribution, Markov processes.
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APPENDIX
A. Proof of Theorem 1

Only in this subsection, we assume p; > > Pn
to simplify the notation. This will not cause any loss of
generality in the offline analysis. In other parts of the
document, the order of pq,...,p, is unknown, and we will
USe Py(1) = - Po(n) to denote the non-increasing order of
parameters.

Since adding or removing an arm ¢ with p; = 0 will not
affect the regret, in the following we will assume p; > 0
without loss of generality .

The proof of Theorem 1 takes two steps.

1) In Lemma 4, we establish a local optimality condition,
which is a necessary condition to the global optimality.

2) In Lemma 5, we show that there exists an optimal
selection S* which includes first £ arms with an un-
known k. Then we can easily show that the Algorithm
1 selects the optimal k.

We first state and prove Lemma 4.

Lemma 4. Suppose S* is optimal and p; > 0 for i € S*.
Then we must have

S m<D-1/2, Vjes
i€s*—{j}
If S* # [n], then we will also have
Y pizD-1/2
i€S*
Proof. Since S* is optimal, removing an element will not
reduce the expected loss, i.e.

EL(S*) <EL(S" - {j})
which is equivalent with
EL(S*) —EL(S" - {j})

= (2 pi—2D —pj)p; +p;i(1-p;)
i€8*

=(2> pi—2D+1—2p)p; <0
1€S*

Since p; > 0, we must have
> pi<D-1/2
i€S*—{j}

If S* # [n], then adding an element will not reduce the
cost. So we must have

EL(S") <EL(S*U{j}), Vjig¢S
which is equivalent with
EL(S*) ~EL(S" U{j})

=—(2)_ pi—2D+p;)p; —p;(1 - p;)
€S

“One way to think about this is that we only consider subset S such that
p; >0forieS.

=—(2) pi—2D+1)p; <0
1€S*

Since p; > 0, we must have

> pi=D-1/2

i€S*

Corollary 2. When D < 1/2, the empty set is optimal.

Proof. Suppose there exists a non-empty optimal subset S #
(). Then

> piz0>D-1/2, Vjes
i€S*—{j}

which results in a contradiction by Lemma 4. O

Corollary 3. When > p; < D —1/2, the optimal subset
is [n].

Proof. Suppose there exists an optimal subset S # [n]. Then

n

dopi<d p<D-1/2

ieS* i=1
which results in a contradiction by Lemma 4. O

Next, we are going to show that there must exist an optimal
subset containing all elements with highest mean values. This
is done by contradiction.

Lemma 5. When D > 1/2 and Y__ p; > D — 1/2, there
must exist an optimal subset S* whose elements’ mean values

are q1 > -+ > Qm, Such that for any p; > qm, we have
1€ 5™

Proof. Let’s prove by construction and contradiction. Con-
sider S*, assume there exists p; > ¢,, but i & S*. In the
following, we will ignore other random variables outside
S*U{i} because they are irrelevant. Now, we rank the mean
value {q1,...,Pi,...,qm,} and assume that p; is the jth
largest element here. To simplify the notation, we will call
the newly ranked mean value set as

P12 2 Pj—1 2 Pj 2 DPj+l = 2 Dmetl

The mean values of random variables in S* are
{p1,-- - Pj—1:Pj+1,-- s Pms+1} (used to be called as
{q1,-..,qm}) and the injected element (used to be denoted
as p;) now is called p;. Under this simpler notation, we
proceed to construct a subset of top k£ arms with some k
whose expected loss is no more than the optimal expected
loss.

Construct a subset A in the following way. Pick the
smallest k£ such that

k
> pi>D-1/2
i=1

k—1
Y p<D-1/2
i=1



Then let A = {1,...,k}. It is easy to see that k > j. ( Since
S* is optimal, by Lemma 4, excluding any element will go
below D — 1/2, so k must include the newcomer j to be
beyond D — 1/2.)

We claim that EL(A) < EL(S*). Since EL(S*) is
optimal, we must have EL(A) = EL(S*) and A is also
optimal. Then, we can construct a new subset A; with the
same rule above. Since there are only finite elements, we
can always end up with an optimal set A which includes
variables with the highest mean values. Then the proof is
done.

The only remaining part is to prove E L(A) < E L(S*).
Denote

k
i=1

m+1

Z pi=D—-1/2+49,
i#7,1=1

By construction of k, d; € (0,p;]. By Lemma 4, §, €
[0, prat1]- So we have

k m—+1 m—+1
sz'— Z Di =Dj — Zpi=5x—5y
i=1 i, i=1 i=k+1

Now let’s do some simple algebra and try to prove
EL(A) — EL(S*) < 0. Basically, we are trying to write
EL(A)—E L(S*) with §, d, defined above and then bound
it using bounds of J, Jy,

EL(A) —EL(S*) sz (11
k m+1 m-+1
>opil=p)=( > pi—=DP—= > pi(l—p)
i=1 1757,1 1 i#j, 1=1
(12)
m+1
Zpl D+ Y pi- (13)
i#£7,1=1
m—+1
sz D- Y pi+D) (14)
i#7,1=1
m—+1
+pi(l=p) = Y pi(l—p) (15)
i=k+1
m—+1 m—+1
:(5z+6y_1)(5x_6 +pj Z pi + Z pf_p?
i=k+1 i=k+1
(16)
m—+1
= (62 + 0y —1)(65 — 0y) + 62 — 0y + Z p? —p?
i=k+1
a7
m+1
= (6: +4y) + > -1 (18)

i=k+1

m—+1 m+1
i=k+1 i:k+1
(19)
m—+1
= (8o +6y) + > n (20)
i=k+1
m—+1 m—+1
— (>0 i)+ (6 =0, +2(6: = 6,) > pi| @D
i=k+1 i=k+1
m+1
= (6, = 0,)(0x + 0, — 6, +3,—2 > pi) (22)
i=k+1
m+1 m+1
+ ) =) m) (23)
i=k+1 i=k+1
m-+1 m—+41 m+1
= (06,026, -2 3 p)+ Y - (Y )
i=k+1 i=k+1 i=k+1
(24)

Now, we first notice that 6, < py,+1 < Z:’j,;lﬂ Di, SO

m—+1
(20, — 2377 pi) < 0.
Also notice that

m—+1 m—+1
dopi—() p)<0
i=k+1 i=k+1

since p; > 0.

Case 1: §, > §,. In this case, (24)< 0 is stralghtforward
Case 2: i, < 5 In this case, pp+1 < p;j < ZZ ka, So
we must have m — k > 1. Since (20 Z:’iilpl) <0,
we can decrease §, to 0

m+1 m—+1 m+1
24) < =6,(20, -2 > p)+ Y pi—( Y. i)’
i=k+1 i=k+1 i=k+1

=RHS

RHS is a quadratic function with respect to 6, and it is
m+1

S Pi

5 ]. Since m—k > 1, we

increasing in the region [0,
have
m—+1
> 2ui=k+1Pi
2

So the highest possible value is reached when §, = D 41.
Plugging this in RHS, we have

(pm—i-l +pm)/2 > Pm+1 > 51/

RHS
m—+1 m—+1 m—+1
< Pmi1(2mi1 =2 > pi)+ Y i (> pi)
i=k+1 i=k+1 i=k+1
m—+1 m+41 m—+1
= _2p72n+1 +2( Z Pi)Pm+1 + Z pz2 —( Z pi)2
i=k+1 i=k+1 i=k+1
m—+1 m m
= ( Z pi)(p7n+1 - Z pz) 7p3n+1 + Zp?
i=k+1 i=k+1 i=k
m m m
= (Pm+1+ Zpi)(perl - Z Pi) = Py + ZP?
i=k i=k+1 i=k



m m
= Phyi1 — (ZPQQ ~ D1 ZP?
i—k i—k

:pr—(Zpi)Q <0 Since p; > 0
i=k i=k

Thus we have shown that
EL(A)—EL(S*) <0
O

Now, given Lemma 4 and Lemma 5, we can prove
Theorem 1.

Proof of theorem 1: When D < 1/2 or Y. p; < D —
1/2, see Corollary 2 and Corollary 3.

When D > 1/2 and >, p; > D — 1/2, by Lemma 5,
there exists an optimal subset S* = {1,...,k} for some k,
i.e. containing the first several arms with largest mean values.
Since S* is optimal, we must have, by Lemma 4, that

k
> pizD-1/2
i=1

k-1
Zpi <D-1/2
i=1

If Zle p; > D—1/2, then S* is the output of Algorithm
1, so the output of Algorithm 1 is optimal.
If Zle p; = D — 1/2, then it is easy to show that
EL({L,...,k})=EL{1,...,k+1}).So {1,... k+
1} is also optimal. The output of Algorithm 1 is
{1,...,k + 1}. So the output of Algorithm 1 is still
optimal.
O

Corollary 4. If Zi:ll p; = D — 1/2, then the subset
{1,...,k =1} and {1,...,k} are both optimal.

Corollary 5. If D < 1/2, the empty set is optimal.

B. Proof of Lemma 3 with Assumption (Al) and (A2) and
proof of Proposition 1

In order to prove Lemma 3, we first introduce some
properties of the algorithm-selected subsets according to the
algorithm rules in Lemma 6, then provide the formal proof.

Lemma 6 (Properties of CUCB-Avg’s Selection). Given any
realization of Fi;_1 (now every thing is deterministic), if
Sy = s for some deterministic subset s C [n], we have the
following:
o Yicshi>D—1/20r s =[n]
o Define  imin = arg min,c, U, (),
Zies_{imm}pi <D- 1/2
o Forany j € s and any i € [n| such that U;(t) > U,(t),
i€ s

then

Proof. The proof becomes trivial when we fix F;_1. [

Proof of Lemma 3 given Assumption (Al) and (A2):

We will prove Lemma 3 using the explicit expression
given in Proposition 1. The proof of Proposition 1 follows
naturally.

Step 1: Given E;, B;(cg), either S; C S* or S* C S;:

We prove this by contradiction. Suppose there is a realization
of F;_1 such that E; and By(e) hold, but S; ¢ S* and
S* ¢ S;. Fix this realization of F;_1, then there exists j €
Sy — 8%, i€ §*—S,. We will show that U;(t) > U;(t), then
by Lemma 6, we have i € S; which leads to contradiction.

_ alogt
Ui(t) = pi(t — 1 _as
> pi

2 Do(k) (by i € S*, o(k) is the smallest one)

alogt

—_— by definiti
T, —1) (by definition)

alogt
2T5(t—1)
< p; +2€ (by j € S;, and definition of By(eg))
< Po(k+1) + 2€0 (by 7 &€ S*, o(k+1) is the largest)
Po(k) — Po(k+1)
2

<pj+2 (by definition of Ep

< Po(k+1) +2
< Poky < Ui(t)
Step 2: Given Ey, By(c), S; S S* is impossible: We prove

this by contradiction. Suppose S; & S*, then S; # [n]. We
can show that

Zﬁz’(t -1)

1€ESy

< Z (pi +
1€ES:
< Z (pi + €0)

1€ESy
k—1
<Y (Poti) + <o)
=1
<D—1/2 s+ (k- 1)e

A
(by definition ¢y < Tk)

alogt _
1 by E
2ﬂ(t—1)> Yo

by By(eo)

St ;S* but St;ﬁS*

by definition of J,

by definition of €g, €9 < ?2

1) > D —1/2, which

<D-1/2

However, by Lemma 6, ), s, pi(t —
leads to a contradiction.
Step 3: Given Ej, Bi(ep), S* & S; is impossible: We
prove this by contradiction. Suppose S* & S;, so S* #
[n], so Y7 pi > D — 1/2. We will show that i, =
arg min;c g {U;(t)} € Sp — S*, and Ziest—{imm}i)i(t -
1) > D —1/2. Then by Lemma 6, we have a contradiction.
Now first we show that i,,;, = argmin,g {Ui(t)} €
S; — S*. We only need to show that for any ¢ € S*, and
j €Sy — 5% U;(t) > Uj(t). The reason is the following.

Us(t) > pi > Do) (by E})
Uj(t) < pj+2e (by E; and By (€p))
Ay

5 (by j & S™ and def of ¢g)

< Po(kt1) T2



<pok) < Ui

Then we show 3, ;4 Di(t—1)> D —1/2 by

> opit-1)

iest_{im,mn}

> > pit-1) (imin € Sp — 5%, S; 2 8%
i€S*

> > (pi — €0) (by Ey)
i€S*

:D—1/2+(51—]€60

>D—1/2 (def of €p)

Step 4: ]ERt(St)I{Et,Bt(EU)} = 0. By the three steps above,
we have S; = S*, then it is straightforward that

E Ri(St) {5, B.(co)} = ERe(S) (5, Bi(co),5, =571
=ER(S"){5,,B,(co).50=5-3 = 0
O]
C. Proof of Lemma 3 without Assumption (Al) and (A2)

We will first give an explicit expression of €p, then we
will show E R;(S:)I{z, 5,(ep)y = 0 given the new eo.

Without loss of generality, we will consider D > 1/2 due
to Corollary 5.

Now we present the expression of ¢y in the general case.

Definition 1. The ¢y in Lemma 3 can be determined by
0 02 Ak, L’“?)

L'l 27 2
In the following, we define each parameter respectively.
Definition of 11: Let |y be the smallest number of the top

arms such that the total weight is higher than D — 1/2, or
n if the total weight of all arms is no more than D — 1/2

. minGy if Y. pi>D—1/2
e if S pi<D—1/2

where G1 = {1 < k < n| Zlepg(i) > D — 1/2}. Note
that 1 < ly < nwhen D > 1/2. The offline algorithm output
is ¢(p, D) ={o(1),...,0(l)}-

By algorithm design, {o(1),...,0(l1)} is one of the
possible output of the offline optimization algorithm (there
might be other outputs due to the random tie-breaking rule).
Definition of 6,: Let § be the total expected contribution by
o(1),...,0(ly) minus D—1/2. But l; = n is a special case.
When 11 = n, let 61 = n, so that ‘?—11 =1 is large enough to
not affect the definition of «.

5 = {Zi’;lpa(i) - (D-1/2) flh<n

€0 = min(

n ifly=n
Definition of l5: Let I3 be the largest number of the top arms
such that the total weight is less than D — 1/2.

k

lo = max{0 < k < n| Zpo.(i) <D-1/2}
i=1

Note that 0 < Iy < n, and l; > ls. In addition, I, = I if
and only if Iy = lo = n.

Definition of §3: Let 62 be D —1/2 minus the total expected
contribution by o(1),...,0(ly). When ly = 0, let 65 = 1,
then 92 = +o0, which is large enough to not affect the

la
definition of ¢

s J(D=1/2) = poy 221
Tt if ls =0

Definition of A;: Define the gap between two consecutive
arms in the non-increasing order by A;. When i = 0, n, let
it be 2 which is large enough to keep the ey unaffected.

A, = dPo()) ~ Pai+1) fl1<i<n-1
! 2 i=0,n

Definition of ky: Let ki be the arm with the largest index
under the non-increasing order such that the parameter
Do (k) IS the second smallest among py (1), - - -, Po(1,)- When
all arms are in a tie, then k1 = 0.

klzmax{0§i§l1—1| Ai>0}

Definition of ko: Let ko be the arm with the largest index
under the non-increasing order that can be possibly selected
by the offline optimization algorithm. When all arms are in
a tie, then ko = n.

ko = min{l; <i<n| A; >0}

In the following, we will first prove some supportive
lemmas, then provide a proof of Lemma 3.

Lemma 7. For any € > 0 satisfying € < Ay /2 for some k
with 0 < k < n, given E; and By(¢), then we have either
S C{o(1),...,0(k)} or {o(1),...,0(k)} C S;.

Proof. When k = 0,n, it is trivially true.

When 1 < k < n — 1. Suppose there is a realiza-
tion of F;_; such that E; and By(e) hold, but S; ¢
{e(1),...,0(k)} and {o(1),...,0(k)} € S;. Fix this real-
ization of F;_1, then there exists j € S —{o(1),...,0(k)},
i € {o(1),...,0(k)} — St. We will show that U;(t) >
Uj(t), then by Lemma 6, we have ¢ € S; which leads to
contradiction.

alogt

Ui(t) =pi(t — 1 o l. AN i = Do
alogt
Ui(t) =p;(t = 1)+ | 5y
/ ’ 2T (t — 1)
alogt
<p;j+ 2Tj(t_l)<pj+ €

Do (k) — Po(k+1
< Do(k+1) + 26 < Po(rt1) + 2%

< Pory < Uil(t)



Corollary 6. Given E; and Bi(eo), then we have either
Sy ; {c(1),...,0(k1)} or {c(1),...,0(k1)} C S; C
{o(1),...,0(k2)}, or {o(1),...,0(ks)} ; St

Proof. 1t is easy to see that ky < ko by definition, and
by €0 < Ag, /2, ¢ < Ag, /2, then by Lemma 7, it is
straightforward. O

Finally, we are ready to prove Lemma 3.

Proof of Lemma 3: The major part of the proof is to show
that if Fy, B;(eo) happen, then S; must be optimal. Then,
given that S; is optimal, it is easy to prove zero regret at
time ¢.

Now, let’s first prove S; € S} given Ej, B;(¢g), where S*
denotes the set of all possible optimal subsets.

Step 1: prove E; and B(ey) = S; € S*. We will list all
possible scenarios, and prove that in each scenario, when E;
and B(e) hold, we have S; € S*.

Scenario 1: When [; >[5 + 2, then we have
Zéitlpa(i) = 222:412100(1’) = D —1/2, 50 ps(i,42) = 0.
Accordingly, py(;; = 0 for all ¢ > Iy + 2. This leads
to Iy = n. By Corollary 4, one optimal subset is
{o(1),...,0(l2 + 1)}. Besides, other optimal subsets could
also be {o(1),...,0(l2 + 1)} plus some arms with zero
probabilities. In addition, it is easy to see that ko = n and
k1 = Iz + 1 by definition.

By Corollary 6, we have either S; G {o(1),...,0(la+1)}
or{o(1),...,0(la+1)} €S C{o(1),...,0(n)}. Since the
second possible case guarantees S; € S*, we only need to
show that S; G {o(1),...,0(la + 1)} is impossible. This is
done by the following fact:

<D oy +lacg < D —1/2
i=1

Scenario 2: When I; = [, + 1, then we have k1 < Io.
Let’s first discuss the optimal subset S* = ¢(p, D) which
could be {o(1),...,0(l1)}. Clearly, k1 < |S*| < kg. In
addition, po(r,+1) = "' = Po(ky)- Now, we know S*
consists of {o(1),...,0(k1)} together with |S*| — k1 arms
that are in a tie.

In the following, we will show by contradiction that 1)
Sy 2{o(1),...,0(k1)},2) S¢ C{o(1),...,0(ks)}, and 3)
St has exactly |S*| — k; arms with parameter p,(x,+1)-

First, we show that S; C {o(1),...,0(k1)} is impossible
by showing the sum is less than D — 1/2

k1
Yobilt—1) <> Pogp(t—1)
i€Sy =1
l2
<Y pop) +lacg <D —1/2
i=1
Secondly, we show that S; C {o(1),...,0(k2)}. Sup-
pose S; 2 {o(1),...,0(ks)}. First we show that i, =

argmin;c g {U;(t)} € S; — {o(1),...,0(k2)}. We only
need to show that for any i € {o(1),...,0(k2)}, and
Jj €Sy —{o(1),...,0(k2)}, Us(t) > U;(t). The reason is
the following.

Us(t) > Pi > Do (ks)
Uj(t) < pj + 2¢

by E;
by E; and By(e)
Akz
2

S pa(k2+1) + 2
< Po(ky) < Ui(t)

Then we show 3, g ;1 Pi(t—1) > D —1/2, which is
impossible if algorithm selects S;.

ko
Yoo pt—=1) = Po(t—1)

1€St—{imin} i=1

l1 ll
> Zﬁa(i)(t -1)> Zpo(i) —li1€g
i=1 i=1
=D—-1/2+6 —lieg>D—1/2

Thirdly, we need to deal with the ties. It is straightforward
to see that, if we select more or less than |S*| — k; arms
that are in a tie, the sum of parameters is either more than
D —1/2 excluding i,,;,, or less than D —1/2, using the same
trick above.

Scenario 3: When [y = I + 2, then Zi;l Poiy = D —
1/2, and k; < ls + 1. Let’s first discuss the optimal
subset: note that both ¢(p,D) = {o(1),...,0(l1)} and
{o(1),...,0(ly — 1)} are optimal. In addition, we have ties
Po(ki+1) = *** = Do(k,)- Iherefore, an optimal subsets
consists of {o(1),...,0(k1)} together with either I; — kq
or [y —1— k; arms in a tie.

In the following, we will show by contradiction that 1)
Si 2 {o(1),...,0(s)} for s = min(ki,lz), 2) Sy C
{o(1),...,0(ke)}, and 3) S; has either I; —k; or [y —1—k1
arms with parameter p, (i, 41)-

Firstly, we can easily show that S; C {o(1),...,0(s)} #
[n] is impossible for s = min(ky,l2). This is done by
showing the sum is less than D — 1/2

s lo
Zf)o(z‘) < Zpa(i) +locg < D —1/2
i=1 i=1

Secondly, we can also show that Sy 2 {o(1),...,0(ks)}
is impossible using the same proof in Scenario 2.

Thirdly, we need to deal with the ties. It is straightforward
to see that, if we select more or less than the needed tieing
arms, the sum of weights is either more than D — 1/2
excluding 4., or less than D — 1/2, using the same trick
above.

Step 2: prove ER,(S:)I(z, p,(e); = 0- Notice that E;
and By(eo) are determined by F;_;. Consider S* to be the
set of all optimal subsets,

E I{Eth(ﬁ)), StES*}Rt (St)

= Z E {5, Bi(eo), S,=s5)12(St)
seS*



= Z P(E;, Bi(€o), Si = s)ERy(s) =

seS*

where the second inequality is because R;(s) and
It5, Bi(ey), 5.=s} are independent and independence leads
to uncorrelation.

O

D. Proof of Theorem 4

Step 1: Preparation. We note that the single-step regret is
bounded by M:

Ry(S)) < max(D, (n — D,)?) < max(D?,n?) = M

Step 2: Divide 7' time steps into four parts and bound
the regret of each part.

Next, we divide the pseudo-regret in 7' time steps into
four parts by F; and By(e) for any 0 < € < 3, and bound
each part separately.

(1) Initialization: E Ry (S;) < M.

(2) Time steps when FE; happens: Notice that Lemma 1
still holds in time-varying case if replacing M with M, so
the second part is bounded by

T

EY IpRi(S:) <
t=2

2Mn
a—2

(3) Time steps when E;, By (¢) happen: Notice that Lemma
2 still holds in time-varying case, thus

T —
aMnlogT
EY RlS)ls.py <~z —
t=2

(4) Time steps when E;, B;(e) happen: We will show in
Lemma 8 that E R.(S;)I; g, p,()} < 9(€), then

T
EZ Ri(St) iz, B,y < Tgle)
t=2
where g(€) = ((2n + 2)e + 2)(2n + 2)e.
Step 3: Combine the regret bounds in four parts. Com-
bining four bounds above, we have for any o > 2, the regret
of CUCB-Avg is upper bounded by,

_ 2Mn

MnlogT
Regret(T) < M + 5 a8t

2¢2

+ Tg(e) +

1
Step 4: Pick € ~ O((logT) 3).
Let ¢ = min(ﬁ,( §), and notice that g(e) <
3ne(3ne + 2) = 9n%e? + 6ne for n > 1. Then we can get
the regret bound in Theorem 4.

MlogT
T

O

Lemma 8. For any 0 < e < f3, ERt(St)I{Et,Bt(e)} < g(e),
where g(€) = ((2n + 2)e + 2)(2n + 2)e; the expectation is
taken with respect to random contribution X, ; and random
online algorithm output S;.

Proof. The proof is rather technical, and detained to Ap-
pendix E and F. O

E. Proof of Lemma 8 with Assumption (Al)

Before the proof, we introduce some notations. Define
the offline optimization output as S; = ¢(p, Dy)
{c(1),...,0(r:)}, where r; = |¢(p, D;)|. In addition, define
0¢,1 and ¢; o following the definition (7) in static case

Zpa(i) =Dy —1/2+ 61,
i—1
re—1
Z Po(i) = De —1/2 = b 2.

=1

(25)

Note that é; o > 0, and when r; < n, d;1 > 0.

Lastly, we note that we have been using S; as the random
subset selected by the online algorithm. In the following, we
are going to discuss specific subset, which is deterministic.
To avoid confusion, we will use lower-case s C [n] to denote
a deterministic subset. There is one exception: the optimal
subset S} is deterministic but its notation uses upper-case
letter to be aligned with the previous notation.

Proof of Lemma 8 with Assumption (Al):

Let £; denote the set containing all possible subsets that
S; might be given E; and By(e).

Step 1: Convert the problem to proving E R, (s)
for all s € £,;: Notice that

E Ri(Si) g, B,y = ERi(St) (5, B, (), 5,60}

= Z E Ri(8) (5, B,(e),5i=s}
SELy

= Z (Ey, By(e

SELy

< g(e)

St = S) ERt(S)

where the last equality is because R;(s) and Iz, B, (e),5,=s}
are independent and independent random variables are un-
correlated. Since Y . P(Ey, By(€), S; = s) < 1, if we can
prove E R;(s) < g(e) for all s € L;, we are done.
Step 2: Prove E R;(s) < g(¢) by discussing different cases
of s € L;.

We will divide £; into different cases,
E R:(s) < g(¢) in each case.

First of all, if s = S}, then E R;(s) =0

When s # S}, s € L; must satisfy either s S* or
S G s, by Lemma 7 and € < ” . When s & S;‘, denote

= S} —s. When S/ G s, denote H, =s5— S*

Based on H; and K, we will consider four cases.

Case 1: s & S} and \Kt| =1

and prove

By Lemma 7and € < 2=t 5= {o(1),...,0(r: — 1)}
re—1
E Ry (s Z Po(i) — D)
chr(z pa(h)( pJ(Tt))

re—1
= Por)(2 Y Po(i) = 2Di + Po(ry))
=1

- pcr(rt)(l - pcr(rt))



re—1

= _pa(rt)(2 Z Po(i) — 2Dy + 1)

i=1
= 2p0('rt)6t,2 < 261&,2
Since S; = {o(1),...,0(rs — 1)},
re—1 re—1
Dy =1/2< Y pi(t—1)< Y (pi+e)
i=1 =1

= Dt — 1/2_5t,2 + (Tt — 1)6

S0 02 < (ry—1)e < nme. So E Ry(s) < 2ne < ((2n+2)e+

2)(2n + 2)e.
Case 2: s G Sf and |K,| > 2:

sz Dt
+> pil—pi) = (Y pi— Dy)?

i€Ss €S}

2 ZPi*QDt* Zpi)(*

ieS; e

2) pi—2Di— Y pi)(—

ieS; e

<(@=261+ > p)( > pi)

€Ky €Ky

(1+ Z pi)( Z i)

i€ Ky i€ Ky
< (2ne+1)2ne < ((2n + 2)e + 2)(2n + 2)e

E R:(s
sz ]-_pz

i€SY
Z pz Z pl 1
€Ky

1€EKy

> i)

€Ky

The second last inequality is because ) ;- pi < 2ne. The
proof is the following. First, by definition of S},

Z pi < Dy — 1/2 +pa(rt)
€S}

(26)
Then by algorithm design and E; and Bj(e), the selected

subset S; = s satisfies
Di=1/2< Y pit—=1) <Y (pi+e)

i€s i€s

27)

Finally, let (26) minus (27), we can prove Zie K, Pi < ne.

Sicr, Pi _ Yoick, Pi
2 pilsle <pory < |§<{(I =T
€K, :
= Z pi < 2ne
i€k,

Case 3: s 2 S; and |H,| = 1.
In this case, S; # [n], and Y., p; > Dy — 1/2.

By Lemma 7 and € < ==, H; = {p,(y,41)}, and s =
{o(1),...,0(rs +1)}.
retl
E Ri(s Z Po(i) —

- (Zpa(i) = D¢)? + port1) (1 = Po(re+1))
=1

— 2D + pa(n-&-l))

Po(ri+1) (2 Zpa(i)
=1

+ Po(re+1) (1 - po’(rt+1))

= Do ( 'rtJrl Zpa )_2Dt+1)
i=1

= 2pa(rt)5t,1 < 26t,1

< 2ne

The last inequality is because J; ;1 < ne. The reason is the
following. Since S; = {o(1),...,0(r: + 1)},

Dy =1/2>3 " pit—=1) =Y (pogi) — ©)
i=1 =1

ZDtil/Z“i»(;t,l*Tte

So ;1 < (r¢)e < ne. So E Ry(s) < 2ne.
Case 4: s 2 S7 and |H,| > 2.
In this case, S; # [n], and Y., p; > Dy — 1/2.

ERi(s) = (D_pi— Di)’
i€s
+Y pil=pi) = (Y pi—D)* =Y pi(1—pi)
i€s 1€S} i€Sy
=@2> pi—2Di+ > p)(>_pi)+ Y pil—p)
€Sy i€ Hy i€H¢ i€ Hy
< 22]%—2Dt+ Zpi)(zpi)+ Zpi
€Sy 1€H; 1€H; 1€H,
<@ pi—2D+ > pi 1D p)
ies; icH, i€H,
<201+ Y p) (> pi)
i€H,  i€H,
<@+ > P> )
i€H,  i€H,

< ((2n+2)e+2)(2n+ 2)e

The last inequality is because > ;. pi < (2n + 2)e. The
proof is the following. Suppose s = {o(1),...,0(m)}. First,
by definition of S}, and the fact that S} # [n], we have

> pi>Di—1/2

€Sy

(28)

Then by algorithm design and E; and Bj(e)
subset S; = s satisfies

Dt - 1/2+pa(m) +e€ Z Dt - 1/2+pa(m)(t_ 1)

> pilt=1)=> (pi—e)

1€Es i€ES

, the selected

(29)

Finally, let (28) minus (29), we can prove ;. m,Pi <
(2n + 2)e.

sz—megpg(m)_FeSM_‘_eSM_'_e
i | Hy| 2
1€H,
= 3 pi<2(m+ e <2(n+ 1)
i€ Hy
O



FE. Proof of Lemma 8 without Assumption (Al)

The proof is very similar to the proof of Lemma 8
with Assumption (A1) in Appendix E. We only explain the
difference here. Note that when there are ties, the offline
algorithm ¢(p, D;) may have multiple possible outputs, and
these outputs share the same expected single-step loss E R;.

Define k1(t) and ko(t) following the Definition 1 but
with respect to D, instead of D. Based on our discussion
before, we know ¢(p, D;) includes {o(1),...,0(k1(t))} and
|¢(p, Dy)| — k1 arms whose parameter is equal to p,(z,)-

By Corollary 6, S; must be one of the following cases

) St C{o(1),...,0(k1(t)},

i) {o(1),...,0(k1)} & S; € {o(1),...,0(k2)}, and S;
has less than |¢(p, D;)| — k1 arms whose parameter is
equal to py(x,)-

iii) S; is one possible output of ¢(p, D;)

iv) {o(1),...,0(k1)} & S; € {o(1),...,0(k2)}, and S;
has more than |¢(p, D;)| — k1 arms whose parameter
is equal t0 py(x,)-

v) {o(1),...,0(k2)} G S:.

Case i) and Case ii) can be bounded in the same way as
Case 1 and 2 in the proof of Lemma 8 with Assumption (A1).
Case iii) has zero regret. Case iv) and v) can be bounded in
the same way as Case 3 and 4 in the proof of Lemma 8 with
Assumption (A1l). Then, we conclude the proof.



