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Abstract—In an online Markov decision process (MDP) with
time-varying reward functions, a decision maker has to take
an action before knowing the current reward function at each
time step. This problem has received many research interests
because of its wide range of applications. The literature usually
focuses on static regret analysis by comparing the total reward
of the optimal offline stationary policy and that of the online
policies. This paper studies a different measure, dynamic regret,
which is the reward difference between the optimal offline
(possibly nonstationary) policies and the online policies. The
measure suits better the time-varying environment. To obtain
a meaningful regret analysis, we introduce a notion of total
variation for the time-varying reward functions and bound the
dynamic regret using the total variation. We propose an online
algorithm, Follow the Weighted Leader (FWL), and prove that
its dynamic regret can be upper bounded by the total variation.
We also prove a lower bound of dynamic regrets for any
online algorithm. The lower bound matches the upper bound of
FWL, demonstrating the optimality of the algorithm. Finally,
we show via simulation that our algorithm FWL significantly
outperforms the existing algorithms in literature.

I. INTRODUCTION

In this paper, we consider a Markov decision process
with time-varying and even adversarial reward functions.
Specifically, at each time step t = 1,...,T, the decision
maker has to take an action a; € A based on the observed
state s; € S before the (adversarial) environment reveals the
reward function r(s,a) for all s € S,a € A. The rule of
taking actions is called a policy, and denoted by ;. Then
the system evolves to the next state s,y; with transition
probability ps, ., (a¢). The transition probabilities remain
the same and are available to the decision maker a priori.
The goal is to maximize the total reward collected in T
time steps by designing online algorithms based on only
the history information. Such a problem is known as online
Markov decision processes (online MDP) in literature.

Online MDP has attracted a lot of attention in recent years
[1]-[12], partly due to its wide applications in data center
scheduling [2], inventory control [1], [13], [14], resource
allocation [2], [15], robotics tracking [3], queuing systems
in networks [1], [6], [16], [17], etc.

Most papers in literature aim to design online MDP algo-
rithms that are able to compete against the optimal stationary
policy in hindsight, that is, to minimize the performance
difference between the optimal stationary policy and the
online policies [1]-[12]. We refer to such difference as the
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static regret, following the literature in online learning [18]—
[20]. Various online MDP algorithms have been proposed to
achieve o(T") static regret regardless of the variation of the
reward functions [1]-[5], [9]-[12].

However, when the reward function sequence {ry,...,7r7}
is highly nonstationary, the stationary policy may result in
poor performance. For example, in a data center scheduling
problem, if the electricity price suddenly increases, one might
want to reduce the number of active servers to save energy
instead of following the same allocation policy when the
price is low.

To take into account the nonstationary nature of the
problem, we focus on a dynamic benchmark: the optimal
(possibly nonstationary) policies in retrospect of the MDP
problem in 7" time steps, and we call as the dynamic regret
the difference on the total reward between the optimal
(possibly nonstationary) policies and the online policies,
following the literature in online learning [18]-[20].

Intuitively, the dynamic regret should be larger than the
static regret since the benchmark in the dynamic regret is
more difficult to compete with. Indeed, we will show in
this paper that when the environment changes drastically, no
online algorithm can achieve sublinear o(7") dynamic regret.
Similar impossibility results have been established for online
learning without an MDP structure in literature [20] [21].

Nevertheless, we are able to design online algorithms
with sublinear dynamic regret when the variation of the
environment is not huge. To formally characterize the en-
vironment’s variation, we introduce the total variation of
reward functions:

T+1
Total variation of rewards = Z e — =100
t=1

where r, = (r4(i,a))ics0ca and 1o = rpy; = 0; the
infinity-norm is defined as |7 = maxiesqca |7(Z,a)l.
In addition, we propose an online algorithm FWL and
show that the dynamic regret of FWL can be bounded by
C ZtT:ll |lre — rt—1]|co, Where the constant C' depends on
the number of states, the transition probabilities, and an
algorithm parameter. Furthermore, we will show that no
online algorithm can achieve a dynamic regret with better
dependence on ZtT:ll lre — 7e—1]]co-

Finally, our simulation results show that our algorithm
FWL significantly outperforms other online MDP algorithms
in literature when the environment is highly nonstationary,
and is comparable with existing algorithms when the envi-
ronment is almost stationary.



A. Related works

[10] studies the adaptive regret for online MDP, whose
benchmark is a policy sequence with at most K = o(T)
changes. Their benchmark is still weaker than ours because
the optimal policies, as considered in the dynamic regret,
might change 7' times in horizon 7. To the best of our
knowledge, there is a lack of study on the dynamic regret of
online MDP algorithms.

In online learning without an MDP structure, the analysis
of online algorithms against a dynamic benchmark has
attracted much attention. For online convex optimization,
there exist various online algorithms whose dynamic regrets
are bounded by different environment-variation measures
[18]-[20]. For expert problems, several algorithms have been
proposed to minimize the adaptive regret [22]-[24].

In particular, Fixed-share Hedge algorithm proposed in
[23] is in a similar spirit of our algorithm FWL: Fixed-
share Hedge algorithm deals with the nonstationary rewards
in expert problems by assigning decaying weights to the
history policies, while our FWL assigns decaying weights
to the history rewards.

Finally, we note that there are several variants of the
online MDP frameworks studied in this paper, e.g., with
unknown transition probabilities [10], with adversarially
varying transition probabilities [6], [7], with bandit feedback
[5], [6]. Nevertheless, most papers above focus on the static
regret analysis. We leave it for future work to generalize our
dynamic regret analysis to these frameworks.

B. Notations

For vector 2z € R™, the infinity-norm is defined as ||z || =
max;—1, . n |2;|. For matrix M € R™"™, the infinity-norm is
|M||oo = max; ;| M;;|. For integer n, [n] = {1,...,n}.

II. PROBLEM FORMULATION

Consider a Markov decision process (MDP) with time-
varying reward functions. Reward functions are revealed to
the decision maker in an online fashion, that is, reward
functions are not available ahead of time and only revealed
as time goes by. The MDP can be captured by a tuple
(S, A, P) where S = {1,...,n} denotes the finite state
space, A = {a',...,a™} denotes the finite action space,
and P = {p;j(a), Ya € A, i,j € S} consists of transi-
tion probabilities, where p;;(a) represents the probability of
jumping from state 7 to state j after taking action a. Such
a problem is called as an online Markov decision process
(online MDP) in literature. The protocol of online MDP is
summarized below. At each time step t =1,2,...,

1) the decision maker observes the current state s;

2) the decision maker takes an action a;

3) the decision maker receives the reward r:(s¢, a:), and
observes a deterministic reward function r4(s, a) for all
se€S,andac A

4) the system evolves to the next state s; 1 with probabil-
ity Psi seq1 (a‘t)'

At each time step t, action a; is chosen based on the

available information, which consists of the current state
S¢, the transition probabilities P, and the history reward

functions 71, ...,7.—1. | The rule of taking actions is called
a policy, denoted as w. A policy 7 is a mapping from the
state space S to the probability simplex on action space A,
and 7(ali) denotes the probability of taking action a given
the current state ¢ by following policy 7. The algorithm is
called an online algorithm if it selects policy m; at each time
t based on available information in online MDP problems.
Formally, an online algorithm A can be characterized by:

’/Tt:.A(P,T'l,.. Vt:L?,

As a necessity to the Markov property, we require that the
environment generates the reward function sequence in an
oblivious way, that is, 7, does not depend on si,...,S;—1
for all time step ¢. This requirement is adopted in almost all
online MDP literature [1]-[12].
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A. Performance metric: dynamic regret

The goal of the decision maker is to maximize the total
(undiscounted) reward in 7" time steps, where 7' > 1 may not
be available beforehand. Under policy {71, ..., 7T}, the total
reward given initial state i is denoted by Jr (71, ..., 77)(%)
and defined by

) (1) = E

JT T1ye--
( ’ s1=t,ar~m (]St

)Zrt(shat) (1
t=1

We write the total reward vector as Jr(my,...,nr) € R™

When reward functions 71, ..., rr are available, the opti-
mal policy sequence can be calculated by dynamic program-
ming [17], and the optimal total reward is denoted as

J5(i) = max Jr(my,...,7r)(i), ViesS
{”t}le

However, in the online setting, the reward functions are
not revealed to the decision maker a priori, resulting in a
much trickier problem. In this paper, we focus on designing
algorithms utilizing only the available online information to
ensure that the online performance is as close to the optimal
performance J5. as possible. To capture the difference be-
tween the total reward produced by an online algorithm A4
and the optimal reward in hindsight, we introduce dynamic
regret, which is formally defined as:

dynamic regret of A = [|J} — Jr(A)]lco (2)

where Jr(A)(i) = Jr(m,...,7r)(i) and {m;}7_, are the
policies selected by online algorithm 4; the infinity-norm
captures the maximal difference over all initial states.

Our performance metric is called dynamic regret because
our benchmark J7 is generated by policies that are usually
dynamic, i.e., nonstationary. This is in contrast to the pre-
vious regret adopted in literature, which we call as static
regret. The static regret compares the online algorithm with
the optimal stationary policy in hindsight, that is,

static regret = max {max Jp(m,...,m)(i) — Jr(A)(7)
1€ K

'To guarantee the Markov property, we let a; be independent of past
states s1,...,St—1 though they are also available. Such a restriction
imposes no loss of generality since we can construct an equivalent Markov
decision process with the augmented state 5¢ = (s1, ..., S¢) to satisfy our
restriction.



When the environment is under constant changes, it is more
meaningful to compare with nonstationary policies than a
stationary policy. For example, in a tracking problem, if the
status of the target changes, the tracking policy is expected
to change accordingly. Therefore, we will focus on dynamic
regret in this paper.

B. Assumptions

This paper studies the unichain MDP model, which is a
commonly adopted model in MDP literature and has wide
applications [1]-[12]. This assumption ensures the existence
of a scalar average reward, which will be further explained
in Section II-C.

Assumption 1. Every stationary policy defines a unichain
Markov chain.

Next, we introduce the second assumption in this paper.

Assumption 2. There exists a state, denoted by n without
loss of generality, that is recurrent in the Markov chain
induced by any stationary policy.

This assumption is also common in literature [17], [25]
and satisfied in many applications, e.g. inventory control
[13], and the queuing system [16]. Besides, this assumption
is naturally satisfied in ergodic MDP [14].

C. Preliminaries: infinite-horizon average-reward MDP

We briefly introduce the infinite-horizon average-reward
MDP problem below. Consider a MDP problem with the
same reward function at each time step, i.e. vy = r for
t=1,2,..., and r is known a priori. In an infinite-horizon
problem, the focus is on the average of the total reward
because the total reward usually goes to infinity. Given a
stationary policy 7, the average reward of an infinite-horizon
MDP with reward function 7 is defined as

. 1 ¢
gr(ﬂ-) o Tgl}rloc Slzi,aE‘W(-‘St) T ; T(St’ at) @)

Under Assumption 1, the limit in (3) exists and the limiting
value does not depend on the initial state i. The average
reward g,.(m) is also called the gain in literature [14], [26].
The goal of an average-reward MDP problem is to find a
stationary policy that maximizes the average reward, that is,

mr € arg max g, () 4)

We refer to the policy 7 as the average optimal policy. The
corresponding average reward, denoted by g, is referred as
the optimal gain.

It is well-known that, under Assumption 1, the average-
reward MDP (4) can be solved by the Bellman equations
defined below:

h(i) + g = max | r(i,7) + ) py(m)h(j) |, i€S (5)
j=1

where 7(i,m) = Eqx(.s) 7(i,a) € R™ is the one step reward
by following policy m, and p;;(7) = Eqr(.|s) Pij(a) is the

transition probability by following policy . The policy at-
taining the maximization in (5) is the average optimal policy
defined by (4). Furthermore, with an additional requirement

h(n)=0

the Bellman equations determine a unique solution (g, h"),
where g is the optimal gain, and A} is usually called as the
bias because up to a constant value, h) captures the total
difference between the reward and the optimal gain, that is,
there exists A € R such that

T

> (s ar) = g7] (6

t=1

hi(i)) + A= lim E
T—+00 sy=t,as~m5(+|s¢)
for all state ¢ [14].

The average-reward MDP can be solved in polynomial
time poly(n,m) by linear programming because the Bell-
man equations (5) together with the additional requirement
h(n) = 0 can be converted to an equivalent linear program.
Other computational methods for average-reward MDP in-
clude policy iteration and value iteration. For more details,
we refer the reader to [14]. We note that the focus of this
paper is not on the algorithm design for the average-reward
MDP; instead, our online MDP algorithm will build on the
existing average-reward MDP algorithms.

III. ONLINE ALGORITHM: FOLLOW THE WEIGHTED
LEADER

This section will propose a new online MDP algorithm,
Follow the Weighted Leader (FWL), which is inspired by
the classic online algorithm Follow the Leader (FTL) and its
variants for MDP. In the following, we will first introduce
FTL-based online MDP algorithms, then discuss the scenar-
ios when they perform poorly. Then, we will present our
FWL and explain why it performs well in different scenarios.

A. Classic algorithms: FTL for online MDP

Follow the Leader (FTL) has inspired various algorithms
in online learning and online MDP problems [1], [10], [27]-
[29]. Despite the variants, the main ideas of most FTL-based
online MDP algorithms are similar and are summarized
below: at time step t = 2,3, ...

1) Compute the average of history rewards: 2
t—1
1
I
k=1
2) Solve the average-reward MDP problem (4) with re-

ward function i 22;11 rr and implement the average
optimal policy:

Ty € argmaxg 1 t—1 T
t gﬂ. gﬁzk=lrk’( )

FTL-based online MDP algorithms perform well when
the reward functions ry,...,rp are (almost) stationary. The
reasons are discussed below. Let’s consider a simple scenario
when the reward function at time ¢ is a static reward function

2Follow the Perturbed Leader, as one variant of FTL, adds a vanishing
noise to the average reward and performs better in some scenarios.



r plus some i.i.d. zero-mean noise, that is, r, = 7+ 7. When
the noise level is low and the horizon T is large, intuitively,
the problem is similar to an average-reward MDP and the
stationary policy 7 should perform well. In the online MDP
problem when r is unknown, a good approximation of r
would be the average of history rewards t_% 22;11 Tk, and
the average optimal policy based on the average of history
rewards would serve as a good approximation to policy 7.

However, when the reward functions are changing drasti-
cally, FTL-based online MDP algorithms suffer poor perfor-
mance. For example, consider a shifting environment when
the reward function is r» when ¢ < T/2, then shifts to v
when T'/2 < t < T. Intuitively, the optimal policy should
be close to 7 when ¢ > T'/2. However, the policy selected
by FTL-based online algorithms are close to WZ‘T )2 when
t > T/2, which can be totally different from the optimal
policy 7}, resulting in poor performance.

Intuitively, FTL-based online algorithms perform poorly
because they put too much weight on the history reward a
long time ago, thus adjusting slowly to the new environment.
To deal with this, we introduce a new algorithm in Algorithm
1 in the next subsection.

Finally, we note that other online MDP algorithms, such as
MDP-Expert, suffer from the same issue and perform poorly
in the nonstationary environment.

B. Our algorithm: FWL for online MDP

FWL is summarized in Algorithm 1. The major compu-
tation burden comes from solving an average-reward MDP
(Line 5) at each time step, which can be computed in
polynomial time poly(n, m) as discussed in Section II-C.

Our algorithm FWL is similar to FTL-based online MDP
algorithms except for one difference: FWL computes the
policy based on a weighted average of history rewards, that
is, in Line 4,

(1 — 9)7},1 + 07215,1
(]. — 9)7},1 =+ 9(1 — 0)7"15,2 + e + gt_lTo

Tt

where t > 2 and 0 € [0,1). FWL focuses more on recent
history rewards by assigning exponentially decaying weight
to the history. In this way, FWL is able to adapt faster to the
new environment thus enjoying a much better performance
when the reward function is changing drastically.

Besides, if we allow the parameter 6 to change with time,
then FTL is a special case of FWL because the average
history reward can be written as

t—1 t—2
1 1 t—2( 1
t—1k71”_t—1”‘1+t—1 <t—2ZTk>

where ¢t > 3 and 6; = f:—f converges to 1. Thus, when the
environment is almost stationary, FWL with a large (close
to 1) 6 will perform as well as FTL-based online MDP
algorithms, matching our simulation result in Section V.
Finally, we note that the weighted average scheme adopted
by FWL is sometimes called as exponential smoothing in

time series literature [30].

Algorithm 1: Follow the Weighted Leader for MDP
1: Inputs: Transition probabilities P; initial policy 7,
parameter ¢ € [0,1)
2: (Initialization): m = mg, 71 = rg = 0.
3: fort=2:T do
4:  Update the weighted average of history rewards:

’Iﬁt = (1 — O)T't_l + Hft_l

5:  Solve the average-reward MDP given reward 7
for the average optimal policy:

¢ € arg max gy, (m)
s

6: end for
7: Ouputs: 7; at each time step ¢t = 1,...,7.

IV. REGRET ANALYSIS

This section will first provide FWL’s dynamic regret upper
bounds, then present a fundamental lower bound for any
online algorithm, followed by the proofs for the two results.

A. Regret Upper Bounds

Below is an upper bound of our FWL’s dynamic regret.

Theorem 1. Under Assumption 1 and 2, the dynamic regret
of FWL is bounded by

T
|2 (FWL) = Tilloe < 53" lIre = resi [
= (7)

T T
+ 24 R) D e = Pelloo + 5 ) P41 — Pilloo
t=1 t=1

where 7 is defined in Algorithm I, 741 =r741 =0, K =
1%"/) and p € [0,1) is a constant determined by the transition
probabilities P.

We defer the proof to [31] but discuss insights of the regret

bound in Theorem 1 below.

1) First term Zthl |7+ —7441]|co- This term represents the
total fluctuation of the reward functions. When the reward
fluctuation is large, it would be difficult to track the new
reward functions, resulting in a large regret. When the reward
fluctuation is small, it is easy to adapt to the new rewards
so the regret should be small.

2) Second term Zle |lr+ — ¢]| co- This term represents the
total error between the true reward r; and our approxima-
tion 7;. It is intuitive that the regret will be larger if the
approximation error is larger.

3) Third term Zthl I#+ — 7¢t—1]|co- This term represents
the total fluctuation of our approximated reward 7. Since
the policy 7 is chosen based on 7; (Line 5 in Algorithm
1), the change between 7; and 7;_1 captures the change
between policy m; and m;—;. Thus, the total fluctuation of
7 reveals the total fluctuation of ;. This term shows that
the performance of our algorithm suffers from the large
fluctuation of the policy implemented.



4) Tradeoff on 6. There are two terms in (7) depending
on : the total approximation error Zthl lrs+ — 7t]lc and
the total fluctuation of the approximated reward Zle I7: —
7+—1]|co- On the one hand, to reduce the fluctuation of the
approximated rewards, we should increase the parameter 6
to add more inertia during the update (Line 4 Algorithm
1). In the extreme case when # = 1, we have zero fluc-
tuation because 7; = 7;_1. On the other hand, if 0 is
too large, our approximation 7; assigns too little weight to
the recent history, resulting in the slow adaptation to the
new environment and thus a large approximation error. This
introduces a tradeoff on the choice of §. Generally speaking,
we recommend choosing a larger 6 to reduce fluctuation if
the environment is almost stationary, and choosing a smaller
0 to adapt faster when the environment is changing fast.

5) Value of p. The specific form of p is the following:

p:mgX]P)(Sn+175’)7,,...,82#774|81:7:,7T) (8)
1€5,m

It can be shown by Assumption 2 that p € [0,1) [31]
[17] [14]. We note that p only depends on the transition
probabilities. Furthermore, the main use of p is to determine
the constant factor in the relation ||k} — h¥|lc = O(||r —
v]|oo)- Even if p = 1, as long as the relation ||k} — bl =
O(||r — v|lco) holds, Theorem 1 still holds, just with a
different factor.

Finally, we show that even with a poorly chosen 6, the
regret can be still bounded by the total fluctuation of the
reward functions, as shown in the corollary below. The proof
is deferred to [31].

Corollary 1. Under Assumption 1 and 2, for any 0 € [0,1),
the dynamic regret of FWL is bounded by

24k T+1
W) = il = (354 755 ) 3 =l

where k = 12—";;’ p € [0,1) is a constant determined by the

transition probabilities P, and ro = rp41 = 0.

Corollary 1 shows that the dynamic regret of FWL can be
upper bounded bqy a constant factor times the total variation
of the reward Zt;ll |7+ —r¢—1]|c0» Where the constant factor
2k + 2% only depends on P, n and 6. Therefore, FWL
achieves O(1) dynamic regret if the reward function r; only
changes for a constant number of times, which is much better
than classic online MDP algorithms in literature according
to our discussion in Section III-A.

In Corollary 1, the optimal 6 to minimize the regret is 0.
This is due to the proof techniques to deal with the worst
case scenario and is not fundamental. The simulation section
will provide more insights on the choice of 6.

B. Fundamental Lower Bound

We show that FWL reaches the optimal dependence on
the total variation of the reward functions in the following
theorem. The proof is deferred to [31].

Theorem 2. Consider an online MDP problem with any
transition probabilities and the number of actions satisfying

m > 2. When T > 1, for any online algorithm A, and
any reward variation budget K > 0, there exists a reward

sequence 11, . ..,TT Where ZZ:? llre — ri—1llco < K7 and
ro = rpy1 = 0, such that the dynamic regret is lower
bounded by

177(A) = J7[leo = Q(KT)

Remark 1. When m = 1, there is only one possible
action, which is also the optimal action. The problem is only
interesting when there are multiple actions, i.e. m > 2.

Remark 2. Our regret bound is linear in the environment
variation Kp which is different from the V%/ 312/3 regret
bound proposed in [21] where Vi is a slightly different
measure of environment variation. The difference comes from
the different settings: [21] considers noisy feedback, whereas
we consider noiseless feedback. As a result, a better regret
bound which is independent of T' can be achieved. Regret
bounds similar to this paper are observed in other noiseless
online decision-making problems such as [18] [20].

V. NUMERICAL EXPERIMENTS

In this section, we compare our algorithm FWL with
three online MDP algorithms in literature in three different
scenarios. Specifically, we compare with FTL introduced in
Section III-A, FTPL and MDP-Expert proposed in [1].

The underlying Markov decision processes is constructed
randomly as follows. Consider state space S = {1,...,10},
and action space A = {a',a? a3}. The transition prob-
abilities in each scenario are generated randomly by first
uniformly randomly selecting nonzero entries’ indexes then
generating these entries i.i.d. from Unif]0, 1] then doing the
normalization. When a = a', a?, a3, each row of P(a) has
5, 6, 3 nonzero entries respectively. Notice that we do not
require the transition probabilities to satisfy Assumption 1
and 2.

Next we introduce reward generation methods for three
different scenarios.

Scenario 1: Shifting environment When time step ¢ sat-
isfies mod (t,10) = 1, then generate a new reward func-
tion r, with each entry i.i.d. following Unif]0, 10]; when

mod (¢,10) # 1, let 7 = 1.

Scenario 2: Drifting environment Let r; equal to the
previous reward function plus a random drifting term, that
is, ry = r—1 + 73, with 73 being the random matrix whose
entries are i.i.d. from Unif[0, 0.5]. The first reward function
r1 is a random matrix whose entries are i.i.d. from Unif]0, 1].
Scenario 3: Oscillating environment Given two randomly
selected reward function r and v, ry = r with probability
1/2 and r; = v with probability 1/2.

The plots in Figure 1 are based on the average dynamic
regret of each algorithm after 20 repeated experiments.

Firstly, we observe that in highly nonstationary scenarios
such as the shifting and drifting environment, our algorithm
FWL performs much better than other online MDP algo-
rithms in literature. This matches our intuition in Section
III. In addition, the optimal choice of 6 is close to 0, since
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Fig. 1: The dynamic regrets of FWL with different 6, FTL, FTPL and MDP-Expert in three different scenarios.

with a smaller §, FWL adapts faster to the changing rewards
thus enjoying a better performance.

In the oscillating scenario, FWL achieves better perfor-
mance given a larger 6, because a larger 6 reduces fluctuation
and helps utilize more history information. The classic online
MDP algorithms also perform well in this scenario.

VI. CONCLUSION

In this paper, we study the online Markov decision pro-
cesses with a focus on the dynamic regret. We propose FWL
whose dynamic regret upper bound matches the fundamental
lower bound. In simulation, our algorithm FWL-MDP out-
performs the existing algorithms in literature.

There are many interesting future directions, e.g. gener-
alizing the framework to handle unknown transition proba-
bilities by e.g. reinforcement learning, and even adversarial
transition probabilities; dealing with bandit feedback on
reward; studying the benefits of the predictions; etc.
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