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Abstract

In many multi-agent reinforcement learning applications such as flock-
ing, multi-robot applications and smart manufacturing, distinct agents
share similar dynamics but face different objectives. In these applications,
an important question is how the similarities amongst the agents can accel-
erate learning in spite of the agents’ differing goals. We study a distributed
LQR (Linear Quadratic Regulator) tracking problem which models this
setting, where the agents, acting independently, share identical (unknown)
dynamics and cost structure but need to track different targets. In this
paper, we propose a communication-efficient, federated model-free zeroth-
order algorithm that provably achieves a convergence speedup linear in
the number of agents compared with the communication-free setup where
each agent’s problem is treated independently. We support our arguments
with numerical simulations of both linear and nonlinear systems.

1 Introduction

Sample complexity is an important factor in determining the broad applicability
of a Reinforcement Learning (RL) algorithm. To reduce sample complexity and
hence accelerate learning, various approaches have been proposed in the field
of parallel RL ([1], [2]), where multiple agents with the same unknown dynam-
ics and objective share information in their learning process. To broaden the
scope of this setting, a natural extension is to consider the case when distinct
agents share similar dynamics but seek different objectives. This is motivated
by applications such as flocking [3], multi-robot applications [4], and smart man-
ufacturing [5], etc. For instance, in formation control of multi-robot systems,
a group of similar robots might need to form a pre-specified shape by track-
ing different target positions. We note that our setting shares many similarities
with federated learning [6], such as (i) distributed learning via averaging of local
updates, and (ii) communication constraints. Therefore, for ease of exposition,
we will use the term federated when referring to our RL problem later. !
We are motivated by the following questions:

1We recognize that unlike many papers in the federated learning literature, our work does
not consider privacy. Our use of the term “federated” is made primarily to differentiate our



1. Can the agents leverage the similarities in their problem structures in order
to accelerate learning, despite their differing targets?

2. To what extent can they do so in a communication-efficient way?

To make concrete progress, we center our study on a federated LQR tracking
problem, where different agents follow the same (unknown) dynamics but seek
to track distinct targets. For each agent i, let i € R"™ and u! € R¥ denote
its state and action respectively at time ¢, with the state dynamics evolving as
zi,, = Az} + Bu}. Agent i’s goal is to drive the state to a target location z*,
which we model via the following discounted infinite-horizon cost:

min JU=E | Y 4" ((2f—2™) T Q(z}—2")+(u}) " Rup)
e b=
st. wxp, = Az} + Buj, xf~ N(0,%),

(1)

where 0 < v < 1 is a discount factor and 3 is a positive-definite matrix. To
ease technical analysis, we assume only the initial state z is stochastic. While
the above federated LQR tracking problem enjoys greater modelling flexibility,
it brings new challenges in both algorithm design and convergence analysis. For
instance, recent work [7] has shown that the classical LQR (single agent and
™ = 0) enjoys the gradient domination property, known also as the Polyak-
Lojasiewicz inequality ([8], [9]), a crucial condition to achieve global convergence
for policy gradient. However, it is unclear if gradient domination still holds for
our more general LQR tracking problem (even in the single agent setting). In
addition, for this problem, an optimal policy for each agent i is ui = Kx! + ¢°
[10], where K is identical across the agents, due to the common (4, B,Q, R)
matrices, but the (¢g%)’s are distinct. While the common K suggests possible
merits from pooling information, it is unclear how the agents should efficiently
aggregate/communicate their information (without sharing their data) in joint
policy learning and what the quantitative speedup may be. Further, the distinct
(¢%)’s make it difficult to ascertain if communications among the agents would
be truly beneficial.

1.1 Owur contributions

First, we study the LQR tracking problem (1) and establish its gradient dom-
ination property for both the single-agent and the federated setting. While
previous works [7] have established the gradient domination property of LQR
when 2% = 0, that setting is simpler as the optimal policy takes the linear form
u’ = Kx'. To the best of our knowledge, this paper is the first to establish the
gradient domination property for the more general LQR tracking problem, when
an extra (and distinct) ¢* is present in each agent’s optimal policy. Second, we
exploit the fact that the same K matrix is shared across agents (despite distinct
g' terms) and propose a model-free federated zeroth-order policy gradient algo-
rithm where we interweave local update steps and averaging steps (when agents

setting from other works in distributed LQR learning where agents’ dynamics or cost functions
could be more general.



pool information on the matrix K), balancing between communication efficiency
(allowing for independent updates) and benefits from shared learning (averag-
ing over the K matrix). Under mild conditions, we show that our algorithm
provides a speedup linear in the number of agents over a communication-free
algorithm where each agent learns by itself. This linear speedup, even in the
important special case where tracking is absent (i.e. all z* = 0), is previously
unknown and contributes to the broad landscape of reinforcement learning that
policy gradient can be scaled up gracefully (in terms of both sample complex-
ity and computational efficiency) for the multi-agent LQR problem. Further,
and perhaps even more surprisingly, such linear speedup still remains intact
even when each agent has a heterogeneous component built in their objective.
Finally, we provide simulation results to demonstrate the effectiveness of our
proposed federated policy gradient algorithm in both the linear system setting
(where our convergence theory applies) and the nonlinear system setting (that
goes beyond our convergence guarantees).

1.2 Related work

First, as our setting is model-free, gradient estimators in our algorithms are
based on zeroth-order, i.e. function value information, situating our work in the
zeroth-order optimization literature ([11]-[16]). Second, our work reposes on
the LQR literature. LQR is a classical reinforcement learning problem [10], and
in recent years it has been studied with renewed vigor from both model-based
([17]-[19]) and model-free perspectives ([7], [14], [20]). Another line of LQR
work focuses on online learning of LQR subject to possibly adversarial condi-
tions ([21], [22]). Our work takes a model-free approach and is closest in spirit
o ([7], [20]). Third, we note that our problem is a special instance of parallel or
concurrent RL ([1], [2], [23]). Fourth, our work is related to federated learning,
an approach proposed to train centralized models across agents with heteroge-
nous data distributions subject to communication and privacy constraints ([6],
[24]). Recent works have extended federated learning to the RL setting ([25],
[26]). Our proposed algorithm uses a local computation and then aggregation
procedure, a hallmark of federated learning algorithms based on local SGD [27].
Fifth, the fact that we seek to learn individualized policies for different agents
sharing similar problem structures relates our work to federated meta-learning

([2], 28]).
1.3 Notations

|I|| refers to the Euclidean norm for vectors and Frobenius norm for matrices.
In addition, for any algorithm, F* denotes its filtration up to time ¢ and E? :=
E[(-) | F'] denotes the conditional expectation on F*. When appropriate, for
any vector v, we use (v) i to refer to its subvector corresponding to the K matrix
and (v)4 to refer to its subvector corresponding to the constant term g. For a
positive integer m, [m] refers to the set {1,2,...,m}.



2 Problem Setup

We now formally introduce the federated LQR tracking problem. Consider m
agents each with the same dynamics described in (1). The overall goal is to
minimize the averaged cost of all the agents (here we denote &} := a} — z"*):

. I e ~iNT i i P
min Javg ::EZE Z’yt ((xt)Tth +(ut)TRut)
iEu[;n] =1 =0 (2)
teN _ o _ o
st. Tpi=w) — o, x = Axj+Buj, xf ~ N(0,X).

Because the dynamics and objectives are totally decoupled among agents, the
optimal controllers for Problem (2) are equivalent to optimal controllers for
the single agent Problem (1). As discussed earlier, agent i’s optimal policy is
ui = K'zi + ¢g* at time t [10]. Note that the target position, z**, can vary
amongst the agents. Despite this, due to the common (A, B, @, R) matrices,
an optimal controller set takes the form {(K,g%)}™, where every agent share
the same K’ = K but with distinct g°. We demonstrate this property in the
appendix.

Due to the above property, the following two formulations both allow us to
find an optimal controller set {(K*, g*)}'™, that minimizes J,,4 for Problem (2).
The first formulation, which we refer to as the federated formulation, uses the
fact that we can use the same controller K for each of the agents.

o0

> (@) TQE A+ (uf) "Ru)
, o=l =0 S , (3)
st. Ty =ax) — 2", xp, =Ax} + Buy, up=Kzy + g,

; T

.- 1
miy JK, Q= E

The second formulation, which we call the independent formulation, treats the
m problems independently, giving a distinct variable K* for each agent i € [m)].

min J"(Ki,gi)zE[ZWt ((#) " Q#) +(up) " Ruy)
’ t=0

(4)

s.t. :E% = ;v% - xi*,‘ xifl = Az} + Bu},
up = K'zy + ¢*, x4 ~ N(0,%).

The federated formulation allows the m agents to learn together based on
shared information about K, while the independent formulation removes com-
munication burdens since the agents can learn independently. In the sequel,
we will describe and develop an algorithm to minimize J,,4 that in some sense
interpolates between the two approaches, enjoying the communication savings
of independent updates as well as the information pooling from having a single
K. During our learning process, we assume that we are unaware of the system
matrices A and B, but know the cost matrices @) and R, as well as the target



o™ for each i; assuming the knowledge of stage cost/reward functions is a rea-
sonable assumption in many RL applications [29]. We also assume that we have
full state information. Given a policy (K%, ¢°), and a randomly drawn initial
state xf), this allows us to measure the cost J*(K?, g*; x{) for an agent i, which
is a noisy realization of the (expected) local cost J¢(K®, g*). When the context
is clear, we may drop the index i and refer to J(K, g) as the single-agent cost
for LQR tracking problem. Throughout our analysis, we will also impose the
following assumptions.
Assumption 1. The dynamical system governed by the matrices (4, B) is
controllable [10].

Thus, there exists K € R¥*™ such that p(A+ BK) < 1, where p(-) measures
the spectral radius of a matrix.

Assumption 2. We have access to a stable controller Ky such that p(A +
BK) < 1.

This is an assumption commonly made in the LQR literature ([7], [19], [20]).

Assumption 3. Cost matrices ), R and the covariance Y for the initial state
are all positive definite.

3 Properties of distributed LQR tracking prob-
lem

We first study the properties of J and J* which will facilitate our algorithm
design and analysis.

Lemma 1 (Existence of global minimizer). For each J%, i € [m], there exists
(J9)* >0 such that _ _

min J* (K, g) = (J*)*.

K,g
By a stmilar token, there exists J),, > 0 such that

avg

1, _
{Kirgiinm E;JZ(KZ,gz):rIr{l}gJ(K7G):minJavg:Jg‘vg.

=1

We note in particular that the global minimum values of % Zie[m] J* (in-

dependent LQR tracking) and J (federated LQR tracking) are identical to each
other and to the global minimum of J4u4.

Lemma 2 (Non-convexity). If n > 2, the LQR tracking problem (1) is in
general non-convex.

This is a consequence of the fact that when n > 2, there exists matrices
K and K’ such that J(K,0) and J(K’,0) are both finite but J((K + K')/2,0)
is not finite. We provide an example in the appendix. Without additional
assumptions, gradient descent on a non-convex problem can only reach a sta-
tionary point, not necessarily a global minimum. However, it is known that



under gradient domination and appropriate smoothness properties, gradient de-
scent methods, even for a non-convex problem, can find a global minimizer at
a rate comparable to that of strongly convex functions [30]. Pioneering work
in [7] established the gradient domination and local smoothness of the classical
LQR problem (where the target 2* = 0), when the optimization variable only
involves K. We establish that both properties hold in the more general tracking
case when the policy involves K as well as g.

Proposition 1 (Gradient domination of LQR tracking problem). Suppose K
is stable for the system (A, B), and that ¥ is positive definite. Then, for any
agent i, there exists pu* > 0 such that

i i i NIE
Ji(K,g') < pt||[VIU(K, ¢
Moreover, for the federated cost J(K,G), letting p := MaX;e[m] 1, we have

J(K,G) < p|VI(K,G)|]”.

While building on the techniques in [7], the addition of a constant term g
changes the complexion of the problem, and requires new analysis. We defer
the full technical proof of Proposition 1 to the appendix. However, gradient
domination alone cannot ensure convergence to a global minimum. As noted in
([7], [20]), a function needs to also exhibit local smoothness properties.
Proposition 2 (Local smoothness of LQR tracking problem). Consider any
i € [m]. Let G = {(K,g) | J'(K,g) < C} be a sublevel set of J*, where
C > 0. Then, there exists a local radius p* > 0, Lipschitz parameter \* > 0 and
Lipschitz smoothness parameter L' > 0 such that for any (K, g) in G , whenever
1K', g) — (K, g)]| < ',

[ 7H(K",g") = T (K, g)| <NI(K',9") — (K, ),
[VIH(E' g")~VJ'(K, g)|| <LI|(K', g')— (K, 9)|.-

Similarly, for the federated cost J, let Go = {(K,G) | J(K,G) < C} be a
sublevel set of J, where C > 0. Then, there exists a local radius p > 0, Lipschitz
parameter X > 0 and Lipschitz smoothness parameter such that for any (K,G)
in G, whenever |[(K',G") — (K,G)|| < p,

|J(K',G") = J(K,G)|| < N|(K',G") = (K, G|,
VI, &) =9I, G) | < LUK, G (K, G|
We provide a proof of this result in the appendix.

4 Algorithm design
4.1 Background on zeroth-order model-free LQR learning

In model-free LQR learning, a common choice is the use of policy gradient [7].
To illustrate this, consider the single agent case, when the tracking target z*
is zero.? Then, an optimal policy to minimize the infinite-horizon cost is given

2We drop the index i in this subsection for ease of notation.



by u; = Kz, i.e. a linear time-invariant policy. Policy gradient on K then
involves iterating the update K11 = Ky — nZ;, where 2; is an estimate of the
policy gradient VJ(K;), n > 0 is a step-size. Exactly computing the gradient
V J(K¢) requires knowledge of the system matrices (A4, B), and recent works ([7],
[20]) have proposed a zeroth-order mechanism to estimate the gradient. In this
line of work, the estimate 2; is calculated based on function value information
about the cost J(-) near the current policy K;. One example is the symmetric
two-point estimator, where

J(K+rUzg)—J(K—rU;x0)
2r

Above, r > 0 can be viewed as a smoothing radius, and U, is a random per-
turbation vector drawn at random from the unit sphere Unif(S*"~!), where we
note that n-k is the dimension of the ambient space of K. The factor n-k is nec-
essary so that the estimator has the same scaling as the true gradient VJ(K).
The symmetric two-point estimator resembles a finite-difference approximation
of the gradient, and as such is clearly motivated. We point out here a technical
caveat — the notation J(K =+ rU;xzy) means that the two measurements are
based on the policies K 4+ rU for a common random initial state xy. In cases
when we cannot obtain two neighboring function evaluations corresponding to
the same noisy initial state zq, a one-point estimator based on a single function
evaluation may be required ([14], [31])2. In our work, we adapt existing zeroth-
order estimators proposed in the literature to our setup, where the policy now
comprises not just the matrix K but also the constant term g.

4.2 Proposed algorithm: Federated LQR

Motivation. Our overall goal is to find a controller set {(K?, g*)} such that
LN JUK', g") is close to the optimal value Javg» using zeroth-order informa-
tion to form policy gradient updates. When the m agents learn independently,
they are unable to share information on K. Conversely, in the federated for-
mulation (Problem 3), since agents share the same K, intuitively this enables
them to learn the optimal K faster, accelerating the learning process. However,
the benefits of information sharing comes at the price of increasing the amount

of communication and coordination among agents. To see this, we observe that

the gradient of the federated cost, J(K,G) where G = [gf g5 - g;]T,
takes the following form,

Vi (K,G) = -3 Vi (K. g) (5)
vV, J(K,G) = %vgiﬂ(K, §') Vi € [m]. (6)

when p(A + BK) < 1. While computing the gradient of J requires only local
computations of VJ!(K,g') and then aggregating these computations to form

3While we focus on the two-point estimator for clarity in the main paper, we do include
analysis of the one-point estimator in our appendix.



Vi, this imposes a high synchronous requirement on the agents, since commu-
nication is required for each (zeroth-order) gradient update. The strength of
the independent formulation where each K*? evolves freely is the absence of such
communication burdens.

Our federated approach. To balance between communication efficiency
and benefits from sharing the same K, we propose a federated algorithm where
agents interweave steps of gradient updates using local information and steps
where they pool information on the matrix K. Our federated LQR learning
algorithm is provided in Algorithm 2. Below we highlight its key features.

Algorithm 1: Federated LQR Learning algorithm

1 Given: iteration number T > 1, communication interval H € N, initial
stable K, initial g} for each i € [m], step size n > 0, and smoothing
radius r > 0

for epoch e € {0,...,% — 1} do

Set K!y < K.y for each i € [m]

for iteration t = eH,eH + 1...,(e+ 1)H — 1 do
for (simultaneously) each agent i € [m] do
Sample (z9)! ~ D, ul ~ Unif(S¥*+F-1)

Set the zeroth-order estimator 2} as follows (note d :=n -k + k) :

N 0 ok woN

d(J (K pgi) +rug@o))—T (K gi)—rug (z0)1)

(Z;)(— 2 ut
Update
Kiy « K —n(z)k,
i i M
9t41 < 9t — E(zt)ga t—t+1
8 end
9 end
10 Set Keinym < = > iy KZeH)H (model averaging of K at end of
epoch e)
11 end

12 return Kr, gb Vi € [m]

e Initial conditions (Line 1). We assume knowledge of a stable K, € RF*™,
The choice of initial constant term g§ € R* for each 4 is flexible, and can be
picked to be the zero vector without prior information. We assume a constant
step-size 1 and smoothing radius r.

e Independent updates during each epoch (Lines 6 through 8). During the e-th
epoch, starting from time ¢ = eH and a common initial matrix K.p, each
agent ¢ € [m] simultaneously runs independent zeroth-order gradient descent



dynamics for H iterations, as follows:

Ktl-',-l = KZ - W(Z;)Ka 92-',-1 = g; - E(zz)gv

where 2z} is the zeroth-order estimator of VJ!(K}, gi) computed by agent i.

e Zeroth-order gradient estimator (Line 7). We adopt a two-point zeroth-order
gradient estimator, as seen in Line 7 of the algorithm.

e Averaging at the end of each epoch over K (Line 10). At the end of each
epoch, we perform model averaging over the K through

e+1)H - Z K(eJrl

z€ [m]

Benchmark algorithm. We evaluate the performance of our algorithm
against one which is communication-free, where the m agents evolve their policy
gradient dynamics independently. We note that the zeroth-order estimator z{(-)
is the same across both algorithms. We place description of the benchmark
algorithm in the appendix due to space limitations.

5 Main results

Prelimaries. We first introduce several quantities which will appear in the
main results. The reader might wish to skim this part during a first reading,
returning for a closer look later.

Consider the terms

Z%, = max{||z{(")[|}, Zoo == max ZL,
i€[m]
1 , 1 :
Zzw:m?xa;Eﬂuzz)ﬂﬁ 2o =S B )y ’

which collectively form bounds on the maximum size and variance of the zeroth-
order gradient update. We next define the stability region Gy and G} which
we show in the appendix that the iterates of Algorithm 2 and the benchmark
algorithm respectively stay within. Let

Go = {(K.G) : J(K,G) < 10J(Ko,Go)},
Gp = {{K",gi}ie[m] ZJ ) <10— ZJ"(KM)}.
i=1

Next, by Proposition 2, note that there exists a local radius p > 0, local
Lipschitz parameter A > 0 and local smoothness parameter L > 0 such that the
following holds.

10



1. If (K, G) € Go, for any i € [m], and (K", (¢°)") — (K, g")|| < p, then
HVJi(KC (gi)’)—V_Ji(K,gi)ll <L|(K’, (gi)’)—(fﬂ gi)\\,
7 (K", (9")) = J* (K, g" )| < A(K”, (")) — (K, g) -
2. If ({Ki,g'}2) € Gy, for any i € [m], and [|((K*)", (")) — (K", g")|| < p,
INJU(E (")) = VT(E?, g < LK), (9°)) = (K", g).
3. If (K,G) € Go, and ||(K',G") — (K, G)|| < p, then

IVI(K',G') = VI(K,G)| < LI(K',G') — (K,G)]|.

These preliminary definitions pave the way for our main results. We begin
with a statement of the convergence of the federated LQR tracking algorithm,
Algorithm 2.

Theorem 1 (Convergence of federated LQR tracking). Suppose the step-size
1, smoothing radius v and communication interval H are chosen to satisfy

me £ p
240L(Zo,+ Zo, xk +6mnLH?Z2.) 8’ 2H Zo, |’

r < min B
= 72007 -

Then, if the error tolerance € satisfies €log(120Ag/€)) < 5A, the iterate (K¢, Gy)
produced by Algorithm 2 satisfies

ngmin{

1 - i 7 *
Ezlj (KT,gT)f‘]avg S €,

when T = 4#10g(120A0/e) steps, with probability at least 3/4, where Ay =

% Z?Ll JZ(K0796) - Jz;kvg‘

We make a few brief remarks about Theorem 1, deferring extended discus-
sion to the appendix. Inherently, maintaining stability of the matrix K, i.e.
p(A+ BK) < 1, is a critical issue for LQR learning, since when K is unstable,
the infinite-horizon LQR cost can diverge [7]. This stability requirement is in
tension with the constant accumulation of noise in the learning procedure due
to the stochastic zeroth-order updates. For this reason, the convergence result
holds with a constant probability, namely 0.75 (cf. Theorem 1). Nonetheless,
we wish to clarify that the number 0.75 itself can be increased by carefully tight-
ening our analysis in certain places. Second, to further increase the convergence
probability of the overall learning process to 1 — ¢ for any 6 > 0, we can ei-
ther (i) reduce the learning rate by using a more conservative stepsize 7, or (ii)
evaluate a short list of solutions generated by several independent runs of the

11



algorithm (cf. [32]). We believe both these approaches will come at the cost of
an additional dependence on O (%) in the sample complexity — we leave rigorous
analysis of this to future work. Finally, we note that our analysis relies heavily
on the gradient domination and local smoothness properties of the federated
cost J.

We have a corresponding convergence result for the benchmark distributed
independent algorithm.

Theorem 2 (Convergence for independent distributed LQR tracking). Suppose

’rl S min 6 b p b £7 )
240,LLL(Z2,G + ZQJ() 27 8

r < min B
= 720L° " [

Then, if the error tolerance € satisfies elog(120Ag/€)) < 5Aq, the iterates
{(Kt, i)™} produced by the benchmark algorithm satisfy

LS i X
E Z J (KT’gT) - chg < €,
i=1
when T = 4#10g(120A0/6) steps, with probability at least 3/4, where Ay =
% Z:il JZ(K(l)vgé) - J;vg'
The analysis technique is similar to that for Theorem 1, and we defer further

discussion to the appendix. Building on Theorems 1 and 2, we next compare
the convergence rate of the proposed and benchmark algorithms.

Vdim
the communication interval. Then, for the federated algorithm, to reach an

e-optimality gap with probability at least 8/4, subject to the assumptions in The-
orem 1, we will need T = O (mie) steps.

Meanwhile, for the benchmark, communication-free algorithm, subject to the
assumptions in Theorem 2, reaching an e-optimality gap with probability at least
3/4 requires T = 0) (%) steps.

Above, O hides logarithmic factors as well as smoothness and strong con-
vexity parameters, and d = n -k + k. Thus, under the assumptions set out in
Theorem 1 and Theorem 2, the federated, communication-based, approach yields
a speedup linear in the number of agents.

Theorem 3 (Speedup from the federated approach). Let H = O( VT ) be

Under appropriate settings of H (scaling zaus~ o} ( \/‘(;%)), Theorem 3 says

that convergence for the federated approach is O(m) times faster. This follows
primarily from the periodic averaging of the K matrices, which reduces the vari-
ance in the optimization problem up to a factor of m in a similar vein to the
results in the federated averaging/local SGD literature ([24], [27]). However,
while ideally we can allow the step-size n to increase as m increases, thus ac-
celerating convergence, in practice, due to stability concerns, there exists some

12



maximum step-size which permits convergence. This echoes the observation
about mini-batching in [20]. A more detailed discussion is provided in the ap-
pendix.

6 Numerical results

Linear system. We compare our proposed algorithm with the benchmark
algorithm for a federated LQR tracking problem. We use a LQR problem with
A.B, Q, R matrices each in R3*3, which can be found in the appendix. Each
initial state x} is sampled uniformly at random from the canonical basis vectors
and the discount factor v is set to 0.9. The tracking targets z** for each agent
are randomly sampled from a zero mean Gaussian with covariance matrix % x 1.
A two-point estimator is used.

In Figure la, we first show the learning process of our federated algorithm
when m = 8 (errors denote optimality gap), comparing to the learning process of
single agent. We see that the federated algorithm indeed converges, supporting
the convergence result in Theorem 1, with a convergence speed faster than that
for a single agent. Next, in Figure 1b, we evaluate the performance of the two
algorithms by comparing the largest stepsize which permits convergence to a
fixed error threshold of € = 0.05 with probability at least 0.7. This is an impor-
tant metric since Theorems 1 and 2 show that the number of iterations required
to learn a policy whose cost is e-close to the optimal cost scales inversely with
the stepsize, i.e. larger stepsize means fewer iterations needed for convergence.
For the independent algorithm, we see that maximum stepsize permitting con-
vergence does not increase with the number of agents, which makes sense since
the different agents learn independently. Conversely, when H = 1, we see that
the federated approach does yield an increase in maximum stable stepsize that
is linear in the number of agents m as m increases from 1 to 16, which supports
the conclusion in Theorem 3, but that this improvement plateaus as the num-
ber of agents increases further, confirming our earlier discussion about stability
considerations precluding arbitrarily large stepsize. As H increases, i.e. less fre-
quent communication, the increase in the maximum step-size with the number
of agents remains up to 16 agents, beyond which the algorithm seems to per-
form the same as the independent approach. This reaffirms our observation in
Theorem 3 that the maximum communication interval permitting convergence
at a rate similar to when H = 1 scales inversely with /m.

Non-linear system. To demonstrate broad applicability of our algorithm,
we also perform simulations of a nonlinear cartpole system [33]. In this system,
a pole, which starts upright with an initial degree 6y € [—7/2,7/2] and initial
angular velocity 6 € R, is attached by an unactuated joint to a cart located at
position x € R along a frictionless track with velocity v € R. While the underly-
ing dynamics are nonlinear [33], due to the model-free nature of our algorithm,
we are nonetheless able to learn a policy (K*, ¢%) for different agents 4 sharing
similar dynamics that all seek to balance the pole (§*,0'"* = 0) whilst tracking
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Figure 1: (a): Errors at each iteration of proposed algorithm and single agent
baseline on a linear system.(mean and standard deviation for 20 runs) (b):
Maximum step-size that allows for convergence to an error tolerance of € = 0.05.
(¢): Costs at each iteration of proposed algorithm on a non-linear cartpole
system.

a distinct target location z%*. For our implementation, we used the Cartpole
package in OpenAl Gym [34]. In Figure lc, we show the cost trajectory of
the federated algorithm for this nonlinear system, and see convergent behavior,
suggesting that our algorithm might be applicable even for nonlinear systems.
More details are provided in the appendix.

7 Conclusion and future work

In this paper, we proved that gradient domination holds for the general LQR
tracking problem. This paved the way for the development of a federated al-
gorithm that accelerates the LQR learning process for agents sharing common
dynamics but having distinct tracking targets. We highlight a few directions for
future work: (1) analyzing heterogeneous dynamics, (2) studying more general
cost functions, (3) considering adversarial noise.
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Appendix A Optimal controller for LQR track-
ing problem

We derive in this section the optimal controller for the cost J* in Equation 1. We
will show that the optimal controller takes the form ui = Kz + g*, where K is
independent of 2%*. For convenience, we will drop the 7 index in the superscript
in this section.

Proposition 3 (Optimal controller for J). Suppose the system given by (\/7A, \/7B)
is controllable. The cost-to-go value function, V(xq), for the discounted infinite-
horizon problem 1, takes the form

V(z0) = zg Pxo + 22 g+,
where
P=Q— (yB"PA)T(R+~yB"PB) ' (yBTPA) + yAT PA,
g=-Qv" = (YBTPA) (R+yBTPB)" (yBTq) +7A"q,
r=(2")"Qz" — (yB'q) (R+yB"PB)"' (B q) + 1.
Moreover, the optimal controller is time-invariant and of the form

u = Kz + g,where

K =—(R+~+B"PB)"'(yB"PA), g=—(R+~yB'PB)"'yB'q.

In particular, note that K is independent of x*, but g is not. Then, the optimal
expected cost (recall expectation is taken over the initial condition) takes the
following form

C(u*) = B[z Pxo + 224 q + 7]
= tr(PX) + 2E[xo) "q + 7,

where ¥ = Elzox |.
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Proof. We note that the cost-to-go value function starting from x( takes the
form
V(z0) = xg Pxo + 22 q + 1,

which is motivated by appealing to the value function in the finite horizon [10]
and taking the limit as ¢ goes to infinity.
Then,

V(x) = min(z — JC*)TQ(a? —z*) + u' Ru + YV (Azx + Bu).

Taking the gradient with respect to u, we find that
Vi =2Ru+ V(v ((Az + Bu)" P(Az + Bu) + 2(Az + Bu)Tq +r))
= 2Ru+ 2yB" P(Az + Bu) + 2yB'q.
Setting V,, to be 0, we find that 2(R +vB " PB)u + 2yB"PAx +2vyBTq = 0,
which implies that
u* = —(R+~B"PB)"'(yB"PAz +~vB'q).
Then, plugging this back into V(z),
V() =2"Qzx+ 22" (-Qz*) + (z*) ' Qx*
+ ((R+~vBTPB) ' (yBTPAz ++B"q))' R((R+~BTPB)"'(yBT PAz +~B"q))
+9[(Az — B((R+~+B"PB)"'(yB"PAz ++vB"¢)))" P
(Az — B((R+~B"PB)"'(yB"PAxz ++yB'q)))"]
+7(2¢" (Az — B((R+~B"PB) ' (yB'PAz +vB'q)))) +yr
=2 Qu+2x" (—Qz") + (z*) ' Qa*
+ (yB"PAz +~vyB"q)" (R+~+B"PB)"'(yB" PAz +vB'q)
—v[2(Az)"P(B ((R+~B"PB)"'(yB'PAz +~vB'q)))]
+~yz " ATPAx
+2v[q" Az — ¢" (B ((R+~B"PB)"'(yB"PAx +vB'q)))] +r
=2 Qr 422" (—Qz") + (¢*) ' Q"
— (yB"PAz +~vB"q)"(R+~B"PB) ' (yB"PAx +vBq)
+ 2T ATPAx + 2vq" Az 4+ r

Collecting terms, we find that
P=Q - (yB"PA)"(R+~yB"PB)"'(yB"PA) + yAT PA,
q=—-Qz* — (yB'PA)T(R+yB"PB)"'(yB'q) +7A'q,
r=(z*)'Qe*—(vB'q)"(R+~B'PB)"'(vB'q) +r.
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Appendix B Proofs for properties of LQR track-
ing

B.1 Lemma 1: Existence of global minimizers

Proof of Lemma 1. That a minimizer exists for each J*(K,g), i € [m] is a con-
sequence of Proposition 3. That the optimal K* for each J* can be the same for
each i € [m] is consequence of the observation in Proposition 3 that the optimal
controller for J* does not depend on z**. O

B.2 Lemma 2: Non-convexity

We provide here a simple example, n = 2 ( here n is state dimension), showing
that J(K), the centralized LQR cost, is non-convex. By extension J(K,g)
cannot be convex in general as well.

Proposition 4. Consider the centralized LQR cost

o0

J(K) = Zw?@xt + u/ Ruy,
t=0

where uy = Ky, and x411 = Axy + Buy, where xy € R™ and uy € R*. Then
J(K) is in general non-convex for n > 2.

Proof. We provide a counterexample where the set of stable controllers K is not
convex. Pick

05 0 10 0 4040 0 0
A‘[o 0.5]’ B_[O 1}’ Kl_{o 0}’ KQ_[4040 0]'

Then, (A, B) is a controllable system. In addition, observe that

—0.5 4040 —0.5 0
N (R P (A

However,
K+ K> _ —0.5 2020
(a8 (257) = ([l 205]) >

which can be shown via direct computation. This proves that LQR is in general
non-convex for n > 2. O

B.3 Proposition 1: Gradient dominance

We first prove gradient dominance for the single-agent LQR tracking, before
showing that the federated formulation with the same K variable for every
agent is also gradient dominant.
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Let 0 < v < 1 be a discount factor, and ¥ be a covariance matrix. Consider
the following problem:

r}y? J(K’ g) =E [Ztoo 'ytc(l‘h ut)] )

such that c(zy,u;) = (v; — ) T Q(zy — %) + v/ Ruy
Tiy1 = AIL’t + B’Z,Lt (7)
up = Kz + g,
o ~ N(O, Z)

For a policy (K,g), define the following cost-go-function Vg, : R" — Rxq,
where for any z € R,

Vi g(2) = Z’th(lit, Kz¢+g), where o = 2.
=0

Lemma 3. Suppose \/7p((A+ BK)) < 1. Then,
Vi g(2) = 2" Prz+ QZTqug +ri.g,
where
Px =Q+ K'"RK +v(A+ BK)" Pg(A + BK),

ax,g = I —v(A+BK)")™' (-Q2* + K" Rg + v(A+ BK) ' PxBg) ,
1 * *

e ()" Qa* + g " Rg+~ (9" BT PxBg+29" B qry)) -
Proof. We note that direct calculations show that Vi 4(2) = 2" Pr2+22 " q g+
r for some Pg,qk 4, and 7x,4. We will seek to find a recursive formula for
P, qr,g and rg,g. Since Vi g(2) = 27 Prz + 22T qi g + 1K g,

Vi g(2) = 2" Prz+ 2quK7g + K,
=c(z,Kz+9) +7Vk 4(Az + B(Kz +g))
=(z—2")"Q(z—2") + (Kz+g) R(Kz + g)
+7(A+ BK)z + Bg)' Px((A+ BK)z + Bg) + 2((A+ BK)z + Bg) "ax.g + g
=2"(Q+K'RK + (A+ BK)"Px(A+ BK))z
+22"(-Q2* + K"Rg+ (A+ BK)"PxBg+ (A+ BK)qx.,)
+ () 2"+ 9 " Rg+v9 BT PxkBg+29 B qr g+ 1K,
Matching coeffients, we find that
Px =Q+ K'RK +~(A+ BK)" P(A+ BK),
4Ky = —Qz* + K'Rg+~(A+ BK)" PgBg +~v(A+ BK)qx 4,
TK,g = ()T Qz* 4+ g " Rg+~ [gTBTPKBg + 2gTBTqK,g + ’I“K’g] .

Some algebraic simplifications for the equations involving ¢x , and 7k, then
yield the result. O
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We next compute the gradient of J.

Lemma 4. Define
Ok = RK +yB'Pg(BK + A), dg,= Rg+~vB"PxBg+~vB qx,.

The gradients of J with respect to K and g are the following:

oo
t T
E YV TLy

Vi J = 20xE + 2dg B lz v, ] 7
t=0 t=0

Vg4J =2CkE thxt +2dK,gZ'yt.
t=0 t=0

Proof. Observe that for any z € R",
Vig(2) =c(2,Kz+g) +vV((A+ BK)z + Byg)

— (:=2")TQ(z — ") + (K2 + g) R(Kz + g)

+7((A+ BK)z + Bg) " Px((A+ BK)z + Bg) + 2((A+ BK)z + Bg) "qx.g + 11 q-
Taking the gradient first with respect to K, we find that
Vi Vig(2) =2R(Kz+g)2" +2vy(B"Px((A+ BK)z+ Bg)z" + B qx,4z")
+ fvaVth (.’131) ’11:(A+BK)z+Bg'

Using recursion, and taking expectations, we find that

VigJ=E [Z 29" (RK +yBT Px(A + BK))vx[ + (Rg+~B" PxBg + BTqK7g)xtT)1
t=0

We next compute the gradient with respect to g. Observe that

Vi Vi g(z) =2R(Kz+g)+ Z'YBTPK((A + BK)z+ Bg) + 2'yBTqK7g + ryvgv(xl)}zlz(fH»BK)erBg'

Using recursion, and taking expectations, we find that

oo
V,J =2E lz 7' ((RK +vB" P(A+ BK))z; + Rg+vB' PxBg+ B qk,g)
t=0

O
We define the advantage function Ax 4(x,u) as
Ak g(z,u) = c(z,u) + VVk g(Azx + Bu) — Vi 4(2).

For any two policies (K, g) and (K, ¢'), the next lemma provides an expres-
sion for the difference between J(K,g) and J(K’, ¢’) in terms of the advantage
function.
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Lemma 5. For any two policies (K, g) and (K',¢"), let {(z¢,us)} and {(x}, u;)}
denote the state-action trajectories corresponding to (K, g) and (K',g') respec-
tively, where uy = Kzt + g and uy, = K'z}, + g'. Then,

J(K,g)— J(K',g') = —-E> A gz}, K'z} + g).
t=0

Moreover, defining

Cx = RK +yB"P(BK + A), dk,=Rg+~yB'"PBg+~B'q,
e PR R Do R ol
t=0 t=0 t=0

for an optimal policy (K*, g*), we can show that

J(K,9) = J(K", g")

1
< E—vo) (tr(C;CKZ*) +2tr((p*) Credrg) + d;gdK)gﬁv) )

Proof. First consider the difference in cost-to-go, starting from the initial state
Zo-

Vir,g/(@0) = Vi g(20) = Z'th(x:nub — Vi g(0)
t=0

o

v (e(wr, ur) + Vieg(2h) — Vic,g(27)) = Vi g(a0)

o~
Il

0

M

'Vt (C(mg,ué) + VVK,g($;+1) - VK’g(xD) .

~
Il
=)

For the last line, we utilized the fact that zo = xJ,.
Then, we get that

oo
Vicr g (20) = Vie(w0) = > 7 Ak g (@], up)
t=0

We next compute Ag 4(x, K’z + ¢'). Recall that

Vig(z) = (z—2")"Q(x — 2*) + (Kz + g) " R(Kz + g) + 7V 4((A + BK)z + Bg).
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Then, observe that

Ak g(z, K'z +¢')
=c(z,K'v+¢)+7Vk4(Ax + B(K'z + ¢')) — Vi 4(x)
=@—-2)"Qx -2+ (K'z+¢) RK'z+g)
+ Vi g(A2" + B(K'z + ¢')) — Vi 4(2)
=2 (Q+ (K')'RK")x + 22" (-Qz* + (K')"Rg') + ¢'" Ry’
+~((A+ BK')z + Bg')" Px (A+ BK')z + Bg)
+2y((A+BK"x+ Bg) qx.g+ K. — Vi.g(2)
"Q@+(K+K -K)'R(K+K' - K))x
+20" (—Q2" +(K+K' —K) R(g+g' —9)+(g+9 —9) " Rg+9 —9)
+7(A+B(K+ K —K)z+Blg+¢ —9)) Pxc(A+B(K+K —K)z+B(g+4g —9))
+29(A+B(K+ K —K)x+Bg+9 —9) axg+7x.g — Vicg(®)
=2 (2(K'-K)'RK+ (K' - K)'R(K' - K)) z
+22" (K'-K)"Rg'+ K"R(¢' — 9))
+2((g' - g)TRg) +(¢ —9)"R(¢ —9)
[25 (B(K' — K))' Px(A+BE)z+2" (B(K' — K))" Pg (B(K' — K))x}
+7 |20 (BIK' ~ K))" Pi(Bg)+ 20" (A+ BK)T Pi(B(g' — 9))]
+7 207 (B(K' - K)) "qx ]
v[2(B(g - g))TPK(Bg) (B(g' —9)) " Px(B(g' - 9)) +2(B(g' — 9)) T4k 4]
= Qtr(mT(K’ K)'RK) +2tr(z" (K" — K)"R(g' — g)) + 2tr(z " (K' — K)" Rg)
+2vtr(z " (K’ — K) ' BT P (BK + A)z) + 2ytr(z" (K’ — K)"BTPxB(g' — g))
+2ytr(z " (K' — K)" B P Bg) + 2ytr(z" (K' — K) "B qr )
+tr(zz' (K' — K)"(R+~B" PxB)(K' — K))
+2tr(z" KTR(g' - 9)) +2tr(g" R(¢g' — g)) + 2vtr((¢' — 9)" B Px (A + BK)z)
+2ytr((¢' — 9) "' B" Pk Bg) + 2y tr((9' — 9) "' B  qxe )
+(d'—9)"(R+~B"PgB)(¢' — 9)

Via completing the square, defining
Cx = RK +vyB"Px(BK + A), dgy,= Rg+~B'PxBg+~B qr,,

using the fact that (R+vB " Pk B) is positive definite, we find that the advantage
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function satisfies the following inequality:
A g, K'z +¢')

= (K' = K)z+ (¢ — g) + (R+~7B T PxB)~ (Cxa +dx)) " (R+~B" PxBy)
((K '~ K)z+ (¢ —9)+ (R+7yB"PkB) ™" (Cxz +dk 4))

— (Ckx+dg,g) (R+vB PkB) ' (Cxx + di )

—(Ckx+dgg) (R+vB"PxB) " (Cka + di,g)

Using the inequality for the advantage, and taking expectations, we find that

J(K',g') = J(K,g) > =EY ' [(Cka} +dkg) " (R+vB' PxB) " (Cxa} + dxg)] -
t=0

Applying this to an optimal policy (K*,g¢*), we find that

J(K,g9) = J(K",g")

<EY 2 [(Cxa; +dg) " (R+yB' PxB) ™ (Cxa} +dy)]

=0

< Cfmm EZ'y (Cray +dig) (Cray + dr )]

:Jmi(R)<tr(CKCKE§V () ") 4 2tr(( E27 TCKng)-i-ngngtX;’Y)
O

Before finally establishing gradient dominance, we first need the following
elementary linear algebra fact.

Lemma 6. Suppose g € R™ for some n € Z,. Then, for any positive semi-
definite (PSD) n by n matriz 3, the (n+ 1) by (n + 1) matriz

.
|99 +¥ g
M.[ e 1]

is PSD.
Proof. Observe that

=l e e

where the first summand matrix is PSD, and the second summand is a rank-one
matrix outer product and hence also PSD. Thus, M is PSD since the sum of
two PSD matrices is PSD. O
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Proposition 5 (Gradient dominance of LQR with tracking). Define
oo
Cr = maX{HE*IIz +6%ll2 )7+ |p*||2} ;
t=0
where

—EZ*y:ct )", p*::Ei'ytx
t=0

are the discounted state covariance matriz and mean vector respectively corre-
sponding to an optimal policy. Suppose

E[zo) =0, Elzozg] =X = ol for some a >0, |p(A+ BK)| < 1.

Then,
J(K.g)— (K" ") < < 1913
9 9= I min{e, 11 20mm (R) F
We also have a lower bound:
min{«, 1} T
JK,9) - J(K*,¢g")> —-———tr(Ey F
( g) ( g ) ||R+BTPKB||2 r( K,g K,Q)

Proof. From Lemma 5, using our definition of C*, we get that

J(Kvg) - J(K*7g*)

1
m (tr(CKCKEZV ay xt )+ 2tr(( EZV TCKng)‘i‘ngngZ’Y)

t=0 t=0

IN

_
Omin (R)
Define the quantities

o0 [ee]
Z] kg =E [z ] PR
t=0 t=0

t=0

(Il + ldreal)

Yrg=E

where the state trajectory {z;} is generated by the policy (K, g). Then, based
on Lemma 4, we have the following expression for ||V.J(XK, g)||f,,

IVI(K, 9)|7 = 4||[Ck kg + dicgpicy Ciprg + Brdicg] ||i

Y P 2
e ana [ 73]
sg

F
= 4tr(Eg ,Ex gMi g My ),
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where

by
Bk 4= [CK dK,g] , Mg, = [pfg ng,g} .
»g

We note that

_|XKg PEg
MK’g o |:p},g B'Y ]

et (Bl ] Elz]

_tz:;,yt-E[lt‘t]tT lt]

_ ~o ot [ElzdElzy] T + E[(A+ BK)'zoxg (A+ BK))]  E[z]

-2 Elz," 1
t=0 L
Y 0]

=15 1

=% )

where we used Lemma 6 for the penultimate matrix inequality, and the assump-
tions E[xg] = 0 and E[zoz] = ol for the final matrix inequality. This implies
then that

IVI(K, 9)|F = 4t(Bf g Erc.gMrc.g My o)
> 4min{a, 1}? tr(E;gEK,g).

Therefore,

(O
o * ooty <
c* .
= o () tr(Ex ,Ex g)

(Kl + o)

C*
<
~ 4dmin{a, 1}20min(R)
For the lower bound, pick K’ = K — (R+yB" Pk B) 'Ck, and ¢’ = ¢’ —

(R+~BTPxB)~'d K,g- Then, following the analysis of the advantage function
in Lemma 5, we have

J(Kvg) - ‘](K*vg*) > J(Kvg) - J(Klvg/)

= —IEZAKH(J:Q, K'z,+4")
=0

IVI(K, )|

=EY ~'[(Cxa} +dk,y)" (R+vB" PxB) ™ (Cxa} + di )]
t=0
= tI‘((EK,gMK/’gOT(R—F BTPKB)_lEK,gMK/’gI)
min{a, 1} T
T tr(Ey F
Z R+ B P Bl " Frea o)
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O

We next show that the distributed LQR tracking, considered in Problem 3,
is also gradient dominant. We hence focus our attention on J(K, g).

Lemma 7 (Gradient of coupled distributed LQR. tracking cost). For a policy
(K,GQ) = (K,g*, ¢°,...,9™), we have

ViJ(K,G)=> 2 (CK]E > i) | +dgg B Zyt(x;‘)TD .
i=1 t=0 t=0
V,iJ(K,G) =2 <C’KE > ota +dK,giZ¢> Vi € [m].
t=0 t=0
Proof. For any x = (x',22,...,2™) € R™", where for each i € [m], z* € R",

define the average value function

Vic(z ZVKg
=1

m
Z VT Prea’ 4+ 2(2") T dK,gi +TK gi-

Then, supposing that for each i € [m], z° i ~ N(0,%), we find that
J(K,G) =E,Vk c(x).

Then, differentiating, we get
Vi Via(x Z Vi Vi gi

VgiVK,G(I) = ng'VKgi (:L'Z) Vi € [m]

Taking expectations, using our result for the gradient of a single-agent LQR
tracking problem in Lemma 4, we find that

“rdK’giE

th(wi)TD :

t=0

VgiJ(K,G)—2<CK lzwt +ngny> Vi € [m].

O

Our next result shows that gradient dominance is preserved for the coupled
LQR tracking problem.
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Proposition 6 (Gradient dominance for coupled LQR tracking problem). De-
fine

o0
C" = max {|2*||2 + o™ M2 Y A+ ||ﬂ”||2} ;
t=0
where

o o0
Ei* — Ezvtxi*(xi*)"?’ pi* — EZV%;*
t=0 t=0

are the discounted state covariance matrix and mean vector respectively corre-
sponding to an optimal policy for agent i. Define then

C* = max C"*.

iem
Suppose for each i € [m] that
E[zi] =0, E[zi(z})"] =% = ol for some a >0, |p(A+ BK)|<1.
Then,
C*
<
~ 4min{a, 1}20min(R)

Proof. Building on our gradient dominance analysis for single-agent LQR track-
ing in Proposition 5, we find that

J(K,G) — J(K*,G") IV 1%

J(K,G) = J(K*,G*) =Y _J(K,g") = J(K*,(g")")

i=1

IN

m O*
Z Omin(R) (”CKH; + ||dK’gi
i=1 min

2
)
Meanwhile, defining for convenience

Sk g =E

(o)
Z’ytxi(mi)T] and pé(’gi =E
t=0

Z'Yt(xi)T] Viem], By,= Z'Yta
t=0

t=0

using the result in Lemma 7, we have

2
IVI(K,G)|x
= 2 w = 2
= VT (K. + Y _|[Ve (KO
=1
Zgil z:ZKTLgi p%,gl P%ggz P? gm
(p}(,gl) 1 0 0
-
=4 [CK dK,gl dK,g2 A dK7gm:| (p%(,g2) 0 1 0
(p%,g""')T 0 0 1
=4tr(Ex oEx.cMraMg q),
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where

EK’G = [CK dK,gl deg2 e dK,g"”:I y
Z;il EZK @ p}(¢91 p%(,gz o p?,gm
(P}(,gl) 1 0 .. 0
Mgg=| Peg)' 0O 1 - 0
Wiy 00 o1

Using Lemma 6, and the assumptions E[z}] = 0 and E[z}(z}) "] = X > oI for
each i, we can show that

O’ITLXTL Ime

My g = |:mOJn><n Onxm:|

This implies then that

V(K. G| = 4tr(Ef ¢ Ex.e Mg,a Mp )
m

>4 <m2a2||CK||% + ZHdK’gz 2)
=1

+ tminfa, 1) (chm% iy i)
=1

Therefore,

\)

= 2
IVJ(K,G)|[ -

_ _ m C*
J(K,G) - J(K*,G*) <} —_] (NCk Il + [[dic g

< ¢ ]
~ 4dmin{a, 1}20min(R)

The preceding work allows us to prove Proposition 6.
Proof of Proposition 6. By Proposition 5, we have that
JUK,g') < p'| V'K, g7,
where
Ci*
T min{a, 1}20min(R)’

i

1

and O™ is as defined in Proposition 6. In addition, by Proposition 6, we see
that

J(K,G) = J(K*,G") < m[aX]ALZ'IIVJ(K,G)H2
€|m
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B.4 Proposition 2: Local Lipschitzness and smoothness

In the sequel, without loss of generality, we assume that the covariance of the
initial noise distribution, ¥, is the identity matrix I, «y,.

We first define C'(K) to be the following cost, a standard LQR with no
tracking based on the system matrices, cost matrices and discount factor ~.

C(K) =72z Que + u/ Ruy,
such that w11 = \/7Az, + /7Buy, (8)
Uy = Ka:t.

This lemma shows that if J(K,g) < C for some C > 0, then C(K) < C.

Lemma 8. Suppose J(K,g) < Cqy for some Cy > 0, and that E[xg] = 0. Then,
C(K) < Cy.

Proof. Based on lemma 3, we see that

J(K,g) = tr(SPk) + Elzo] gy + 7Kg
= tr(ZPK> + TK,g = C(K) + TK,g»

where we used E[zo] = 0 as well as the easy-to-check fact that C'(K) = tr(XPk).
Since rx,y > 0 has to hold — otherwise the value function V(K,g;0), i.e.
value function of (K,g) when xg = 0, is negative —, it follows that J(K,g) =
C(K)+7‘K7QSCO — C(K)SOQ O

Next we show that if J(K,g) is bounded by Cy, then Pk, K and g are all
bounded by constants involving C and system parameters.

Lemma 9. Suppose J(K,g) < Cy for some Cy > 0. Then, Px < Cy, and
moreover, there exists constants c1,co > 0 depending on Cy and A, B,Q, R,~y
such that

1K < crs llgll < ca.

Proof. That Px < Cj holds follows from C(K) < Cy and ¥ = I. Next, by
Lemma 25 of [7], since C(K) < Cy, there exists ¢; depending on Cy and system
parameters such that || K| < ¢;.
Finally we show that g is bounded. To this end, note that the cost at t =0
is bounded by Cj, namely
E[(zo — 2*) T Qa0 — 2*) + (Kzo + 9) ' R(Kwo + 9)] < Co
= t2(Q) + (2") Q2" + 2 (K" RK)zo + g Rg < Cy
— g Rg < Co

= ||g|| < CO/Umin(R) = Co.
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Next, define S := (I —y(A+ BK)T)~'. We show that Sk is bounded, and
that the difference || Sk — Sk || is bounded by ||K’ — K|| times some constant.

Lemma 10. Define Sk := (I —y(A+BK)T)™. Suppose J(K,g) < Co. Then,
2Cy
Tmin (@)
Proof. From the argument in Lemma 13 of [7], it holds that
C(K)
Tmin(Q)’

[SKll2 < = cs.

where

o0

T

Yk =E g Ty
t=0

where {x,} is generated by the policy u; = Kuxy, 2441 = YAz + /7 Buy,
and zg ~ N(0,%). We first show that ||Skll2 < fq(@). To this end, since
VIP(A+ BK) < 1, by the same argument as in Lemma 23 of [7], we find that

1
1= 3r(7A+ J7BK)
1

ISk ll2 <

= 1= o(y3A T 3BK)
< 2tr(Xk)

20(K)

Umin(Q).

<

O

Next, we seek to bound (Sk+ — Sk) — to be precise, we show when K — K’
is small enough, ||S% — Sk|l2 can be bounded in terms of | K’ — K||.

Lemma 11. Suppose ||Sk||l2(7||B|2||K — K'||) < %, and vp(A+ BK') <1 (so
Sk is well-defined). Then,

18k — Sl < 21827 Bl K’ — K|
Proof. For the purposes of this proof, we define
C:=I—-~A+BK), D:=+B(K-K').
Then, we have
Sk — Sk = (C’-I-D)_l —c!
—c'(I+Cc'D) !
=Cc' (I+Cc'D)t-1)
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Next, consider I + C~1D. Observe that
(I+Cc'Dy'=1-Cc'DI+C'D)™!
= [[I+C7'D| <2,

where the first can be verified by multiplying both sides with I + C~'D, and
the second is a consequence of ||[C~1D|ly < ||Sk|2(7]|Bl2||K' — K]||) < 1/2, our
assumption. Therefore, using some algebraic manipulation, we have that

Sgr =Sk =C"'(I+C7'D)"' —1)
=Cc Y Cc'D(I+C D)™,
which implies that
ISk = Sklla = IC"H(CT'DUI+C7'D) ™)l
<29 Sk |*IBJlII K’ - K|
O

Next, we show that if K’ is within a ball around K, then we must have
vp(A+ BK') < 1.

Lemma 12. Suppose

Umin(Q)
(KA Bll2(IlvyA + y7BK]l2 + 1)

K — K| <
IK' - Kl < 45

Then, \/Y(A+ BK') < 1.

Proof. This follows from the same argument in Lemma 22 of [7], but with u in
that proof replaced with 1, and the system (A, B) replace by (\/74,/~B). O

Finally, we explicitly state the condition on (K'—K) such that v||Sk||2|| B||2 || K'—
Kl <1
Lemma 13. Suppose |[K' — K|| < % Then,

YSk 2Bl K" - K| <

N

At this point, we take a chance to state a few results establishing C'(K)
is locally Lipschitz. These results are based on [7] and [20]. Similar to [20],
we assume boundedness of the initial distribution of zy in the proofs, noting
that an extension to sub-Gaussian random distribution is possible by appealing
to high-probability bounds and standard truncation arguments. Thus, in the
sequel, we will work with the assumption ||z¢||? < C,, for some C,, > 0.
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Lemma 14. Suppose C(K) < Cy. Suppose | K' — K|| < ¢q. Then,
n
C(K') = C(K)| < Fenll K" = K],
n
|C(K',20) — C(K, z0)| < cnn|| K" — K],
HPK' —PKHQ < (Cg + co +610)||K, —K”

By Lemma 13 of [7], it follows that || Px| < C(K).
Next, we prove a bound for ||gk ¢]|-

Lemma 15. Suppose \/Y(A+ BK) < 1, and J(K,g) < Cy. Suppose also that
|K" — K|| < c4. Then,

lax.gll < c12
for an explicit constant c12 > 0 involving Cy and the system parameters.
Proof. We have
ax,g = Sk (—Qz* + K" Rg+ (A + BK)" Pk Bg)
Observe that || —Qz*|| < ||Q||2||z*||. Next, note that

15T Rl < [ KIIIR]l9]]
S C162||R||.

Next, observe that

V(A + BK)" PxBg|l < 3| Pll||Bll2]lgll
< V7Col|B2¢2.

This implies that
lak.gll = 1Sk (—Qz* + K" Rg + (A + BK) ' Pk Bg)||
< ||Skll2ll-Qz* + K" Rg + v(A+ BK)' Pk Bg)|
< ez (aca|| Rl + /ACol|Bllzca + /7Co || B2¢2) = c12.

Next, we provide a bound for the quantity (¢x’ ¢ — gr,q)-

Lemma 16. Suppose \/Yp(A+ BK) <1, and J(K, g) < Cy. Suppose also that
IK" = K| < ca, ||’ — gl| < 1. Then,

laxr,g — axcgll < c1s|| K — K| + ci6llg” — g,
where
c15 = 2903 Bl|2[|Qz"|| + 13 + €14, 16 1= 2c103]|R]|2 + c3Co|| B2

and c13,c14 > 0 are constants depending on Cy and the system parameters,
introduced in the proof later.
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Proof. We have

qK' g — qK.g
= Sk/(—Qz* + (K')"Rg’ + v(A + BK')" Px/By)
— Sk (—Qz* + K"Rg+ v(A+ BK) ' Pk By)
= (Sg' — Sk)(—Qz*) + (Sk/(K') 'Ry’ — Sk K" Rg) + (Skv(A+ BK')" PxBg' — Skv(A + BK) ' PxBg)

We treat the three terms separately. First, observe that

1Sk = Sk)(=Qz")|| < (2V]|Sk |2l Bll2l1K" — KNI Q2|2
< 29| Bll2 | Q2 ll=" [N K" — K.
Next, observe that
ISk (K')" Ry’ — Sk K " Ry||
=[Sk — Sk)((K") " Rg') + Sk ((K')"Rg') — Sk K " Ry||
= (k= SK)(K") " Ry') + Sxc(K') "Ry’ — K" Rg) + Sk K" Rg — iK' Ry
< 2ves| Bll2[[ K" = K[| ((IK| + DI R]2llg]l + 1)
+2¢3 (|[KTR(¢" — 9) + (K" = K) " Rg + (K' — K)"R(¢' — 9)||)
< 2ycs]| Bll2(er + DI R]l2(c2 + D K" — K]
+2cs (IK(IRl2llg" — gll + 1K = K[ Rll2llgll + | K" = K[ Rl[2llg" - gll)
< 2yes||Bll2(e1 + DIRll2(c2 + D[ K" — K]
+2¢3(c1||Rl2llg" — gll + 1K' = K[| Rl|2c2 + [| Rl]2 | K" = K]])
= (2ves||Bll2(er + D[ Rll2(c2 + 1) + [[Rll2c2 + |1R]|2) [ K" — K[| + 2¢1¢5]| Rl2]lg" — ]|
= (2yes||Bll2(er + D[ Rl2(c2 + 1) + (c2 + D[ R2) [ K’ = K[| + 2c1e5]| R]l2]lg" — gl
We next handle (Sky(A + BK')" Pg'Bg' — Skv(A+ BK) " PxBg). By asim-
ilar algebraic manipulation to the immediately preceding set of derivations, we
find that
|Skv(A+ BK')T Px'Bg' — Skv(A + BK)' Pk By|
= ||(Sk» — Sk)v(A+ BK')" Px'Bg' + Sk(v(A+ BK')" Px/Bg' — (A + BK) " Pk By)||
<Sk = Sklll(A+ BK')" Pr:By'|| + || Sk |2l v(A + BK') " P Bg' — v(A+ BK) " Px By
We first handle v||Sx+ — Sk||||(A + BK')T Px:Bg'||. This involves bounding
VII(A+ BK')T Pg/Bg'||. To this end, observe that
VIIl(A+ BK") T P By |
< Pk l2l1Bll2ll¢'l
= ||Px + Pg: — Pkll2[|Bl2[l¢'ll
< (IPxll2 + (cs + co + cro) [ K" = K|))[| Bll2(c2 + 1)
< (Co+cs+co + c0) | Bl2(c2 +1)
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This gives us

YISk — Sklll(A+ BK')T P Bg'|| < /3(Co + ¢s + o + c10)|| Bll2(c2 + 1) || Sk — Sk
< VA(Co + s + co + c10) | Bll2(c2 + 1)29[| Sk [|2]| Bll2 || K" — K|
< 293/2(Cy + es + o + 10)|| B2 (ca + 1| K" — K|
Next, we handle ||y(A + BK')" P Bg' — v(A + BK) " Px Bg||. Observe that
|7(A+ BK')" Px/Bg' — v(A+ BK) " Pk By|
= |lv((A+ BK")T — (A+ BK)")Px/Bg' + (A + BK)' (PxBg' — Pk Bg)||
= ||7((A+ BK')T — (A+ BK)")|||| Pk Bd'|| + 7||(A+ BK) " ((Px — Px)Bg' + PxB(g' — 9))|
<ABI3IK" — K||(Co + cs + 9 + c10)|| Bl|2(c2 + 1)
+ 7 (1P = Pl Bll2(c2 + 1) + || P [|2[| Bll2llg" — gll)
<A[IBII5(Co + ¢ + co + c10)[| Bll2(c2 + || K" — K|
+ VIIBll2(c2 + 1) (s + co + c10)|K" — K| 4+ Co|| Bll2llg" — gl
< (VIBII3(Co + ¢s + o + c10)||Bll2(c2 + 1) + Al Bll2(c2 + 1)(cs + co + c10)) | K" — K| + Col|Bll2llg’ — glI.
Thus,

ISk ll2llv(A + BK") " Pg:Bg' —~(A + BK) ' Pk By||

< es(7||BlI3(Co + ¢s + ¢o + c10) || Bll2(c2 + 1) + Al Bll2(c2 + 1) (cs + o + ¢10)) | K — K|
+ e300 Bll2llg" — gl-

Define now
c1s := 27es||Bll2(er + D||Rl2(c2 + 1) + (c2 + 1) || R[2,
c1a = 27%2(Co + cs + co + c10)|| B||3(c2 + 1)
+es(vl| BI3(Co + s + eo + c10) [ Bllz(ez + 1) + VAl Blla(e2 + 1)(es + o + e10)

Then, combining everything, we find that
larr g — axcgll < (2ves||Bll2)|Qa™ || + c13 + c1a) [ K = K|l + (2e1¢3]|Rl|2 + e3Col| Bll2)[lg" — ]|

O

We are now finally ready to bound (rx’ 4 — rk,q), after which we can wrap
up our local Lipschitz argument for J(K, g).

Lemma 17. Suppose \/yp(A+ BK) < 1, and J(K, g) < Cy. Suppose also that
IK" = K| < ca, ||’ — gl < 1. Then,

Irir g = gl < 10l K" — K| + collg” = gl

where

C19 = C17 + C18,
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and

1
ari= T [2¢5 + 1+ (|| B5(Co + ¢s + cg + c10)(c2 + 1) + || Bll5¢2C0)] ,

1
c8 =T [29([|Bl2(c12 + 15 + c16) + || B|2c2c16)] ,

1
C0 =T [VIBll3¢5(cs + o + c10) + 27| Bllaca(e1s) -
Proof. Recall that

1 * *
=1 ((z*)"Qz" +9 " Rg+~ (9" B"PkBg+29" B qx)) .-
Then,

1
TR~ TKg = ﬁ((g’)TRg’ +7((g") "B PrBg' +2(g") ' B qxr o))

1
- m(QTRQ +7(g"B"PxBg+2(9)" B g 4))-

We omit the factor —— for now. We first consider the term (¢') " Rg’ — g ' Ryg.
1—y
Note that

I(¢) Ry —g " Rgl =1(d —9) g+ (¢ — )l
< (ca+D)llg" = gl + c2llg’ — gl
= (2ca+1)|lg" = gll-
Next, we consider v[((¢) " BT Px:Bg' — g" BT Px Bg]. Observe that
((¢)"B"Px:Bg — g" BT PxByg
=(¢ —9)'B"PxBg +g'B" (P By’ — Pk By)
=(¢'—9)"B " Px:Bg' + 9" B'((Px' — Px)Bg' + PxB(g' — g)).
Then,
YI((g") ' B" Pg:Bg' — g" B" Pk By|
< AIBJ2(Co + ¢ + co + c10)[| Bl (c2 + 1)[lg" — gl
+v(IBl3631|Pxr — P || + || Bll3¢2Collg" — gl|)
< A|IBll2(Co + cs + o + c10) |Bll(c2 + 1)llg" — gll + VI Bll5¢3(cs + co + c10)[| K’ — K[| 4+ 7[|B[5¢2Collg" — gl
=7(|IBlI3(Co + ¢s + co + c10)(c2 + 1) + || Bll5¢2C0) g’ — gll + VI Bll5¢3(cs + co + c10) | K" — K]
We finally turn to 2v((¢') " BT qk+.) — 2v(9" B qk.4). We have
1(9") "B qrrg — 9" B qi 4
= (g’ - Q)TBTQK’Q’ + gTBT(QK’,g’ —qr.g)l
<lg" = gllllBll2(lgx.gll + llarr.g — ax.oll) + lgll| Bll2llgx .o — ax.gl
< lg" = gllllBll2(c12 + c15 + c16) + | Bll2ca(c15]| K — K[| + ci6llg’ — glI)
= ([[Bll2(c12 + 15 + c16) + | Bll2cacio)llg” — gll + | Bll2ca(cs]| K" — KJ)).
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Combining everything, we find that

[Tk g — Tk gl

1
<1 [Its") " Rg" — 9" Ryl +~II((¢") " B" Pk Bg' — g" BT Pk Byl +27/|(9') "B axr.g — 9" B axc ]

1
S g [2¢2 + 1+ (|| BI[3(Co + cs + ¢g + c10)(c2 + 1) + || Bll3¢2Co)] l9' — g

1
1
i 27(I1Bll2(c12 + 15 + e16) + || Bll2c2c16)] 19" — gl
1
i (VB33 (cs + co + c10) + 27| Bll2ca(crs] | K’ = K]|

O

We are now ready to state the local Lipschitz property of J(K,g) and its
sample cost variant J(K, g;z)).

Proposition 7 (Local Lipschitz of sample and expected cost of J(K,g)). Sup-
pose \/Ap(A + BK) < 1, and J(K,g) < Cy. Suppose also that |K' — K|| <
C4, ”g/ - gH < 1. Then,

J(K',g") = J(K,g) < cal(K'— K,g" = g)ll,

where N
max{Z-c11 + c19, 20}

C =
21 \/§

Similarly, for the initial state xy of any sample,

J(Klvgl;xO) - J(Kag;x()) < C22||(K/ _Kvg/ _g)||7

where

max{Cp(cs + cg + c10) + v/Cncis + c19, C16 + 20}
Co2 = \/i .
Proof. We first show the local Lipschitz property of the expected cost. Re-

call from Lemma 14 that [C(K') — C(K)| < & cu1||[K’ — K||. Then, using the
assumption that E[zg] = 0 and E[zo] = I, we find that

|J(K',g") = J(K,g)| = |Cxr + 7Kg — (Ck +7K.4)|
< ‘C(K/) — C(K)| + T g — rK:g‘

n
< C*CnHK' — K| + ciol| K" = K|| + c20llg" — gl
n

:(ﬂ

oot c19)|| K" = K|| + collg” — gl

where we used Lemma 17 for the second last line. Then the result for the
expected cost holds by the observation that (a+b)? < 2(a?+b2) for any 0 < a, b.
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We next examine the sample cost for a starting state xg, which we can write
as VK,g(xo), using notation from Lemma 3. We have

[Vir.g(20) = Vi ,g(20)]
= ‘x(—)r(PK’ — Pg)wo + 295(1)—(5110,9’ —dK,g) T TK g — TK,gl
<P = Prcll2llzoll* + 2llwoll " llaxr.g — arcgll + [7xr g — Tig]
< Cules + co + c10)|[ K’ = K| +2¢/Co(crs| K = K| + cellg’ = gll) + 1ol K’ — K| + ca0llg’ — g
= (Cplcs + o + c10) + V/Crneis + cr9) | K — K|| + (16 + c20)lg" — gl|-
O

We are now ready to show that J(K, g) is also locally Lipschitz smooth, i.e.
its gradient is Lipschitz. We first recall from Lemma 4 that the gradients of J
with respect to K and g are the following;:

oo
. T
E Y Tty

ViJ = 2CKE + 2dg 4 lz WZ] :
t=0 t=0
VgJZQCK]E Z’tht +2d}(792’7t,
t=0 t=0

where
Cx = RK +yB"Px(BK + A), dk,=Rg+~vB'PxBg+vB qk.,.

We first prove the following lemma, which will simplify the analysis of E[>_,_, v'z:z,/ .
To this end we first define a sequence {y:}, yo = zp, that is obtained by
following the linear policy u; = Kux; for the system (\/yA,/7B) such that

Yir1 = /YA + /YBKy;. Then, define

o0
Yk = E[Z Yeys ).
t=0

Then,

Lemma 18. Recall the sequence {y:} and the corresponding state sum-of-covariance
matriz X that we defined before this lemma. We have

E

ZWtwtxtT} =k + (SxBg)(Bg) " Sk
t

Proof. Observe that

E[ziz, | = E[(z — Elzi])(x — E[z:]) ] + E[z]E[z] T
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Recall that 2411 = (A + BK)z; + Bg, so E[zy11] = (A + BK)'E[z,] + Bg. A
direct calculation shows that (since E[zg] = 0)

E[> +'z]=> ~'(A+ BK)'Bg
t=0 t=0
= S} By.

Next, via similar algebraic calculation, we find that
[ee] oo
B> 2 (@ — Ela)(z — Blza]) ] = B wiy ],
t=0 t=0

since for each summand the terms involving g cancel out. O
Next we show that X g — Yk can also be bounded.

Lemma 19. Suppose \/yp(A+ BK) < 1, and J(K, g) < Cy. Suppose also that
|K" — K| < cq. Then,

|k — Bkl < easl| K" — K,

where co3 = 8(%3’(@ )2VANIBll2. In addition, due to the assumption |K'—K|| <
c4, we have

Xk — Xkl < 2¢s.
Proof. This follows from Lemma 16 of [7]. O

Next, we show that Cx 4 and di 4 are both bounded. Recall that Ex , =
[Ck,y dig]. From the lower bound in Lemma 5, we see that (using our
simplifying assumption that E[zoz] ]| = I)

tr(Eg o Exg) < (J(K,g) = J(K*,g))|R+ B P B
= Cregll” + lldxcol* < Co(l|Rll2 + 1 BI3C0) = ¢34
We next bound the quantities Cxs — Cx and dg/ ¢ — dk 4.

Lemma 20. Suppose \/Yp(A+ BK) < 1, and J(K, g) < Cy. Suppose also that
K" = K| < ca, llg" = gll <1. Then,

[Cxr — Crl| < cos|| K — K|
ldrr g — dicgll < cosl| K — K| + carllg” — gl

where

co5 = || R|l2 + 7[| Bll2[(cs + co + c10) + || B|]2C0)]
ca6 = || Bl5(c2 + 1)(cs + co + c10) + VI Bll2c15
co7 = ||Rll2 + 7I|BII3Co + 7I|Bl|2¢16-
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Proof. We first handle C'x» — C. We have
ICx = Ckl|
<||RK' +~yB" Pg/(BK' + A) — (RK +vB" Px(BK + A))|
< R|llK" — K| + 2| Blall(Prr — Pic)(A+ BK") + Pic B(K' — K)|
< |IR[l2| K" — K[| +~[|Bll2[(cs + co + c10) | K" — K| + || B||2Co || K" — K]
= (|IRll2 +7[|Bll2[(cs 4 ¢co + c10) + | Bll2Co) D K" — K.

Meanwhile,

||dK’,g/ - dK,g”

= ||Rg +yB' Px:Bg' + B qxry — (Rg+B' Pk Bg+vB qk )|l

< |Rll2llg" = gll + Y| Bll2||(Px — Px)Bg" + Px B(g" — g)|l + Y| Bll2llgx'.g» — ax 4l

<|IRll2llg" = gll + I Bll2(|| Bll2(c2 + 1)(cs + co + c10)[| K" — K| + Col|Bll2llg" — gll)
+91Bll2(c15| K" = K| + c16llg” = gll)

< (IBll2 +~Bl5Co + 71l Bll2c16) 9" — g
+ (YIB3(c2 + 1)(es + co + c10) + [ Bll2css )| K" — K|

We are finally ready to bound ||VJ(K’,¢") — VJ(K,g)||.

Proposition 8 (J(K, g) is locally smooth). Suppose \/7p(A+ BK) < 1, and
J(K,g) < Cy. Suppose also that |K' — K|| < eq,||¢' — g]| < 1. Then,

IV J(K',g") = Vi J(K, g)|| < cas|| K" — K|| + e[| K’ — K|,
IVgJ(K',g') = Vg (K, g)|| < el K — K| + es1 | K — K.
Together, we find that
IVI(K',g") = VI(K, g)|| < IV J(K',g') = Vi J(K, g)ll + |V J(K', g') = V4 J (K, g)]]

max{cag + €30, C29 + 31} / /
K —-K,g — )
7 It 9 =9l

IA

where

cag = 2¢25[|| Bll3(c2 + 1)%(c3 + 2963 || Bll2)* + (3¢3)] + 2242763 || Bll2 (|| Bl3(c2 + 1)*(e3 + 2y¢3][ Bll2))
+ ca|| Bll2(2v€3 || B2 + 2¢23
+ 2¢96|Bll2(c2 + 1) (e3 + 2763 || Bl2) + 2c24ca|| Bll227¢3 || Bl

Ca9 = 22463 Bl|2(c2 + 1)|| Bll2(es + 2y¢3|| Bll2) + 2¢2|| Bll2(cs + 2v¢3]| Bll2)
+ 267 Bll2(c2 + 1) (3 + 2y¢3[| Bll2) + 2c24]| Bll2(cs + 2y¢3|| Bll2)

c30 = 2¢25(c3 + 27¢3[| Bll2) | Bll2(c2 + 1) + 2e24(2763 || Bl|2) | B[ (c2 + 1) + 2¢26

)

1
c31 = 2c24¢3]| B2 + 20271
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Proof. We first tackle |V J(K',¢') — VkJ(K, g)||. Using Lemma 18, we have

ViJ(K,g) = 2CkE)>_y'zma] ]+ 2dx B> y'z/]

t=0 t=0
=2Ck (S Bg(Bg) Sk +Xk) + 2dk 4,(Bg) " Sk.
Thus
IV J(K',g") = Vi J(K,9)|
<2|(Ckr — Ck)(Sg:By'(By') " Skr + Sir) + C [Sk By (Bg') ' Skr + Xir — (S Bg(Bg) ' Sk + k)|
+2|[(dir,gr — dicg)(Bg') Sk + dic 4 (Bg') " Sr — (Bg) " Sk
We handle the first summand. Observe that
2|[(Cxr — Cx)(Sk By (Bg') T Sk + ) + Cx[Si By (Bg') T St + B — (S Bg(Bg) " Sk + Ti) )|
<2||Cxr — Ck|||SgBg'(Bg') " Skcr + S|
+2|[Ck||(Sk+ — Sk)(By'(¢") "B Skr) + Sk(Bg'(¢') ' B" Sxr — Bg(g) ' B Sk) + Sk — Sk
< 2095 K’ — K[| BII3(c2 + 1)*(¢3 + 273 Bll2)? + (3¢3)]
+ 20242965 || Bll2o|| K" — K[| (| BII5(c2 + 1)*(cs + 2v¢3]|Bl12))
+ 2c0463| Bl2ll(9" — 9)(¢') " B Sk +9((g") ' B" Sk — 9" BT Sk )|
+ 2c03||K" — K|
< 2095 K’ — K[| BII3(c2 + 1)*(¢3 + 27¢3 (| Bll2)? + (3¢3)]
+ 2c0427¢3|| Blo[| K" = K[(I[Bl[3(c2 + 1)*(c3 + 2v¢3]| Bll2))
+2ca¢3 ([|Bll2llg” = gll(c2 + 1) Bll2(cs + 2763 Bl12)
+2¢2)lg’ — gl Bll2(cs + 2731 Bll2) + cal| Bll2(2v¢3 || Bll2 | K" — K))
+ 2e3 )| K" — K|
For the next summand, observe that
2||(dx+,g — dicg)(Bg') T Sk + dic 4((Bg') T Skr — (Bg) " Sk)|
< 2(co6)| K" = K| + earllg’” = gDl Bll2(ez + 1)(es + 27¢3 (| Bl|2)
+2¢04lg" — glll|Bll2(cs + 2ve3|| Bll2) + 2caacal| Blla2ve3 || Bllo | K" — K.
Therefore,
IV J(K',g') = Vg J (K, g)|| < cas|| K" — K[| + c20llg" - ],
where
cog = 2¢a5[|| Bll3(c2 + 1)%(c3 + 2963 Bl2)* + (3¢3)] + 2242763 || Bll2(|| Bl3(c2 + 1)*(e3 + 2y¢3]| Bll2))
+ e[| Bll2(2v¢3 || B2 + 2¢23
+ 2¢a6 || Bl2(c2 + 1)(c3 + 27¢3 || Bl2) + 2c2ac2|| Bl|227v¢3 || B2
ca9 = 2¢4¢3]| Bll2(c2 + 1)||Bl|2(e3 + 2y¢3 || Bll2) + 22| Blla(cs + 2+¢3]| B|2)
+ 2¢o7|Bll2(c2 + 1) (c3 + 29¢3[| Bll2) + 2c24]| Bll2(c3 + 2763 Bl2)-
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Next, observe that

IVgJ(K'g") = VgJ(K, g)l

= ||2CK/SI—E/BQI + 2dK/,g/ Z’yt — QCKSI—E—Bg + 2dK7g Z’ytH
t t

<2|Ck — Cr||lISkllal Blla(ca + 1) + 2| Ck || (Skr — S )Bg' + Sk B(g' — 9) |
1
+2||dkr g — d&g”ﬁ
< 2e95]| K — K|[(e3 + 2963 || Bll2) [ Blla(c2 + 1) + 2¢24(2v¢3 || Bll2) | K" — K|||| Bl(c2 + 1) + 2caacs||Bll2llg" — gl

1
+ 2(ca6|| K’ — K|| + corllg’ — gll)ﬁ

= (2025(03 + 2763 Bll2) | Bll2(e2 + 1) + 2c24(2y¢3 || Bll2) | Bl (2 + 1) + 2¢26 ) 1K — K|

1—7

1
+ <202483||B||2 + 20271 — 7) lg" —gll

O

Proof of Proposition 2. The local Lipschitz and smoothness results in Proposi-
tion 2 are a consequence of Proposition 7 and Proposition 2. O

Constants used in local Lipschitz and smoothness arguments. Below
is a list of constants used in the local Lipschitz and smoothness argument, where
Cp > 0 is an upper bound on J(K, g).

_ V(Co—CE*))(p(R)+IBlI*Co) | |BlCollAll
1. Cc1 = \/ o Umin(R) 0 + U'min[zR)

Co
Omin (R)

2. Cy =

3= Gom(Q)

_ : a'rnin(Q)
€4 = mm{4co\|ﬁBu(uﬁA+ﬁBKu+1> ; 1}

Omin(Q)
5. €5 = LB,

6. ¢ = 5 (V/TRI> + [BIECo)(Co — C7) + 1 Bll2 | A]12Co)

7. er = max { +-Coo /(TR + BIBCo)(Co — C7), 6 }
c 2
8. o5 =4 (5:%95 ) 1QUIBla(All2 + | Bllacr +1)

2
9. o =8 (5:%95 ) (DIRI2NBI2(14]2 + | Bllzcy + 1)
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10.
11.
12.
13.
14.

15.
16.
17.

18.
19.
20.

21.

22.

23.

24.
25.
26.
27.
28.

29.

30.

31.

c1o = 2 (007@))2 (cr + D||R]-

c11 = Cr(cs + co + c10)

c12 = ¢z (c1c2|| R + 2/7Co || Bll2c2)

c1g = 2ycs|| Bll2(er + D[ R|2(c2 + 1) + (c2 + 1| R]|2

Clg = 2’)/3/2(00 + cg + c9 + ClO)HB”%(CQ + 1) + Cg(’YHBH%(C() + cg + c9 +
c10)|Bll2(c2 + 1) + I Bll2(c2 + 1)(cs + ¢ + c10))

c15 = 27v¢3|| Bll2]| Qx| 4 c13 + c14

c16 = 2c1¢3||R||2 + c3Co|| B|2.

cir = 125 [2¢2 + 1+ (| B[3(Co + s + ¢9 + cr0)(c2 + 1) + || B|[3¢2C0)]
cis = 155 27([Bll2(cr2 + c15 + c16) + || Bll2cacro)]

C19 = C17 + €18

ca0 = 2= [VIIBI33(cs + co + c10) + 27 Bllaca(c15]

max{g-cri+cio,c20}

C21 = Vol

max{Chp(cg+co+ci10)+vCncis+cig,cr16+C20}
V2

Co2 =
ca3 = 8(5-45)°V/A 1| Bll2

caa = /Co([[R|2 + [ B]3C0)

c25 = || Rll2 + || Bl|2[(cs + co + c10) + [ B]|2C0)]

cas = || Bl|3(c2 + 1)(cs + ¢o + c10) + V|| Bll2c15
cor = ||Rll2 + 7| B|I3Co + 7| B|2c16

cag = 2¢25|| B||3(c2+1)? (c3+27y¢3| Bll2)?+(3c3)|+2c242v¢3 | Bl 2 (|| BII3 (ca+
1)%(cs + 2763 B|2)) + c2l| Bll2(2v¢3 || Bll2 + 2¢23 + 2¢26[| Bll2(c2 + 1) (c3 +
2v¢3|| Bll2) + 2c2ac2|| Bll227¢3]| B2

29 = 2¢4¢3|| Bll2(c2+1)|| Blla(cs +2ve3 || B|2) +2¢2 || Bll2(es +2ve3 || Bl|2) +
2¢a7|| Bll2(c2 + 1) (c3 + 29¢3|| B|2) + 2ca4| B|2(c3 + 2v¢3| Bll2)

€30 :12025(03 + 29¢2||Bl|2)||Bl2(c2 + 1) + 2ca4(2vc2 || Bll2) || Bl (c2 + 1) +
QCQGQ

ca1 = 2c24¢3]| Bll2 + 2co7 15
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Appendix C Algorithms

We restate here Algorithm 1 from the main paper, as well as Algorithm 2 (bench-
mark algorithm) which we omitted. In particular, we consider the more general
setting where one-point or two-point estimator can be used.

Algorithm 2: Federated LQR Learning algorithm

1 Given: iteration number 7" > 1, communication interval H € N, initial
stable Ky, initial g} for each i € [m], step size > 0, and smoothing
radius r > 0

for epoch e € {0,...,4 — 1} do

Set K} < Kcp for each i € [m]

for iteration t = eH,eH +1,...,(e+1)H — 1 do
for (simultaneously) each agent i € [m] do
Sample (z0)i ~ D, ui ~ Unif(S*k++-1)

Set the zeroth-order estimator 2! as follows :

N 0 Gk WoN

(2]) zi((KZ,g}:),uz, (xo)g) if in one-point setting,
z2((K},g1),uy, (xo)y)  if in two-point setting.

8 end
9 end
10 Set Ky <
Ly K{. ;1) (model averaging of K at end of epoch e)
11 end
12 return Kr, g& Vi € [m]

Remark 1. The one-point and two-point zeroth order estimators are defined as
follows for the LQR problem with random initialization:

i\ L i d s i i i iy, i
Zrl‘((Kt7gt)7ut7 (w0)y) := ;J (K3, g1) + rug; (o)1) uy,

iy i i d ¢ rigipei i i i i i i i iV i
ZE((ngt)?utu (z0)i) = 5 (J ((K{sg;) +rug; (zo)y) — J (K7, g¢) — rug; (mO)t)) Uiy
where d = n-k+k (i.e. dimension of K plus dimension of g). In addition, we note
that JY (K, g) := min{J*(K, g),10J§(Ko, g})} (where J} := J*(Ko,gi)), which
incurs a bias in the gradient estimation procedure but simplifies the maximum

bound on z} 4.

The next algorithm, Algorithm 3, is the benchmark algorithm which we will
compare our federated algorithm against. We note that it basically runs m

4This truncation technique was also used in [14]
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independent zeroth-order gradient descent independently.
Algorithm 3: Benchmark distributed LQR algorithm

1 Given: iteration number T > 1, communication interval H € N, initial
stable K, initial g} for each i € [m], step size n > 0, and smoothing
radius r > 0

2 for iterationt =10,1,...,7 —1 do

3 for (simultaneously) each agent i € [m] do

4 Sample (zg)! ~ D, ul ~ Unif(S**~1)

5 Set the zeroth-order estimator 2} as follows:

(2) 2((KE, gb),ul, (20)t)  if in one-point setting,
! 22((Kf, gb),ul, (z0)t)  if in two-point setting.

6 Update K{ | + K} —n(z)g, t<«t+1
7 Update g,y < gf —n(z})g

8 end

9 end

10 return K%, gb Vi € [m]

Appendix D Analysis of main results

We first state the following terms which will be used in the proofs to follow.
Consider the terms

2= max{[[{ O]}, Zow = mx 22
em

2

)

1« N2 1 :
Zoi = mtaxaz;]gt“(zg)ﬂ 7 Zg,G:m?x%;EtH(z;)gi

which collectively form bounds on the maximum size and variance of the zeroth-
order gradient update. We next define the stability region Gy and G, which
we show in the appendix that the iterates of Algorithm 2 and the benchmark
algorithm respectively stay within. Let

Go == {(K,G): J(K,G) <10J (Ko, Go)},
i=1 i=1

Next, by Proposition 2, note that there exists a local radius p > 0, local
Lipschitz parameter A > 0 and local smoothness parameter L > 0 such that the
following holds.
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1. If (K, G) € G, for any i € [m], and ||(K’, (¢°)') — (K, g")|| < p, then
IV (g)) = VIU(K, ') < LK, (g7)) — (K, gD,
|, (9')) = T (K. g)I| < MK, (g)) — (K. g)]|-

2. 1t ({Ki, g}, € Gy, for any i € [m], and [[(K7Y, (¢")) — (K',g")]| < p,

V(K. (7)) - VI g')| < LK (7)) - (K, g)].

3. If (K,G) € Gy, and ||(K',G") — (K, G)|| < p, then

IVI(K',G") — VI(K.G)| < L|(K',G') ~ (K.G)|.

D.1 Theorem 1

In this subsection, we provide analysis and proof of convergence for Theorem 1,
which provides analysis for Algorithm 2.

At a high level, proving Theorem 1 requires us to show the following two

things.

1. Showing an expected decrease in cumulative cost every epoch — we will do
so by designing a suitable virtual sequence that matches the true iterates
at the start of each epoch, and show a per-iteration decrease in cost for
this virtual sequence.

2. Showing that the iterates remain stable throughout the algorithm with
large probability — we will do so by a martingale argument.

Let Ty = {H,2H,...,T} denote the iterations where model averaging over
K is performed. Observe then that the iterates of K evolve in the following
way.
i VB it ¢ Ty
t+1 — 1 m i .
Ez’i:th lfteIH

To facilitate analysis, consider the following virtual sequence
1 m
K = — Ki, R == K .
t m ;_1 t 0 0

We see that the virtual sequence of K and the true sequence of GG evolve as
follows:

_ _ 1 & o
K 1,G = (K4, Gy) —n— VJ' (K}, g;).
(Kit1,Gry1) = (K4, Gy) ﬁm; (K, 91)
We will work extensively with this joint sequence. We first define a stability

region of the algorithm, which we will show the joint sequence (K, G;) stays in
throughout the algorithm. Let

Go == {(K,G): J(K,G) <10J(Ko,Go)} .
Then, by Proposition 2, there exists p > 0 such that the following holds.
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L. If (K, G) € Go, for any i € [m], if ||(K’,gi)—(K7gi)|| < p, then |VJ{(K', g*)—
VJIK, g')l < LI(K’,g") — (K, g")

2. It (K, G) € Go, if [|(K", &) — (K, G)|| < p, then |[VI(K',G")~VI(K,G)|| <
LI(K',G") — (K,G)].

We first show a per-iteration change in optimality gap for the joint sequence,
which will be essential in the convergence proofs. For convenience, define the
optimality gap

Ay = J(Ky,Gy) —

Lemma 21 (Per-iteration change in optimality gap). Suppose (K;, G¢) € G°.
Then, if we choose step-size n > 0, smoothing radius r > 0 and communication
terval H > 1 such that

L
7 < min P , = ¢, r<min{,/——,p},
9HZ.. 8 720Lu

the optimality gap satisfies the following bound

n’L <ZQK+ZQG

t <
E' A1) < (1 - N)At 5

LH?Z2 S/
+ 61 OOvK) * 1204

Proof. By choosing 1 < 52—, we find that
2

£y

7 1 i 7
Ky — o Z(zt)K(Kt7gt) - K
i=1

<n*(272) < p*.

n 112

H(I_{t-‘r17Gt+l) - ([_(t)Gt)HQ = gz - E(zz)gl(thgz) - Z

Since (K;,G¢) € Go, by local smoothness, and taking conditional expectation
on F; (which we denote by E?), it follows that

2
o o o m ‘ I
E'J(Kig1, Gey1) < J(Ky, Gy) — TlEt<VKJ(Kt,Gt)’ o E (21) K (KZ,QZ)> + QEt

i=1

1 & ,
EZ KZ?QZ)

%Z V J! (Ktvgt) (Zt) (KZ, i m2 ZEtHU zt K;’gt H

=1

S k(K 6)

=1

= ‘](KtaGt) <VKJ(Kt,Gt ZVKJ,L K;7gt)> + TT]Et
i=1

i o Ln? 1 &
%ZVJm%wmmm+%WZMMMmM
o i=1
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We first handle the term —n(V x J (K¢, Gy), = >0, Vg LK}, gi)). Observe
that

_77<VKJ(Kt>Gt ZVKJl Ktlagt)>

i=1

=1

—77<VKJ(Kt7Gt)7ij(Kt7Gt)> <VKJ(K,5,G,§ ZVKJZ KZ,gt) VKJ(Kt,Gt)>

T(R VicJ (K, G Vi TH K gi) — VeI (K, G|
:_nHVKJ(Kt’Gt)”2+n <H K 2t t) H HmZZ 1 Vi d( tgt) rJ (K t)“)

< BNk F Gl + 5 SV 04 60) = VT (e )|

i=1

Note that eH <t < (e + 1)H for some epoch e. Then,

i S|V hoat) = Ve (R

=1

3

imZZHvKJ{(Kz,gz) = VKL g) |+ 2| Vi (K ) = Vic (B g

s s Al

2

r? 4+ = Z

<2L%p(r* +n’H?Z2)

T=eH TeH

eH—nZ _(eH ”Z Zz] )

To move from the second to the third line, we used the (p, L) local Lipschitz
condition for each V.J*, and our choice of r < p, 2nHZ, < p.

Next, we consider the term —n 0" (Vi J'(Ky, g7), V i JL(K}, g;)). Observe
that

- mlz Ktagt ngJ;(KZ7gz)>
n - 1 e 7 iy|[2 e 7 7 i
= ﬁZi {vaw] (Ktagt)H "'va“] (Kt7gt) V J Kt7 9t || }

1

-
Il

1 A .
> 5V T (Begh I+

IA
|
3‘:
NgE

~.

3
~— |
'ME

+
m2
i3

vaiji(f{tagz) - vgi‘]i(Ktiagz)Hz + ||Vg’JZ(K;7gZ) - Vglji(KZagzZS)Hz) .
1
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A similar analysis to the one for Vk(-) finds that
—3 2 Ve (i gt) = Vi I (K3 )| + Ve (K7 07) = Ve (K7 g7)|
i=1

7,.2 2

Z
<2L(— + P H?=%).
m m
Thus,

o % Z<Vgi=]i(f(ta92)a vg“];(KZagZ)>
=1

2 2
= _%chgj(f(t,(}'t)Hz + 2L2n(% + nQHQZ

“oo
m2)

We turn our attention now to ]EtH % PO (Kf,gz)HQ. For notational con-
venience we use Var(-) to denote E[[|-]|*]. Then,

m 2
B LS () (i )
=1
1 & . 1 & Nk
= 5> Var((e)e) + | = > Vi (K], )
z:LI Z::n , .
- 2 Var((zh)ic) +2 . > Vi (K gi)| +2 = > Vit ) = Vi ()
1 & 4 1 & N
= —3 > Var((z)) +4|| — > VicJ (Kr.g7)
. m - 2 m
i=1 i=1

< %ZQ,K + 4|V J(Ky, Go)||* + 8H2L* 0?22, + 2L,

For the first line, we utilized independence of the random perturbation {u}

amongst the agents i € [m]. For the last line, we utilized the definition Z; x :=
iy Var((zf) k)

max; -~ » .~ Var((z{) k).
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Next, note that
m2 ZEtH Zt Kngt ||
m2ZVar 2)g) + |V JA(KL ) ||

= W ZVar((Z§)gi) +2|| Vo S g + 2|V e T (K 6)) = Ve UK )|
i=1

i=1

1 U ) o o S
<— (Zvar((z;)gi) +4||vgif(17<t,gt)H2 + 4|V I (Ky, g7) — ng,J’(KZ,gz)Hz)

1 . . . .
25|V I (K5, 90) = Ve KL )|

o Z2 7"2
(K, Gy)||? + 8H?L?n* =% + 2L° —.
m m

Putting everything together, we find that
E' [J(Kig1,Gis1)]

T8 7% n 187 2 2 2 72( 72 z
< J(K;,Gy) — §||VJ(Kt,Gt)}| +2L% ( 2r® +n?H?*(Z2, m—)

2 m

3 (B 6|

=1

< J(Ky,Gy) — glle(Kt,Gt)H +2L%n (2r° + 20" H? Z3,)
n? [ Z Z

Jr77( 2,K; 2,G

m

Z Kngt

5 +A||VI(Ky, Go)||” + 16H2 L2 22 4 + 4L2r2>

i 4L
< J(Ki,Gy) — (;’ 4 > VI G|

L 2
+ (L% + L?)20® + (L2 H? + 8H L") 22 + S (Zo i + Zac)

_ Ln?
< (1 - 47L> J(Ky, Gy) + 6nL2r2 + 3L H2Z2. + %(ZQ,K + Zoc).

The penultimate inequality holds by picking nL < %, so that 4 — @ > 7. The
last inequality is a result of the PL inequality and some algebraic simplifications

using nL < %.
< €
r
—V 720Ly’

Continuing, using the choice
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we get that

[At+1]§( N)At_’_nL(ZZ’K—’_ZQ’G

. + 6nLH22§O> +

1200
O

We next show that with a relatively large (but constant) probability, the
joint sequence (K¢, G;) produced by the algorithm remains in the stable region
GO, facilitating the local smoothness conditions necessary for Lemma 21 to hold.

Lemma 22. With probability larger than 4/5, (K, G¢) remains in the region
Go for the duration of the algorithm.

Proof. We define a supermartingale sequence Y;. For convenience, we suppose
we actually run the algorithm for 27 iterations. Also, to lighten the notation
define

Zsx + 2
My = 7“‘; 26 4 6nLH?Z2,

Define 7 = minyepr{A; > 10J (Ko, Go)}. The sequence Y, is defined as follows:

n°L

2 120

By a similar calculation to the proof of Theorem 2 in [20], we can show that this

is a supermartingale sequence. Then via Doob’s supermartingale inequality, we
have that

t=0,1,...,2T.

9

Y, = A75/\7'1T>e + (2T - T) |:

E[Y,
IF’( max Ytzy) < [Yo]
0<t<2T

14
2
n°L Ul
A 2T M- —
< olrso+( )[2 2+120 })
1

IN

IN
Rl X |+

L M. )
Ao+ 2np 2+30

((2T){ LM2+12% D

Then, continuing with the calculations, choosing v = ﬁ? n < m and
T= 47” log(120A¢/¢€), it follows that

T

1 me 1
> < — — < -
P <022>2(TYt > 1/) < V(on + 5 log(120A¢/€)) < 5

if we choose € small enough such that elog(120Ay/¢)) < 5Ag. Suppose 7 =t
for some 0 < t < 2T, ie. an escape from G° happened during the first 2T
iterations. This implies that Y; > A; > v. Therefore,

0<t<2T

]P’(T<2T)<]P’<maxY,; )<;

This completes the proof. O
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Proof of Theorem 1. Observe that for any 0 <t < T,
E[Ati1lrse41] S E A 1154]
= E [Ar1]lrse

We will then bound E*[A;111,5¢11] by bounding E![A; 1]1,~;. There are two
cases to consider.

1. The first is when 7 > t. In this case, by Lemma 21, then

2

nL n
A < A+ —— (M-
EfAp] < (1 - ,u) ¢+ 5 (M) 205
2. The second case is when 7 < t. In this case,
E[A¢i1]l,5 = 0.
Thus, combining the two cases, we obtain that
’L
E' A1) lrss < (1= ~L)A Lo + L2 (M, !
[Apa]lrse < ( 4H) tlr>e + 5 (Mz) 120u6

Taking expectations over F; and then using induction, we find that

L? € i ;
E' (A1)l < (1 - ﬁ)tHAo + (77 M, + 77M> Z(l — Ty

2 120p ) = 4
de

< (1= D) FAg+ 25 (M) + —

= 4,) +L(2)+12o

After substituting T' = 4“ log (12929 we find that (assuming for simplicity that
T is a multiple of H),

< —
E[Arl,;>7] < 20

By Lemma 22, we find that

(AT > 6) < ]P(AT17—>T > €

) +P(l-<7)
E[Arl;>7] }
5

<
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D.2 Theorem 2: Benchmark algorithm convergence

We next analyze the convergence rate of Algorithm 3, shown in Theorem 2. In
this subsection, we define K = [(K*)T (K?)T ... (K™)T].

Lemma 23. Suppose {(K},G%)} € G|, where

; ; 1 m Z
gg::{{K,g}ie[m] ZJ Lgh) <103 TG, 0)}

=1

Then, if we choose step-size n > 0 and smoothing radius v > 0 such that

L
T’Smln Lai ’ rgmin Lap ’
27" 8 720uL

the optimality gap satisfies the following bound

2
n n°“L n
E[A <(1—-)At+—(Zo g+ 2 + ——c,.
[Ary1] < ( 4M) t D) (Z2,K 2,G) 120”@

where Ay = %ZZ Ji<Kti7gt) Ja

avg*

Proof. For each agent i, by choosing 7 < 5£—,we find that

(K1 gi1) — (K gD||” = || K7 = (D ke (KL, i) — Ko * + |9 — n(z) g (K 98 — 62
<n*(Z2,+Z3) < p’

Since (K¢, Gi) € G|, by local smoothness, and taking conditional expectation
on F; (which we denote by E'), it follows that

B JN(K{ 41, 901) < JU(K gp) = nENV  JU(KY g1), () k(KL 97)) + £1Et|\772§(KZ7gi)H2
—nZEt Vo d (K g0), (20) g1 (K}, g1)) + EtHn o)y (KL, 0|
= G gb) (S (K i), DI 600} + L ) e (K )
P ey 1, )
We first handle the term —n(VJ'(K7, gi), VJ.(K}, gi)). Observe that

—n(VJ'(K{,g1), VINK], g1))
= —n(VJ(K},g0), VI (K} g1)) — (VI (K}, g}), Vi JAK],g) — Vi J' (K}, gi))
V7 (KLl | Vs gi) VJ%Kz,gz)HQ)

st o (1720 :

< T v g + S22,
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In the last inequality, we used local smoothness and the fact that r» < p.
We turn our attention now to EtH(zi)K(KZ,gi)Hz For notational conve-
nience we use Var(-) to denote E*[||-||*]. Then,

B || (=) (K7, g)||* = Var((z) i) + | Vi i 90) |
= Var((z)x) + 2| Vi S (K5, )| + 2|V JE(KT 60) = Ve (K )|
< Zo g + 2|V JHK gb) || + 2022,
Next, note that
Et” Zt i(K{, 97) ||
= Var((z)g:) + |V (KL )|
= Var((2})g¢) + 2|V J UL, gD || + 2|V g U (B 1) — Ve L 01|
< Zogi + 2|V T (KL, gDII” + 21772,
Putting everything together, and summing over the agents i, we find that

E! [mj(Kt, Gt)}

- : L

Z(J’ (K, g8) = S| VT (0 g ||* + 2222 + = (|[GHa (K gD + (| (e (5 )| ))
j(Kt7Gt — meVJ Kt7Gt) +2mL2nr

+ LT” (mZQ,K +mZs+ 2HmVj(Kt, al + 4mL2r2)

<mI(KG) - (- 1) |[Vmd a0

+ 2m(L217 + L3n2)7’2 + an2(ZQ’K + Zs.¢)

< (1 - 42) J(Ki, Gy) + 3nL2mr? + mIn®(Zox + Zo.c).
The penultimate inequality holds by picking nL < , so that # —n?L > 2. The
last inequality is a result of the PL inequality and some algebraic simplifications
using nL < %.

Continuing, using the choice

€
<
"=\ 360L
we get that
¢ n n*L
E'lmA <(1—--—)mA -— V4 Z —
[mAe1] < ( 4u)m e+ (m(Zex + Z2.6)) + 120 me.
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We next show that with a relatively large (but constant) probability, the
joint sequence (K¢, Gt) produced by the algorithm remains in the stable region
G|, facilitating the local smoothness conditions necessary for Lemma 23 to hold.

Lemma 24. With probability larger than 4/5, (K¢, G¢) remains in the region
G{, for the duration of the algorithm.

Proof. We define a supermartingale sequence Y;. For convenience, we suppose

we actually run the algorithm for 27 iterations. Also, to lighten the notation
define

My = Zy xk + Zo g

Define 7 := minser{A; > 10.Jo}, where Jy := LN JH(KE, g8). The se-
quence Y; is defined as follows:

2
n°L n
Yi =mAprlrse + (T+1— —mMy + —— , t=0,1,...,2T.
t MAEA >+( + T)|:2m 2+120#m6
By a similar calculation to the proof of Theorem 2 in [20], we can show that this
is a supermartingale sequence. Then via Doob’s supermartingale inequality, we

have that

E[Y;
[P’( max )QZV) < [Yo]
0<t<2T

<

N

2L
E[mA017>0 + m(2T) |:7]2M2 + 127(])“6:|>

<

Rl R

Then, continuing with the calculations, choosing v =
€ 4
s05,05, and T'= “Flog(120A0 /) that

ﬁ, it follows by n <
Jo

IP’< max Y; > 1/> < l(on + %10g(120A0/e)) <
v

1
0<4<2T 5’

if we choose € small enough such that €log(120A¢/¢)) < 5A¢. Suppose 7 = ¢ for

some 0 < ¢t < 2T, i.e. an escape from G{ happened during the first 27T iterations.
This implies that Y; > A; > v. Therefore,

1
]P’(T<2T)<]P’< maxT}Q>V) Sg.

This completes the proof. O

Proof of Theorem 2. The proof is similar to that of Theorem 1. Observe that
forany 0 <t<T,

E'[Ars1lrsi11] S E A1,

=E'[Apr1]lrse
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We will then bound Ef[A;;11,~;:1] by bounding E*[A;;1]1,~;. There are two
cases to consider.

1. The first is when 7 > ¢. In this case, by Lemma 21, then

2
n n°L n
E'A <(1—-—-)A1+—(Zox + Z +
[ t+1]_( 4M) t 9 ( 2,K 2,G) 120M6

2. The second case is when 7 < . In this case,
E'[A1]175¢ = 0.

Thus, combining the two cases, we obtain that

2

n n°L n
E A 1]l < (1= —2)ALL, =z Z
[Api]lrse < ( 4M) tlr>e + 5 (Zox +Zac) + 12()#6

Taking expectations over F; and then using induction, we find that

t
N \t+1 L2 i
EYA 1 < (1--L)yH1ia Z Z —
[Arpi]lrsirr < ( 4u) 0+< 5 (Zox + Z2,c) +77120 );
<=y 120+ 2 (2o 4 o)+ e
= m 120

After substituting T' = 47;‘ log( 120A‘“) we find that (assuming for simplicity that
T is a multiple of H),

E[A7rl;>7] <

Bl

By Lemma 24, we find that
P(AT > 6) < ]:ED(AT]-T>T > 6) +P

E[Arl,>r] 1
5

€
1 1 1

(1r<7)

< +

O

D.3 Theorem 3: Comparison of federated and benchmark
algorithm

D.3.1 Properties of the one-point and two-point estimators

We first analyze properties of the one-point and two-point estimators. Recall
that the one-point and two-point zeroth order estimators are defined as follows
for the LQR tracking problem with random initialization:

iy L i ds i
Zrl‘((Ktvgt)vutﬂ (wo)t) = TJ ((Kt7gt) +rut, (zo)y )Utv

7 (K 1), uy, (20);) = 5 (T (K3, 1) + rugs (wo)y) — J* (K7, 1) — ruys (0)}))
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where d = n -k + k (i.e. dimension of K plus dimension of g). We also define a
smoothed version of J* with smoothing radius r, as follows

J1(K, g) = Ey[J'((K, ) + rU)], U ~ Unif(B?).
We first study the one-point estimator

Proposition 9 (Properties of one-point estimator). For each i € [m], the one-
point estimator of J¢, z1(-), satisfies (ignoring effects of the truncation Jz)

Elz ((K{, 9), u, (20);)] = VI (KL, g),
and if v < p, the local radius of smoothness defined earlier,
IV J() = VIO < LI
In addition,

maXHZi((K{si,gt) ul, (o) H < @JO

Finally,

100d
maXE[HZ; KZagt utv o); || )

Therefore, for the one-point estimator, letting Jo := max;e[m) J&, we can set

, d _. d 10042
Zi =102J, Zo=10%Jy, Z Zo g = — J
o 7o 70 2,G T 4o K = m; 2 (J)°

Proof. The first result regarding the expectation of z! and bias of V.J! follows
from analysis in [20]. The bound on the maximum size of 2} follows from the
bound which we imposed on the size of the estimator. Finally the last result on
the maximum variance of the estimator is a consequence of the bound on the
maximum size of the estimator. O

We next study the two-point estimator.

Proposition 10 (Properties of two-point estimator). For each i € [m], the
two-point estimator of J¢, z}(+), satisfies

E[22((K{, 9), u, (20);)] = VI (KL, g),
and if r < p, the local radius of smoothness defined earlier,
IVJ() = VIO < LI
In addition,

matzf((Kti,gt) uy, (o)} || < d,
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where X is the local Lipschitz parameter defined earlier. Finally,
max E[||22((K7, g7), uj, (zo): H ] < d)\?
Therefore, for the two-point estimator, we can set
Zi =d\, Zog+ Zox = dN?

Proof. The first result regarding the expectation of z2 and bias of V.J! follows
from analysis in [11]. The bound on the maximum size and variance of 22 follows
from the proof of Corollary 2 in [20]. O

D.3.2 Convergence for one-point estimator

We next specialize Theorem 1 to the case when one-point estimator is used.

Corollary 1 (Convergence of Theorem 1 for one-point estimator). Consider

the parameter settings in Theorem 1. Suppose 1 < H < \/nlLim (if nLm > 1,

then we just set H = 1). Then, to ensure the e-convergence in Theorem 1, we

need at least 2L
— oL H
=0(— —5—)

me

steps, where O hides log terms.

Proof. Suppose H < \/777 Then, recall in Theorem 1 we need 1 < 2HZ as

well as n < 5 L7 G T Z;”; e LI ZZ) From the first requirement, we need
that
P pmL
< —
=57 J(JamL) VIS 57

From the second requirement, we need that

me me

< — < .
= 940puL (Zo.g + Zo.xc + 6mnLH2Z2) 1= 900uL (Zo.g + Zo.xc + 622

Asymptotically as € — 0, the second requirement dominates, so we focus on
this. Since Z = %dt]o and Zo g + Za g = 100d J2, we have that to ensure
convergence we need

mer? ~ d?J2L2p?
<— = T>0(—2="
= 240uL(8d2J2) = O me? )

where O hides log terms. O

In a similar vein, we specialize Theorem 2 to the case when the one-point
estimator is used.
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Corollary 2 (Convergence of Theorem 2 for one-point estimator). Consider the
parameter settings in Theorem 2. Then, to ensure the e-convergence in Theorem
2, we need at least
B dQJgLQMQ
T = OO

€

steps, where O hides log terms.

. 2
Proof. Since Zoo = %dJo and Zo g + Zo g = 103;‘ Jg, we have that to ensure
convergence we need

2 - d2J2L2.2
r oL

€
[ —
1= 240uL(2d272) a )

where O hides log terms. O

D.3.3 Convergence for two-point estimator

We next specialize Theorem 1 to the case when the two-point estimator is used.

Corollary 3 (Convergence of Theorem 1 for two-point estimator). Consider
the parameter settings in Theorem 1. Suppose 1 < H < \/nim. Then, to

ensure the e-convergence in Theorem 1, we need at least

~ d>\2L2,LL2
T=0("4%)

me
steps, where O hides log terms.

Proof. Suppose H < \/déTm (if nLmd > 1, we just set H = 1). Then, recall
P

in Theorem 1 we need 7 < 57—
From the first requirement, we need that

. . me
as well as 7 < 240uL(Z2,6+ 22,k +6mnLH?2Z2))"

P dpmL
< = < .
Y NI VIS 57

From the second requirement, we need that

me me

< — < .
1= 940uL (Zo.c + Zo.xc + 6mnLH2Z2) = 200pL (Zo,c + Zoxc + 672, ]d)

Asymptotically as € — 0, the second requirement dominates, so we focus on
this. Since for the two-point estimator, Z,, = dX and Zy ¢ + Zo x = d)\?, we
have that to ensure convergence we need

mer? ~ dN?L%;°
P — A e |
= 940uL(8d02) 20— )

where O hides log terms. O
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We next specialize Theorem 2 to the case when the two-point estimator is
used.

Corollary 4 (Convergence of Theorem 2 for two-point estimator). Consider the
parameter settings in Theorem 2. Then, to ensure the e-convergence in Theorem

2, we need at least
d)\2L2,U,2

T =0(—5")

€

steps, where O hides log terms.

Proof. Since for the two-point estimator, Zo = d\ and Z> g + Za x = d)\2, we
have that to ensure convergence we need
er? dN2L% 2

— T>0(

[ —
= 940uL(2d02) z )

where O hides log terms. O

Proof of Theorem 3. The result in Theorem 3 is a consequence of Corollary 3
and Corollary 4. O

D.4 Discussion

We provide a discussion here of the main results in the paper.

Probabilistic convergence Inherently, maintaining stability of the matrix
K, i.e. p(A+BK) < 1, is a critical issue for LQR learning, since when K is un-
stable, the infinite-horizon LQR cost can diverge [7]. This stability requirement
is in tension with the constant accumulation of noise in the learning procedure
due to the stochastic zeroth-order updates. For this reason, the convergence
result in Theorems 1 and 2 holds only with a certain level of probability, and
we note that convergence need not hold if the total number of steps T were to
be much larger than the specified number in the theorem [14].

Dependence on d and ¢ From Corollaries 1 through 4, we note that in the
simple case H = 1, the convergence result for both Algorithm 2 and Algorithm
3 display a (1) linear dependence on d for one-point estimator and quadratic
dependence on d for two-point estimator, and (2) €2 scaling for one-point
estimator and e~ ! for two-point estimator. These observations are consistent
with the sample complexity results for the centralized LQR (where z* is 0) in
[20], and reflect the significantly lower variance that the two-point zeroth-order
estimator inherently enjoys over the one-point estimator [12].
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Dependence on m and effect of H Under appropriate settings of H (scaling
as max (O ( VT ) , 1) ), Theorem 3 says that convergence for the federated ap-

Vaxm
proach is O(m) times faster. This follows primarily from the periodic averaging
of the K matrices, which reduces the variance in the optimization problem up
to a factor of m in a similar vein to the results in the federated averaging/local
SGD literature [24], [27]. However, while ideally we can allow the step-size 7 to
increase as m increases, thus accelerating convergence, in practice, due to stabil-
ity concerns, there exists some maximum step-size which permits convergence.
This echoes the observation about mini-batching in [20]. In addition, we note
that for the communication interval H, its effect asymptotically as € — 0 is clear
— in that case, n < ﬁ (one-point estimator requirement so that H exceeds 1)

orn < ﬁ (two-point estimator requirement so that H exceeds 1) will both

hold, since we also need 7 < O(e2) and 1 < O(e) to hold. In that case, H can
indeed exceed 1, and as long as it does not exceed \/% (one-point estimator)
nLm

or ﬁ (two-point estimator), the convergence speedup in terms of m is pre-
served. However, in the case when € is merely a small but fixed constant such
that ﬁ <n< WZQJ&) (one-point estimator) or ﬁ <n< #&Zdv)’ to
theoretically preserve the convergence result we need to set H = 1. As seen from
the analysis of Theorem 1, larger H causes the local controllers K} to deviate
from their average, causing the algorithm to accumulate variance. Empirically,
we found that H = 1 consistently worked best.

Dependence on local radius p, local Lipschitz parameter A and local
smoothness parameter L. We note that we adopted conservation parameter
choices for the local radius/Lipschitz/smoothness constants — by Proposition
2, we know there exists p/, L’ such that (a) if {(K’, ¢")}icim) € Gp, for any
single i € [m], when | (K, (¢))— (K, )|l < ¢/, VT (K', (g)) VT (K, g°)| <
L'|(K', (¢g")")— (K, g")|l, and that (b) there exists p”, L such that if (K, G) € Gy,
if [|(K',G") = (K,G)|| < p", then |VJ(K',G") = VJ(K,G)|| < L"||(K',G") —
(K,@))||.- In our assumptions for the main results, we used p = min(p’, p”)
and L = max(L’, L"”). However, it could well be that the true local radii and
smoothness constants in cases (a) and (b) differ. In particular, as m increases,
the Clarifying the local radii, Lipschitz and smoothness parameters in different
cases requires working through the local Lipschitz and smoothness analysis we
performed earlier, and we leave it to future work.

Appendix E More details about numerical re-
sults

E.1 Linear system

We compare our proposed algorithm with the benchmark algorithm for a feder-
ated LQR tracking problem. We use a LQR problem with A,B, Q, R matrices
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each in R®*3, which are as follows:

1 0 -10 1 —10 0 2 -1 0 5 -3
A=|-11 o |,B=]|0 1 o0o|l,Q=|-1 2 -1|,R=1|-3 5
0 0 1 -1 0 1 0 -1 2 0 -2

Each initial state z{ is sampled uniformly at random from the canonical basis
vectors and the discount factor v is set to 0.9. The tracking targets x** for each
agent are randomly sampled from a zero mean Gaussian with covariance matrix
(i) 5 x I and (ii) 3 x I. A two-point estimator is used. In the main paper,
case (i) where the targets are drawn from N (0, {5 x I) was shown. For case (ii),
where the targets are drawn from N (0, % x I), we first see in Figure 2a that the
average optimality gap decreases significantly faster for the federated algorithm
(with 8 agents) compared to that for a single agent. In addition, for case (ii),
we see that for H = 1, the as m increases, the maximum step-size permitting
convergence does seem to be m times larger for the federated algorithm than for
the independent algorithm. However, the improvement weakens as H increases.

In general, empirically, we found that increasing H led to a decrease in
the probability of convergence, suggesting that where possible, agents should
communicate more frequently, as seen from Figure 3. In Figure 4a and Figure
4b, we see the number of iterations required to converge to an average optimality
gap of € = 0.05 as the number of agents m increases. We see see that the decrease
in number of iterations is linear as m increases from 10° to 10! in both cases,

and plateaus beyond that.

T 10! =
8 —— Federated H=1, m=8 + Federated H=1
- — Single agent Federated H=2
= + 1 std. dev. —=+ Federated H=4
@ 10° =1 std. dev. H 1074 1 =< Federated H=8
E n ~— Independent
-
o
& o
107t b
qJ ln
o
©
j
2 102 10— i
< o] 100 200 300 400 10° 10! 10?
Number of iterations, T Number of Agents m
(a) (b)

Figure 2: (a): Errors at each iteration of proposed algorithm and single agent
baseline on a linear system.(mean and standard deviation for 20 runs) (b):
Maximum step-size that allows for convergence to an error tolerance of € = 0.1.

E.2 Nonlinear system

We provide more details about cartpole problem. The problem is also known as
the cart-inverted pendulum [35], and the underlying physics can be described
as follows. Consider an inverted pendulum on the top of a cart with mass M |
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1.0 1.0

—®— Federated, m=4 —®— Federated, m=4
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> = 0.
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o V06

Y Y
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= 204

E 0.2 E

3 0.0 802 == e

o o

O 10° 10t 10? O 10° 10! 10?
Communication Interval, H Communication Interval, H

(a) (b)

Figure 3: (a): The probability of convergence with different communication
intervals H for case(i). (b): The probability of convergence with different com-
munication intervals H for case(ii).

where a force (input) F' is applied to the cart. We assume the rod has length L
, the mass at the end of the rod is m, and the moment of inertia is I about its
center of gravity. The distance of the hinge from the origin is given by p. Other
parameters include gravitational acceleration g, viscous friction of the cart c,
and viscous friction at the hinge v. Every parameter has SI units. The state is
given by

T IS

The dynamic equations of motions for § and p are given as follows:

(M +m)p — mLcos(0)(#) + cp+ mLsin(0)§* = F
—mLcos(0)p + (I +mL*)8 + vf — mgLsin(h) = 0.

When there is no force F, it can be shown that an equilibrium point of the
system satisfies # = 0,0 = 0,p = 0. Linearizing around this equilbrium point
yields a continuous-time linear system,

d

7T = Ax + BF
for some A € R*** B € R**! It can be shown that this linearized system
is controllable [35]. Empirically, when initial conditions are not very far away
from the equilibrium point, a linear controller can stabilize the system [35]. We
set M =1, m=0.1,g=98, L=1, R=0.1, and

1 0 0 0
0 100 0 O

Q= 0o 0 10 x 0.1
0O 0 o0 1
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Figure 4: (a): Numbers of iterations used to reach an error tolerance of ¢ = 0.05
with different numbers of agents m for case(i). (b): Numbers of iterations
used to reach an error tolerance of ¢ = 0.1 with different numbers of agents m
for case(ii). Average numbers of iterations of successful runs within 20 runs are
shown in both (a) and(b) using the Maximum step-size that allows convergence.

The discount factor v is set to 0.95, and every episode ends when time step
reaches 300. We use m = 5 agents and set the tracking targets for agent 7 as

(=2414) x 0.5
0
0
0

We show the convergence process for our proposed algorithm and independently
learning baseline in Figure 5. We can observe that using federated learning
indeed can accelerate the speed of convergence and make the convergence more
stable.
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Figure 5: Average cost at each iterations for the non-linear cartpole system in
10 runs.
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