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Abstract—1In this paper, we study the dynamic regret of
online linear quadratic regulator (LQR) control with time-
varying cost functions and disturbances. We consider the
case where a finite look-ahead window of cost functions and
disturbances is available at each stage. The online control
algorithm studied in this paper falls into the category of model
predictive control (MPC) with a particular choice of terminal
costs to ensure the exponential stability of MPC. It is proved
that the regret of such an online algorithm decays exponentially
fast with the length of predictions. The impact of inaccurate
prediction on disturbances is also investigated in this paper.

I. INTRODUCTION

Consider a classical finite-horizon discrete-time linear
quadratic regulator (LQR) problem:
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S.t. Ti4+1 = A.]?t + Buut + det7 t> 1,

where the cost function parameters @, R; and the system
disturbances d; are time-varying, while the system parame-
ters A, By, By are time-invariant. It is well-known that the
optimal control input to (1) at time step ¢ requires the infor-
mation of all the future, ie. {Q,, R;,d;},>: [1]. However,
in most real-world applications, e.g. autonomous driving
[2], energy systems [3], date center management [4], it is
impractical for an decision maker to acquire all the (accurate)
future information beforehand. Instead, the decision maker
may only have access to some predictions for the near future
and the predictions can be inaccurate. Hence, this calls for
the study of online LOR problem with limited and inaccurate
predictions of the future. Specifically, this paper considers
the following online LQR problem: at each time step ¢,
the decision maker receives cost predictions {Qi\n Ri|t}§ZfV
and disturbance predictions {d;;}!}" for the next W time
steps. For simplicity, we only consider inaccurate disturbance
predictions and assume cost predictions are accurate. The
goal of online LQR is to minimize the total cost in (1) by
only leveraging the predictions and the history.

Among all the online control algorithms that leverage
predictions, perhaps model predictive control (MPC) is the
most popular one. Although MPC has been intensively
studied both for linear systems and nonlinear systems [5]-
[11], most studies focus on asymptotic performance such as
stability or convergence to some optimal state. Motivated
by the aforementioned applications, there is an increasing
need to understand the non-asymptotic performances of MPC
such as the cost difference compared to the optimal cost
over a finite time-horizon. Though there are recent online
control papers, e.g., [12]-[14], that study the non-asymptotic
behavior of online control algorithms, they do not consider

predictions, that is, the controller has to take an control action
without any knowledge of future {Q,, R,,d,},>; at time ¢.

In online learning community, on the contrary, there are
many papers on the non-asymptotic performance analysis,
where the performance is usually measured by regret, e.g.,
static regrets [15], [16], dynamic regrets [17], etc. But most
papers either do not system dynamics or predictions [18]—
[21] or only consider special simple dynamics [22], [23] or
simplified prediction models where W -step ahead predictions
are accurate without errors [22], [24].

The setting considered in this paper is closest to the recent
papers [24]-[27]. [24], [25] consider a linear dynamical
system with time-varying cost functions but no disturbances.
They focus on gradient-based online control rather than the
more commonly used MPC approach. On the other hand,
[26], [27], study the non-asymptotic behavior of MPC algo-
rithm, but they only consider time invariant cost function and
accurate disturbance predictions. But one interesting message
from [26] is that MPC turns out to be optimal (or nearly
optimal) in stochastic settings (or in adversarial settings)
with respect to (dynamic) regrets. This further motivates
us to look into the regret analysis of MPC for the setting
with time-varying cost functions and inaccurate disturbance
predictions.

Contribution. In this paper, we provide an explicit upper
bound for the performance of MPC (Theorem 1) in terms
of the dynamic regret: the online cost minus the optimal
cost in hindsight. The MPC studied in this paper follows the
standard MPC framework with a particular choice of terminal
cost which ensures the exponential stability of MPC. Our
regret bound consists of two parts: the first part decays expo-
nentially with the prediction window W and the second part
increases with the prediction errors. The first part indicates
the benefits of having more predictions and the second part
reflects the negative impact of inaccurate predictions. When
there are no prediction errors, the second part is zero and
the regret bound decays exponentially with W. Further, in
the second part of our regret bound, the errors of long-term
predictions play an exponentially diminishing effect, i.e. the
impact of the error of d; ), decays exponentially with k
on the regret bound. This indicates that MPC (implicitly)
focuses more on the short-term predictions and less on long-
term ones, which is desirable in most cases since long-
term predictions usually suffer from poor quality. Further,
this suggests that our regret upper bound provides useful
guidelines in choosing the prediction window W used in
MPC in the face of inaccurate predictions.

To develop our regret bound, we provide a general regret
formula for any online algorithms for online LQR problems,
which is a quadratic function of the differences between the



online control actions and the optimal control actions. Our
formula is established by leveraging a cost difference lemma
in the (Markov decision processes) literature [28], [29] and
the special properties of LQR. Our formula greatly relieves
the difficulty of non-asymptotic regret analysis of MPC.
Furthermore, the formula can be applied to other online
control algorithms and thus can be viewed as a contribution
on its own merit.

Notations: The norm || - || refers to the Ly norm for
both vectors and matrices. Apin(A) denotes the minimum
eigenvalue of matrix A, and A,ax(A) denotes the maximum
eigenvalue of A. For any symmetric matrices A and B, we
write A < B if B — A is positive definite.

II. PROBLEM SETUP AND PRELIMINARIES

A. Problem Formulation: Online LOR

As stated in Section I, we consider an online lin-
ear quadratic regulator (LQR) problem with process
noises/disturbances. The system dynamics is provided by:

i1 = Axy + Byug + Bady, t2>1 (2
where the initial state 1 € R™ is fixed, z; € R™ and u; €
R™ denote the state and control input at stage ¢ respectively,
and d; € R™ denotes the process noise/disturbance. We
consider time-varying quadratic costs at each stage t, i.e.

31:,;r Qixy + u: Ryuy;. The total cost over T stages is defined
as

T-1
J(x,u) = Z(x:tht +uf Rew) + a7 Qrar,
t=1
where x = [z{,...,z7]",u = [u],...,u; 4|7, Qn

represents the terminal cost, and we define R = 0 for
notational simplicity.

The control objective is to design control input wu; at
each ¢ to minimize the total cost J(x,u). However, the
optimal control at time ¢ requires the information of all the
future cost functions and disturbances, i.e. {di,Qi,Ri}iT:t
(see e.g. Proposition 1), which may not be practical in
real-world applications. Nevertheless, some predictions are
usually available beforehand, especially for the near future.
In this paper, we consider that the predictions of the next
W stages are available, i.e. {d;, Q;¢, Ri|t}fifv, where d;|;
denotes the prediction of the disturbance d; at stage ¢, and
the same applies to Q;)¢, R;|;. The prediction information can
be inaccurate and it is worth discussing the impact of the
prediction errors. For this paper, we focus on the predictions
errors of the disturbances and denote e;|; := d;); — d; as the
prediction error of d;;. Since the prediction d;; is received at
stage ¢, which is (i —t) stages before stage i, we also call e;|;
as the (¢ — t)-step prediction error of d;. For simplicity, we
omit the prediction errors of the cost matrices by considering
accurate W -stage cost predictions: Q;; = Q; and R;;; = R;

fort <i<t+W.

In summary, the online LQR considered in this paper is
described as follows: Assuming A, B,,, By is known apriori,
ateachstept=1,2,...,

« the controller observes state x; and receives predictions
t+W,
{di\ta Qi7 Ri}iit )
« the controller implements u; based on the predictions
t+W :
{di\ta Qi7 Ri}iit and the hlStory {xia div in RL}tzl
and suffers the cost ¥ Qixy + u/ Ryuy;
o the system evolves to the next state ;.1 by (2) under
the real disturbance d;.

Our goal is to design an online algorithm to reduce the
total cost by exploiting the online available information, i.e.
the predictions and the history. For example, consider an
online control algorithm denoted by w = {my,..., 711},
where 7, represents the policy at step ¢. Notice that 7; only
has access to the online available information at ¢, i.e., the
control action wu; at time t is determined by

Ut = 7"-15({3:7'}3:17 {dT) QT) RT}S’:l? {di|t7 Qi7 RL}EZXV)’

history

predictions

3)
We measure the performance of the online algorithm 7 by
dynamic regret, which compares the total cost of 7 with the
optimal total cost J* in hindsight, that is,

Regret(w) = J(x™,u™) — J".

where =7, u] denote the state and action at step ¢ generated
by the online algorithm 7. Let #* = {#7,...,75_,} denote
the optimal controller in hindsight that yields the optimal cost
J*. Here 7} is the optimal policy at each step ¢, which will
be further discussed in Section II-B.

Dynamic regret is a commonly used performance metric
in the literature [24], [26]. The benchmark of the dynamic
regret defined above is optimal time-varying policies. Notice
that that another popular regret notion is the static regret,
whose benchmark is the optimal time-invariant policy which
is a weaker benchmark because the optimal control for finite-
time horizon time-varying LQR (II-A) is time-varying.

Throughout the paper, we consider the following assump-
tions on the dynamics and the cost matrices, which are
standard assumptions in the literature.

Assumption 1. The pair (A, B,,) is stabilizable. All pairs
(A, Q:) are detectable.

Assumption 2. There exist positive definite matrices Quin,
Qumax> Rmin, Rmax such that Q; for any 1 <t < T and R,
forany 1 <t <T — 1 satisfy

0 < Qmin j Qt j Qma}o 0= Rmin j Rt j Rmaux-

lIdeally, we would like to also consider inaccurate prediction on Q;, R;,
but due to some technical difficulty in analyzing the performance, it is left as
our future work. Nevertheless, our setting still finds applications, e.g., when
the cost function is set according to financial contracts or cost planning
steps-ahead. However, disturbances are often due to volatile nature such as
wind. Thus allowing inaccurate predictions greatly broadens the applications
of previous settings studied in [23], [24], [26].



B. Preliminaries: Optimal Offline Controller

Here we provide some preliminaries on the optimal offline
LQR [1], [30] which will be used in analyzing the regret of
our online controller. Throughout the paper we will use the
notation F r(-) Ricatti iteration for standard LQR given the
system dynamics (A, By):

For(P):=Q+A"PA-A"PB,(R+B/} PB,)"'B, PA

We use P; to denote the optimal cost-to-go matrix for the
standard LQR problem. F; is calculated through:

b= FQt7Rt(Pt+1)7
Pr=Qr

1<t<T—-1
- 4)

The optimal-cost-to-go is given by, for any =z,

xTPta: =

T-1
mi%l {Z(%TQ’% + uiTRiui) + .ﬁ;QTl‘T | x¢ = x}
{“t}t:711

i=t

The optimal control gain of the LQR problem is:
Kt = *(Rt + BIPt+1Bu)7lBIPt+1A, (5)

The definition of FP;, K; depends on the matrices series
{Qi, R;}L,. Throughout the paper we might use different
series of matrices to compute its corresponding P;, K;’s, thus
we rewrite the variables P;, K; as functions, i.e.,

Pt({Q7,7R7, ;'T:_tlaQT)? Kt({Q’LaRl Zﬂ:_tlaQT)

to denote the optimal cost-to-go matrix and control gain for
the standard LQR problem, given the sequence of stage cost
matrices {Q;, R;}.—," and terminate cost Q7. If not stated
otherwise, we will use the short notation P, K; to denote
the cost-to-go matrix and control gain for the offline setting.

We introduce the variable P, to denote the solution of
the following discrete time Riccati equation (DARE):

Pmax = FQmaxaRmax (Pmax) (6)

Furthermore, we define the state transition matrix as:
Bt tg) = (A—B,Ki1) - (A= B,Ky,), t>tg
I, t=tg

It is known that the optimal control action is a linear
combination of current state x; and all future disturbances
[27], [30].

T-1

Proposition 1. [27] The optimal policies {m;},_ that
minimize J(x,u) can be written as:
T—-1
T cuy= ) (wedy, . droy) ==Ky — Y K" Byds,
i=t
(N

where fori=t,...,T —1
K = (R, +B] Poy1B,) "Bl ®(i+1,t+1) T Piyy. (8)

Furthermore, the exponential stability of LQR can also be
established.

Proposition 2. (Exponential Stability of the Optimal Con-
troller [30], Sec. 3.2) The state transition matrix for finite
time horizon optimal LOR control is exponentially stable, i.e.

(¢, to)|| < Tp' 7",
where

)\max (Pmax)
>\min (Qmin)

This leads to the exponential decaying properties of th o,
Corollary 1. The matrices th ¥t defined in (8) satisfy

THBu H)‘max (Pmax) pi_t
)\min(Rmin) ’

In [30], their proof of exponential stability is for con-
tinuous time infinite horizon case, but the proof technique
is quite similar for discrete time and finite horizon setting.
Proposition 1 and Corollary 1 suggests that disturbances from
far future do not have too much impact on current control
action. The exponential decaying of || K| implies that the
weight on disturbances in the far future will be fairly small.
This property enables the possibility of finding a relatively
good controller using only limited predictions.

T =

)\min(Qmin)
= 1 _—_—
P Ammax(Pona)

I < i >t

III. MODEL PREDICTIVE CONTROL

Model predictive control (MPC) is perhaps the most
common control policy for situations where predictions are
available [6], [7], [31], [32]. Generally speaking, an MPC
algorithm with W-step look-ahead window with stage cost
¢t(x,u) and terminal cost T'(z) is defined as follows:

+W
min Ck(ﬂ?k, Uk) + T(l’t+W+1)
ity 2 ®
s.t. Th+1 — fk(xk,uk, dk)
where r11 = fr(Tk,ur,dr) is the system dynamics.

At each time step ¢, MPC solves the above equation and

implements wu; output from the solver. Specifically in our

setting, the stage cost functions are given as c¢;(z,u) =

27 Qix +u' Ryu. The terminal cost is chosen to be T'(x) =

2" Pyayx for ensuring the stability of the algorithm. The

MPC algorithm is given as,

t+W

min Z (2 Qray + up Reug) + 2 o1 Proax@isw+1
{“k};fi‘zv k=t

s.it. xp41 = Az + Byug + dek|t7 k=t,....t+W

(10)

Though MPC is a well studied topic in the control com-
munity, most results focus on asymptotic analysis, such as
stability and convergence to the optimal action as ¢ — oo.
Non-asymptotic analysis, on the other hand, such as dynamic
regret analysis, which also takes transient behavior of the
dynamic into consideration, are less studied. However, the
recent growing research in online and reinforcement learning
calls for more study in characterizing the non-asymptotic
performance of MPC.



In order to analyze the dynamic regret of the MPC, we first
seek a different representation of the online algorithm which
allows us to compare the online MPC policy and the optimal
offline policy in (7). The key observation is that Proposition
1 can also be applied to solve (10) for MPC which allow us
to represent the MPC in a similar form as in (7),

t+W
ZK ‘Bad;;
7 fedi
Here K, K,

are constructed in a similar manner as
d,i
K, K,

MPC

MPC : oMPC = — (11)

' First define:

pt+'r|t = Pt+T({Qia R }3+K7-7Pmax)
Kt+7'|t = Kt+‘r({Qi> }§+K|/.7—7 Pmax)

= (Rgr + BJPt+T+1|tBu) BJPt+T+1|tA
(12)

which are the cost-to-go and control gain matrices given the
W steps ahead prediction {Q;, R;}/*;" and the terminal cost
Ppax at step t + W + 1.

Further define the ‘predicted’ state transition matrix at step
t:

(A — Bu}?t+j71|t) s (A - Bu[?t+i|t)a

By (t4j, t+i) == 0<i<j<W
I, 0<i=j<W
. 13)
K, K" are defined as follows:
[?t = }?t|t
K{' = (Ry+ Bl PyroayBu) " 'B ®y(i + 1,t + DTRW)

Algorithm 1 summarize the implementation of this MPC.

Algorithm 1 Model Predictive Control (MPC) Algorithm

Il’lpllt: Qmin7 Qmaxv Rmin7 RmaX7 Av Bua Bd
Pre-calculate Py, using (6).
fort=1,2,...,T—1do

Observe z; and receive predictions {d;;, Q;, R }H'W.
ifth—lethen B B B
Calculate Pf+1|t7 ey Pt+W+1|t7 Kf,|t7 N 7Kt+W‘t

using (12).
Calculate K, Kt " using (13)(14).
Implement u; as in (11)

else
Calculate P;iq,...,
@)(5). ‘
Calculate K" using (8).
Implement u; as in (7)

end if

end for

Pr,Ky,...,Kp_ directly via

Before going into the regret analysis in the next section, we
first the exponential stability of the MPC algorithm despite
the time-varying cost functions.

Proposition 3. (Exponential Stability of MPC) Define the
state transition matrix for MPC as:(Note that this is not the

same matrix as ®; in (13).)
=MPC _J (A=ByKi_1)- (A= B,Ky,), t>t
o (tatO) T { I, t = tO
Then: ~

1BYPE(t, to) || < o0,
with T, p defined the same as in Proposition 2

Stability results of MPC is well studied in literature [5],
[9]-[11], [33], [34] and this proposition almost follows the
results in [33] exactly. Nevertheless, a self-contained proof
is provided in Appendix E for reader’s reference.

IV. DYNAMIC REGRET ANALYSIS

Recall the definition of p = /1 — 2min{Qmin). ;

Amax (Pmax)
tion 2 and further define another factor:

Amax(ATPmaxA)
Ami]ﬂ (Qmin) + )\max(ATPmaxA) ,
The regret of the MPC in Algorithm 1 is bounded as follows.

Theorem 1. The regret of MPC in (11) is upper bounded
by:

Regret(MPC)

in Proposi-

¥ =

w_ W
(Vo)
1-p =

TN (N S
2 1—p 1-—p?

where
Rminv

SOé1|:

r (||a:1|2+ S ||det|2>

t=1

Part I

T—1j54+W
)Z S 6711 Baeay ),

Jj=1 i=j

Part I

15)

a1,0o are constants that only relate to

Rmaxa Qmim Qmaxa A7 B, but not W.

The regret bound (15) consists of two terms. Part I

% ends on the total magnitude of the disturbances: E,; :=
> i—1 | Badi||?. Part I depends on the error of the pre-
dictions || Bge;;||. Before showing the proof, we make the
following discussions on interpreting the regrets.

Factors p and ~: Proposition 2 and 3 show that the factor
p can be interpreted as the contraction factor of ®,®MFC,
We now further explain the meaning of +. In a word, v
captures the contraction of Ricatti iteration Fg r(-). In [35],
they introduce a special metric on positive definite matrices

0oc(P, P) i= || log(P~2 PP~2)|,

and show that F'(-) is contractive under 0o (-,

00 (FQ,r(P), F,r(P)) < 70sc(P. P).  (16)
(16) is going to play a key role in bounding the difference
1K, — K| and K" — K
difference between JMFC and J*,
explained later.

), i.e.,

which will be further

Impact of ¢;;: Let’s take a more careful look at Part II,

T—1j+W

O(Z Z P\ Baei;11%)

j=1 i=j

Part II ~



The coefficient in front of || Bqge;;|| is dominated by p*~,
which decays exponentially with ¢ — j, which means that the
effect of prediction inaccuracy decays exponentially fast as
forecast goes to the far future. Since longer-term prediction
tends to be less accurate, this suggests that MPC effectively
alleviates the impact of multi-step-ahead prediction errors.

Choice of W: Part I involves the magnitude of
the disturbances, and the coefficient in front of

(||ac1||2+ Sr ||det\|2) is roughly of scale:

T
Part I~ O ('ygw <||$1||2+ Z ||det||2>>
t=1

where v9 = max{p,y}. Thus if the prediction is accurate,
ie., ¢;); = 0, the regret decays exponentially fast with
respect to W. This result matches with the conclusions in
[24] [26]. Additionally, when there’s prediction error, the
optimal choice of W depends on the tradeoff between E,
and the prediction errors.

For more insightful discussions, we consider
non-decreasing  k—step-ahead prediction errors, i.e.
| Baeit1)jll > [ Baesj;ll. It can be shown that Part I
increases with Ey; and Part II increases with prediction
errors. Further, as W increases, Part I decreases but Part
II increases. Thus when Part I dominates the regret bound,
ie. E/y is large when compared with the prediction errors,
selecting a large W reduces the regret bound. On the
contrary, when Part II dominates the regret bound, i.e. the
prediction errors are large when compared with Eg4, a small
W is preferred. The choice of W above are quite intuitive:
when the environment is perturbed by large disturbances but
the disturbances could be roughly predicted, one should use
more predictions to prepare for future changes; however,
with poor prediction and mildly perturbed environments,
one should ignore these long-term predictions whose quality
tends to be low. Our the regret upper bound provides a
quantitative way to pick a balanced prediction window W.

A. Proof Sketch

Due to the space limit, we only give a proof sketch of
Theorem 1 here. The detailed proof is in Appendix. Roughly
speaking the proof can be decomposed into 4 steps:

o Applying ‘cost difference lemma’ to derive a general

regret formula, which decomposes the regret into the

sum of terms w.r.t ‘control action error’ u}PC — v}
« Decomposing ‘control action error’ u}MPC — ¥ into i)

T-1

. d.i .. ..
“truncation error’ Y, ", K{7'd;, i) ‘prediction error’

(- ZEXV K f”ei“), and iii) ‘matrices approximation
error’ (K, — K )2 + S (ki — K ),

o Bounding the ‘truncation error’ and ‘prediction error’ by
bounding || K{"||,i > t+W+1and K\t <i < t+W
respectively.

« Bounding the ‘matrices apgr_oxinglti(_)n error’ by bound-
ing ||K; — K;|| and ||[K* — K%||, along with the
exponential stability of online MPC algorithm.

Step 1: We first introduce our general regret bound derived
from ‘cost difference lemma’. Cost difference lemma is

a very well-know lemma in reinforcement learning (RL)
community and plays an important role in deriving many
RL algorithms such as Trust Region Policy Optimization
(TRPO [28]). In [29], they also use it to prove gradient
dominance for standard, time-invariant LQR problem. How-
ever, previous results are mostly for time-invariant systems
and we haven’t found an exact formula that applies the
lemma to LQR problems with time-varying cost functions
and disturbances. Thus we now state our result:

Lemma 1. (General Regret Formula) For an online control
algorithm 7 that satisfies:

Ut = Wt(xt, {dr, Q-, Rr}trzp {di\t,Qi,Ri}EIZV)a
i.e., control action does not rely on history {xT}tT;ll, the
regret can be written as:
T-1
Regret(m) = Z (uF —u) (R + B} Poy1B,)(ulf —u})

t=1

a7

uff = (27 {dr, Qry Re Yoy {dip ., m, HEY),
uy =7 (v de, ..., dr—1)

and that {xT} is the trajectory generated by the online
control algorithm .

where:

The proof of Lemma 1 is given in the Appendix. Lemma
1 successfully decouples the regret into the summation of a
quadratic cost on ‘control action error’: u] — u;, so instead
of analyzing Regret(7r) that entangles control action in all
time step, we only need to bound the ‘control action error’
at each time step separately. Note Lemma 1 holds for policy
7 that can be more general than MPC algorithm.

Step 2: From (7) (11), the ‘control action error’ of MPC
algorithm can be decomposed as:

T-1 W
MPC . d,i =d,i
Uy — U = E K, di_ZKt eilt
i=t+W+1 =t
Truncation Error Prediction Error
t+W
7= \..MPC di  =di
+ (K¢ — K¢ +Z(Kt - K)d; -
1=t

Matrices Approximation Error

T-1 dyi .
We name the term ), ;. K/ "d; as ‘truncation error’,

since this term appears when we throw away future dis-
turbances after step ¢ + W. The term (K, — K;)z}'*¢ +
ZZZZV (K& — K%")d; is named ‘matrices approximation
error’ because this term will disappear if the controller
has knowledge of all future Q), R;’s. Note that in [26]’s
setting, they study constant Q; = @, R; = R, in which
case matrices approximation error is zero and need not
be taken into consideration. The term — Zf;w K f’le“t is
called ‘prediction error’ for the reason that it is related to
the prediction accuracy at time step ¢.

Step 3: We’ll look into truncation error and prediction error
first, because they are easier to analyse. It has been pointed



out in Corollary 1 that ||K{**| decays exponentially w.r.t.
i — t. Note that for truncation error ), +_V%, 41 th "d; the
summation start from ¢ + W 4 1, thus roughly speaking this
term is of order O(p"V'*+1).

As for prediction error, similar to Proposition 2 and
Corollary 1, we can show that

1P+ g, + D) <™ >
THB ||/\max( Inax) i—
)\mm(Rmm)

i—1

1K < Lizt
Thus | K& , which suggests that

the effect caused by prediction error decays exponentially as
prediction goes to the far future.

Step 4: ‘Matrices approximation error’ is a little bit harder
to handle, because we not only need to bound the error term
K, — Ko, | K& — K|, but also need to make sure that
{aMPCYwhich is the trajectory generated by the MPC algo-
rithm, does not explode and become unbounded. The latter
is guaranteed by the exponential stability of MPC algorithm,
while bounding the error terms || K; — K¢, | K — K&
requires the contractivity of Ricatti iteration shown in (16).
This is the point where factor v emerges in the regret.

Lemma 2.
Ky — Ky < asy™
1K = K < any = pt t<i <t 4+ W
where,
||A||||B H Il’l'lX(PIIlaX)4 1
=2 B,R_ 1
as )\mm( mln) n( mln)2 (” min u || + ) 1-—
[Bull  Amax(Pmax)” 1
=2 B,R_ -
o )\mln( mln) mln( ) (” min u || * ) 1-— Y

_The key step in the proof of the Lemma 2 is to bound
| Pit1je — Pig1|| which is provided below

Lemma 3.

—1 )\max Pmax 2
Py < AW (0. ((Q ‘ )) )

Lemma 3 is a direct corollary from (16). Note that

R; (pi-s-l\t)

Pi = Fg, r,(Piy1), Py = Fg,,

Applying (16) immediately gives us:

boo (Pijts i) < ¥0oo(Piyape, Pig1) < -+
<AV o (Poywye Pew 1)
which could be used to derive Lemma 3.

Combining all 4 steps together will give the upper bound
in Theorem 1. The rigorous proof and computation are quite
cumbersome and we refer readers to the Appendix for more
details.

log(regret)
3 .
log(regret)

25 4
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Prediction Window Size W Prediction Window Size W

Fig. 1: (Left): Regret for accurate prediction on d;; (Right): Regret
for accurate prediction on d¢, ’snr’ represents the signal-to-noise
ratio of the predictions.

V. NUMERICAL SIMULATIONS
To numerically test

a=[9 8] m= 8] 2[4

1 0
The stage cost function @, R; are randomly picked as
Qi=ql, Ri=m

where ¢;’s are picked randomly from Unif[2,3], and r;’s are
picked from Unif[5,6]. Disturbances d; are drawn randomly
from standard Gaussian distribution, d; ~ N(0,1). We
consider the following two settings:

Accurate Prediction on d;: The numerical result for accu-
rate prediction case is shown in Figure 1 (Left). It displays
the relationship of dynamical regret and prediction window
size W. According to (15), when setting prediction errors
ej); = 0, the regret should be exponentially decreasing w.r.t.
W, which matches the simulation result.

Noisy Prediction on d;: The numerical result is shown in
Figure 1 (Right). For this setting, we set the prediction errors
as e;; ~ snrx N (0, 1), where snr denotes the signal-to-noise
ratio of the predictions. Smaller snr indicates more accurate
predictions. The figure suggests that for more accurate pre-
dictions, choosing a fairly large prediction window will boost
the performance of the controller; while for large snr values,
a longer prediction does not benefit too much, because the

prediction error term is the dominant term of the regret.

VI. CONCLUSION

This paper studies the role of predictions on dynamic
regrets of online linear quadratic regulator with time-varying
cost functions and disturbances. Besides giving an explicit
dynamic regret upper bound for model predictive control
algorithm in this setting, we also proposed a regret analysis
framework based on ‘cot difference lemma’ that might be
applicable for more general class of control algorithms than
MPC. This paper leads to many interesting future directions,
some of which are briefly discussed below. The first direction
is to further allow noisy predictions on Q;, R;. The second
direction is to consider time varying system parameters
Aty By, , Bq,, e.g. [11], [36]. Moreover, it might be inter-
esting to consider the setting where system parameters are
unknown, possibly by applying learning based control tools,
e.g., [35], [37], [38].
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APPENDIX

A. Proof of Proposition 1 and Lemma 1

We first define the optimal cost-to-go function:

Vi (z) ==
T-1
min Z(szkakJru,IRkuk)Jrz;QTxT |y =
{Ut’m,qul bt

st Tpg1 = Az, + Byuy + Bady,

For simplicity we further define the following variables:

I yé
A Y
A(n) — 7 yEZT(a:) — : :
Anfl y'tTfH»l

where y#T € RT=#D" and the recursive relationship
between y; satisfies:

yt:xa
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Yyt = Ayl + Bydyyi_1, i =1,2,...,T —t.

Further define:

2
Yi
g (@) = :
yz“—t+1

By the definition of A™, y&7 4+ we have that:
YT (Az + Byu+ Bady) = yi T (z) + AT B

Additionally, by the definition of V,*, we have the following
Bellman equation:

Vi (z) = mina ' Qur+u’ Ryu+Vy, (Azv+Byu+ Bady)
' (18)
The following proposition gives an explicit form for V,*.
Proposition 4. V;*(z) can be written as:
V(@) = gt (@) Vet (@),
where V; is defined by the following recursive relationship:
Vr =Qr

_ | Q 0
Vt_{ Ot ft(Vega

19
) } t=T-1,T-2,...,1. (19

where

fe(X) =
X — XAT OB, (R + B AT X AT OB,y BT AT X
The optimal policy is given by:

up = =Gy (2), (20)

where

G, = (Rt_;’_BJA(T—t)TV;+1A(T—t)Bu)—1B;FA(T—t)T%Jrl

Proof. We use proof of induction. It is quite obvious that
Vi (x) = 2" Qrx. Suppose proposition holds for time step
t+1, ie.

Vin (@) =yt (@) Vg (@)
Here for the sake of simplicity we  write
yET (s dy, . .. dr—1) as ybT ().

By Bellman equation (18) we know that

Vi (z)=minz Qz+u' Ryu+Vy,(Az+Byu+ Bady)
=minz' Qx +u' Riu

u
+yi T (Az+ Byu+Bady) " Vigyp i1 (Az+ Byu+ Bady)
= min :UTQtac + uTRtu
+ (y§+1:T($)+A(T_t)BuU)TVt+1 (yf+1:T(x)+.A(T_t)Buu).
Minimizing over v we get that:

u* =

— (Rt+BIA(T*t)T‘/t+1A(T*t)Bu)le;|—A(Tft))TV't+1y€+1:T($)
2

Substituting (21) into the Bellman equation we get:

Vi) =2 Qur + yi T (@) T i (Vi)yi T (2)

M AT

which completes the proof. O

The next proposition shows that Proposition 4 is consistent
with classical LQR results.

Proposition 5. (Consistency with Standard LQR) Define
P, € R"*™ gs:

P, = A(T—t-&-l)-r‘/t‘A(T—t-&-l).
Then we have:

P = Qt"’ATPt+lA_ATPt+1Bu(Rt+BIPt+1Bu)7lBIPt+1A7

(22)

which is the same matrix as the value function matrix for
LOR defined in (4).

We omit the proof for Proposition 5, since it can be done
by simple algebraic manipulation.

We are now ready to prove Proposition 1. Though there
are some very similar results in literature, we’ll give our
own proof for the optimal offline controller. Note that we
have already shown in Proposition 4 that the optimal policy
is given by (20), thus we only need to show that (7) and (20)
are equivalent.

The proof of Proposition 1 depends on the following
lemma:

Lemma 4. Define Y, := V; ATV then Y; has an explicit
form:

Q1
Qi+1(A — B, Ky)

Y, = | Qura(A— BuKiy1)(A— BuKy)

Qr(A— BuKp_1)- - (A— BuK)

where K, is the optimal control gain for standard LQOR
problem as defined in (5).

Proof. From eq(19) and Proposition 5, with some simple al-
gebraic computation we can derive the recursive relationship
between Y;:

_ Qq
Yi= [ Y;41A = Y1 By(Ry + B Piy1By) !Bl Pii A
_ Qi
Yit1(A - BuKy)
(23)
Applying this relationship recursively we can get that:
Qt
Qi+1(A — B, Ky)
Y, = | Q2(A— BuKiy1)(A - ByKy)
QT(A - BuKT—l) e (A - BuKt)
which completes the proof. O

Proof. (Proposition 1) According to (20),

up = Gey T (24)



—(R; + BIPtHB )*1]375,4(T*t)T y§+1;T
R+ B P B BV T )
—(Ry+ B, P.s1B,) !B Y, L, (A(T—t)Axt

(z¢)

+ ATYB,d, + [ ATQt—l } Badiq

0
+ -+ Badr—
I
Since Y; 1 = Vi1 1. AT, we have that:
VAT =Py
Additionally, from (23) we have:

0
Vit [ A(T—t-1) } = (A= BuKi11)' Piyo

Similarly,

Y, :
t+1 0
A(Tftfk)
= (A= ByKi11)" -+ (A= BuKiix) " Pryria
=O(t+k+1,t+1) Py
Thus we have that:

—(Ry+ B] Py B,)'B]Y,T, (A<T*t>Axt

_ 0
+A(T t)det—|— [ ATitil :|de,5+1
0
Badr_1

I
—(R;+ B] P,1B,) " 'B, P,y 1 Ay
—(R; + B/} Pi;1B,) 'B] P,y1Bad; —
— (R + B} P 1B,) ‘B &(T,t +1)T PrBady_,
= — Ky — KM Bady — - — KT ' Badp_4
which completes the proof. [

Define the value function for a given policy 7:

T—1
Vit (x) := lZ(ngkl‘k + ug Ryuy) + 23.Qrar
k=t
| ¢ =2, {ue = me(Le) 112
where I;. denotes the information available for the controller
at time step k. Specifically for MPC considered in this paper,
Ik - {Ik, {dz|t7Q’LvR }k+W .
Similarly we could also define the ()-function:
T—1
O (x,u) == lZ(xZQkxk + up Ryur) + 27 Qrar
k=t
| 2 = @, up = u, {ur, = 7 (Ix) }5 r— 1]

We state a general version of cost difference lemma.

Lemma 5. (Cost Difference Lemma) For two policies 11, o,
the difference of their regrets can be represented by:

ZQ

where {72, u;?} are trajectory generated by starting at
initial state x and imposing policy .

Vi () = V™ (2 Vi (af?) (24)

xt27u;’r )

The proof of Lemma 5 can be found in literature [28],
[29]. By applying Lemma 5, we get the proof of Lemma 1.
Proof: (Lemma 1)

Z Q; (a7, uy)

Regret(m) = V™ (x)
a7 " QT +ul " Ryuf + Vi (A2T + Byul + Bydy)

Vi (xy)

b

1

I
2y

*3
_‘

o
Qixy —uy Ryup

83

th_l(Axf—FBuur—Fdet)]

-
t)Buuf>

Vi (7T @F) + AT B

=
A

TR + (5T + AT
t

1

.
— urTRtuZ - (yf'H T( )+ A(Tft)Buuf)

Vi (v (@) + AT OB )|
T T
= 3 7 ) (B B ATV,

t=1

|
_

VAT B (uf —uy)

ol — )T (Rtu; + BT ATy, AT

+B;|—A(T—t)TVt+1y€+1:T(wzr))}
= [ —u}) (R + By, Pry1 By)(uf — uj)

+2(uf —up)(Re + By PeraBa)(up — Gey ™7 (aT))]
1

= > (uf —ui) " (Ri + By Pr1By)(uf
t=1
B. Proof of Theorem 1
Proposition 6. Let {x]} be the trajectory generated by MPC
algorithm defined as in Eq (11), then:
min{t+W,T—1}

af =M T+ )]

i=1

— ug)

M;4 Bad,;

t—1 min{T—1,j+W} (25)

where:
min{t—1,3}

Mi|t: Z

j=max{l,i—W}

i=j

SMPC(t, j+1)(-B K" + 1{i=j})

Additionally,

[ M|l € cap™ ', 1<i<t—1



M|l < esp™t T, i >t

where,

C4 = HB Rmm u ”)‘max( max)Tz

Cs = ||B RmmBT”)‘mmx(Pmmx)T2

Proof.

x; = Axi_; + Byuj_ + Badi—1
= (A-B,K_1)z]_, — Buffffleddt—l\t—l —
- Buf?f’_tfrw_ledtJquuq + Badi—1
— (A—B,K;_1)a] | + (=B, K" + I)Byd,_4
— B,K*" Bydy —---— B T(f’tfw’ledHW 1

Trd,t—1 d, W
-B.K Bdet—1|t—1* BKt 1 Bd€t+W—1|t—1

Applying the above equation iteratively will get (25).
We now look at the bound on || M. For 1 <i <t —1,

i

Mz‘\t = Z

j=max{1l,i—W}

SMPC(t, 5+ 1)(—B.K (")

+MPO(t —1,4).

Proposition 3 has already showed that |7 (t,,)|| <
Tpt~t, Thus:

([ M
< Z U J”B len u ”)‘maX( maX)TP Tt
J=max{l,i—W}
= | Bu len u ”)‘maX(PmaX) et Z (p*)"
ax{l,i—-W}
+ Tpt—i—l

1 i
<||B RmmBTHAmEX(PmaX)TQW + T> Pt !

t—i—1
= C4p

For 7 > ¢,

t—1
Milt - E
j=max{1,i—W}
t—1

< D

Jj=max{l,i—W}

FMPC [, - wd,i
QM (L, + 1)(—BuKY)

t 1_]HB len u H)‘maX(PmaX)Tpi_j

t—1
= || By Rm]n u H)‘maX(PmaX) it Z
j=max{l,i—W}

1
< ||BuR 1, B [ Amax( m“")Tzfpﬂ’ t+1

_ it
= C5p

(-

Proposition 7.

T-1 t W
uf —uy = Noywr+ > NigBadi + Y > L juBaei;
i=1 J=1 i=j
where:
(K, — K)®MPC(t,1), i=0
Now — (K¢ — K¢) M), 1<i<t—-1
PN (K — Ko) My + (K = K, t <i <t+W
(K¢ — Ko) My, + K™, i>t+ W+ 1
)

Loi g — _(Kt_Kt‘f PC(t j+1)By, Kdzj<t 1,i>j
(4,9)]t _I?g,z 1<i<it— lj_t

)

Proof.

ug —uy =
. t+W ] o
(Ki = Koaf + Y (K = K,
1=t

t+W

+ Z K{Md; —ZKt eife-

t+W+1

t+W ) ) T-—1 )
(K: =Koz + > (K = Kidi+ Y KMd;
1=t t+W+1
t+W
= (K — K)@MPC(t, )2y + Y (Ky — K¢) My Bad;
i=1
t—1 j+W
-2 D> (Ki-K
Jj=1 i=j
t+W ) . T-1 .
+ Y (KM - K{)Badi+ > K
1=t t+W+1
t—1 j+W

- NO\txl + Z Nz\thd + Z Z L(z] thezL]

Jj=1 1i=j

D®MPC(t, i+ 1) B K ey

Combining the above two equations completes the proof. [J
Proposition 8.

[ Nojell < ey p =t

[Ngel| < eyVpi=h 1<i<t—1

INiell < ey™™ ’“pi*t, t<i<t+W

INjell <ep™™", t>t+W +1

Ll < eyVpl =27 i <t—1

I Lg ol < cp'™"

where the constant c can be expressed by

Ruin, Rmax; @min, @max, A, Bu
Proof. From Corollary 1, Proposition 2, 6 we have that:
I L K < erp'™, i >t
1K — Ky < ey




”th,i B th,iH < gy it it
[ M|l < captTm L 1<i<t—1
[ Mipe]| < esp™" 1, i >t
We now bound || N, ||:
[Nopell < 1K —
<eyWrp' Tt < ey

Eof[|2* "¢, 1)
t—1

For1<:<t-—1,
|Vl < [ K *Rt”HMut”
< ey Weypt it < ey W ptmiL
Fort<:<t+ W,

= di  Trdyi
_Kt||||Mi|t||+HKt - K|

[Nl < [ K
i—t+1 +c3,yW—i+tp’i—t

< eoyWesp
< (pCQC5 + CS),YW—vi-&-tpi—t < C,)/W—i+tpi—t

For:>t+W +1

Nl < 1K = R Ml + 165
< eoyWesp T + 20, p'
S Cpift

Forj<t—1,i>j
LGyl = (K = K)@MPC (¢, 5+ 1) B K71
< eoyVrp T Bulleip ™ < eyl T
Fori: >t
LGl = 1K < erp'™
O

We are now ready to give a rigours proof for Theorem 1.

Proof. (Theorem 1)

Regret(m) = V" (z) — Vi (2)
T—1
=Y (ur —uf)(Re + B, Pry1Bu)(uy — uy)
t=1
T—1
< [ Rinax + By PraaxBull > lJue — uf|?
t=1
lJur —ug||?
t T-1
= ||N0|t1'1 + Z Nl|thd + Z Z L 7J)|,5Bd(-3 ‘]”
Jj=11i=j
T-1 t T-1
< 2||Nojpz1 + Z Nije Badi|||* + 2| Z L jy¢Baey; |I”
i=1 j=1 i=j

We first bound the term:

T T—1
> |INopz1 + Y NyjeBadi||?
t=1 =1

T T-1 2
< Z <||N0|t||||$1|| + Z ”NitH”deiI>

t=1 i=1

T T-1 2
<oy (asnxln S aEIIdeiHI)
t=1 =1

The last inequality holds for the reason that Proposition 8
implies

INigell < e+ ai,
where af = W —min{max{0,i—t},W} pmax{i-t.t—i-1}
Applying Lemma 8 we have

T T-1
> INopw1 + > NijeBadil|)?
t=1 i=1

T—1 T—1 T-1
S bat] bor) IS wERTY
v =0 t=1

For fixed ¢,
T—1 t—1 min{+HW-1,T-1} T—1
t t t t
gy =) aj+ D, a4t > a;
=0 =0 j=t j:min{tJerl T—1}1
HW—1
< Z'ywpt31+ Z St it Z Pt
j=—o00 J=t+W
:,YWL_FVVZ_IpW 7,pl+pW 1
1—p = 1—p
1 W AW
=— 0" )t ——
lL=p p—
2
< W) A
S (1 % + )’Yo
For fixed i,
T-1
> a
t=1
max{0,i—W-+1}—1 i T-1
> a+ Y d+ Y d
t=1 t=max{0,i—W+1} t=i+1
max{0,i—W+1}—1 i
< ot Z A Wit it
t=—o0 t=max{0,i—W+1}
+ Z ,YW t—i—1
t=i+1
1 w—1 1
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Thus:

Thus we have that:

T T-1
> [Nopar + > NyeBadi||?
t=1 =1

2 2 T
< (2o ww)a] <||x||2 +3 ||det|2> -
t=1

‘We now bound

- t T-1

E:”E:E:LuﬂuBﬁmH

t=1 j=1 i=j
T-1

3 (%

t=1 \j=1 i=j

T-1

Z ||L(i,j)|t||||Bdeilj||

2

T-1 t T—1
2
<c > aljlBaeyll
t=1 \j=1 i=j
where

t—25+1 1,YW ]<t—1

a;=q P j=t
0, jg>t+1

Applying Lemma 8 we have that:

T-1 t T—-1

2| 22 alylBaca|
t=1 Jj=1 1=j5
T—-1T-1 —
<22 Zaw > aing | I1Baeas?
Jj=11i=j i >g’

For fixed ¢,

t—1 T—-1

Za//_zzpt 25 +i' —1 W+Zp

i’ >3 =1i=j5'

<
< 1—p+1
For fixed 1, 7,

,7W

—-p

2

=t

T-1 T-1

to_ g t—2j4i—1, W
E aj;=p"7 + E p Y
t=1

t=j+1

(26)

Thus:
- t T—1
E:”E:E:LunnBﬁwH
t=1 j=11i=j
1 AW T-1T-1
<e(; ) (14955) X X 0
—p l-p
Jj=1 1i=j
Combining the above inequalities we have that:
Regret()
1 W ,YW 2 T
< { + } z||% + Buad:||?
T p(v p" = ] ;Il ady||
1 W 15+W
2 i—j 2
v (2 p)( )szp 1Baas |,
which completes the proof O

C. Proof of Proposition 3

The following proposition suggest that under Assumption
2, the value function matrices P;’s are bounded.

Proposition 9. Suppose {Q;, Ri} L, satisfies Assumption 2.
Then its corresponding LOR value function matrices P; are
bounded, i.e.

Eujmax - 07 s.t. Qmin = Pt = Pmax
Proof. 1t is obvious that
Pt t Qmina ,Vt-

Furthermore, by the definition of value function, we know
that

P({Qi, RiYE,) = P({Qy*, R} 1))
=< P ({Qy™, Ry ).

Thus let Ppax = Pl({QmaxaRmax}g;l) then P = Prax
which completes the proof. O

A key component in this subsection is the following
invariant metric d,, on positive definite matrices:

0os(A, B) = || log(A~1/2BAT!/2)].

Various properties of J,, are given in Appendix F and
Appendix D in [35].

By Lemma 6 in Appendix F and Proposition 9, we can
easily obtain the following corollary.

Corollary 2. Given two sequences
{Q4, R}, {Q}, RIYE |, which both satisfy Assumption 2.
Then the distance between their corresponding LOR value
function matrices P, P are bounded, i.e.

>\max (Prnax) )
)\min (Qmin) .

Most importantly, using Lemma D.2 in [35], we can prove
the following proposition.

500(Pt/7pt)7500(PtaPt/) S IOg <



Proposition ~ 10. Given two sequences
{Qi, RYE, {Qi, RYE, that satisfy Assumption 2,
and that:
Qi=Qi
Ri=R;, i=tt+1,....t+W.
Then corresponding P;, P; satisfies:
)\max (Pmax)

0o (P;, Py < 'yt+W+1_ilog (
( ) )\min(Qmin)

.
where v = /\min(Q)‘r::’)‘iﬁmi‘(“(j‘fgamx L Furthermore, we
have:
_ . Amax (Prax)?
1P, P < s AmesPs )y Gy gy
)\min(Qmin)

Proof. (Proposition 3)
Proposition 3 is simply a corollary of Proposition 10 [

D. Proof of Proposition 2
We define the following auxillary variables:
XM =®(s+1,t+1)"Poyy, s>t

.. vd,s
Similarly, we can define X Pt

j(r|t—‘1’t(5+1 r+1)"P s+1\t
It is not hard to verify that
K& = (R, + B P,41B,) ' B] X
K{* = (Ry+ B, Pyy1)eBu)” BTX?;
The following proposition relates the difference of X% ¢l f —
X% to Py, — P

Proposition 11. For 1 <: < W,

ij X = (s +1,t+ 1) (Poyrp — Pog1)
- Z (r+1,t+1)" (Pry1s — Pry1) ' B
r=t+1
(Rr + By PryaeBu) "' By X,
Proof.
d,s b7 T v d,s
Xr\t = (A - BUKTJF”t) Xr+1|t
ng = (A - BuKrJrl) Xg-',-slv
Thus,
X;i\ts_de ((A B KtJrl\t) _(A_B Kt-i-l) )Xt+i|t
d, d,
(A_BuKt—H) (Xt:ut Xt+81)
(K1) — Ki41) "B Xfﬁm

+®(t+2,t+1)7 (Xfﬁm x5

BTde

(r,t+ 1)( vl

-3

r=t+1
+P(s+1,t+1) (X4 -

st

K. —K,)

x4)

)JSZ’SH—W

Since,
K1 — K, = (R, + B, Pry1,B.) "B, Py1) A
— (Ry + By Pry1By) "B, Py A
= (Ry + B, P11 Bu) ' B, (Pryp — Pry1)A
+((Ry+By, PryayBu) ™" —(Rp+ B, Pry1Bu) ™) By Prn A
= (Rr + By Pry1)¢Bu) "By (Pry1p — Pr1)A
— (Ry + By Pry1iBu) ' By (Pryap — Prin)
Bu(R,.+ B} P,,1B,) 'B] P, A
= (R, + B, Prya)eBu) "' By (Prjapp — Pria)(A = B.K;)
Substitute the equation into the previous equation, we get

Xy = X =0(s+1,t+ 1) T (Pygap — Pora)

t[t

3

r=t+1

@(T + 17t+ I)T(Pr+l|t - Pr+1)TBu

(Rr + By PryajiBu) ' B, X7,
which completes the proof. O

Proposition 12.

d,s d,s
”Xt\t Xt | S
)\max(Pmax)4

(HB R BTH+1) S— t,yW—S-‘rt

min

(1 - ’Y))\min(Pmin)

Proof. From Proposition 11, we have that:

||Xd9

d,s
t\t Xi

(s + Lt + )T (Posrje = Pera)l

+ Z 1@(r+ 1,8+ 1) TI|(Priaje — Prsa) |

r=t+1

|Bu(Ry + B, Pry1jeBu) ™ By 11 X2,

It is easy to show from definition that
||Xr|t|| < )\max( max) Tps—r-
Thus, by applying Proposition 10, we have that

IR — X0 < ety AP

bt )\min (Pmin)
W —r+t max(Pmax)
* Z < mm(Pmm) )
r=t+4+1

|BuRio By || Amax(Prmax) - 7p°"
Amax (Prax)? N >
2 \max \{ max 1 T s—t W—r+t
)\min(Pmin) r;rl

i— Z>\max Pmax 2
+71p l,yWJrl 3 ((P ))

7—2 Amax(Pmax)

T By BBt Byl 1) iy o
)\m X(Pm x)4 S— —s

= T man(Pa)? (1P Bin Bl 2) 7,

which proves the Proposition 12. O

We are now ready to prove Proposition 2



Proof. Proposition 2

K** = (R; + B] P.1B,) ' B} X{*
K} = (R + B, PryapB,) ' By X{;

= K& - Kt*

= (R + B, PryyBu) ' By (X[ —

+ ((Rt + BJPt+1|tBu) ! —(

= (R¢+ B, Py Bu) "B, (X e

— (Ry + BJPt+1|tBu)_ B, (Pt — Pig1)
Bu(Ri + B, Pry1B.) "B X[*

Xd,S)

ds_de*)

= |K* - K|
_ Bl
)\min(Rmin)

Bul - )
ot Py~ Pl BT R B
2|| Bu | Amax (Pmax)* (I[BuRmin Ba || +1)
- (1 - ))‘mln(-Rmurl))\mln(-Pmln)2

= cyptTtyW st

< ||Xd9_Xd5|

tlt

+

s—t W —s+t
Y

Additionally, it is not hard to verify that:
K;— K, = (K" - KM)A.
Thus: -
K

= K| < cs]| A" = ey

which completes the proof O

E. Exponential Stability

In this section we will look into the exponential stability
of both finite time LQR (Proposition 2) and MPC algorithm
(Proposition 3).

Proof. (ProEosmon 2)
Let V (z) := 2" P,z be the value function for standard
finite time horizon LQR problem. For arbitrary ¢,¢, z, let

Ty =2
Ttqg = (A — BuKt+j) R (A — BuKt+2)(A — BuKt+1){L'
According to Bellman optimality equation, we have that

VLQR( t) — T tht — K R Kz,
< VtLQR(

L
VG (w41) =
Ty) — Ty tht

T T
= ZCt Ptxt — J?t tht

< (1 _ Am(QO) o7 Puy

)\max(Pt)
)\min(Qmm) LQR
<({l—- —=
< (1 g ) v
Similarly,
>\min len
VE (o) < (1 ) A0 e
Amin (@min ‘
= Vi (@) < (1—/\ ((?3 ))> VR ()

Ry + B, Pry1B,) ) Bl X

Since we have:
($t+i)

< (1 _ )\min(Qmin)> VtLQR(xt)

T
It+ipmillxt+z < V;H-z

= |lzeal <

AmaX(Pmax) 1
)\min( Amax(Pmax)

where Ty =T, Ti44 — (A_BuKt+i) ce (A—BuKt+2)(A—
B, K;11). The inequality holds for arbitrary x, thus we have:

)\min(Qmin) >Z ||l't||

(A — BuKiti) -+ (A= BuK¢y2)(A — BuKip1)||
< )\max(Pmax) 1— Amin(CBmin)
- )\min(Rnin) Amax(P)max) ’
which proves the proposition. O

The proof for exponential stability of MPC algorithm is
similar to the proof provided above.

Proof. (Proposition 3)
First we define a time-varying Lyapunov function:
VtMPC(x) = ;ETZSW:L’
t+W
= min Z (I:QSIS + UjRgUg) + x;r+W+1Pn1axxt+W+1

= Az, + Byug

Ty =T

st Tst1

Applying Proposition 9 we can show that:
Qumin = Pyt = Prax.
For arbitrary t, j, z, let:
Ty =
Ty = (A— Buf{'tﬂ-) (A= ByKy1)x
=dMPO(t 4+ 1t + Do

By the definition of K;, Pyay, we have that:

HW
(Z('r;rsts +usTRsus)
s=t

VMPC (2,) = min
Top1=AT+Byus
T

+17t+W+1Pmaxxt+W+l)

t+W

. T

= min E (2] Qs+ ul Rouy)

Tsp1=Axs+Buus prt

+oo
p>

s=t+W+1
T T7-T T
= xt tht + th Kt RthJ?t

t+W
. T T
+ min E T s+ u, Rsug
Top1=Axs+Byus ( SQ& 8 s 5)

s=t+1
+oo
+ 2

s=t+W+1

(2] QumaxTs + usTRmaxus)>

(x;eraxxs + UZRmaxus)>



> x:Qtl't + x:f?;rRthxt where U is a positive definite matrix. Then,

t+W+1 e —1
+ min ( Z (] Qexs +u) Rouy) |A— Bl < Amax(U) 0 (A, B).
Tsp1=Ars+DByus
s=t+1
oo Proof.
+ > (@] Quaxs + uZRmaxus)> |A— B| < ||AY2(I — A~Y/2BA~Y2)A1?|
s=tHW+2

< | AVRPIL - AT BAY|

= x;ermt + l‘;l—[?:Rt[?tl‘t + ‘/tjflpc(mFFl) < )\ (U)”I o A71/2BA1/2||

Thus,

Since
VA (@) < VMPC () — 2] Qe (B [ T\ (AV2BAY [ < ATV2BAY2 ]
< <1 —~ W) VMPO () = Amax(A7Y2BAYA — [ < = AB T ]
o max Pm X
ax{ Pina) Thus
Similarly,
( ) i |1 —A~Y2BAY?| Smax{66°°(A’B)—1,1—6_‘5“(’4’3)}
>\min Qmin
VAT @) < (1 - >\rnax(13rnax)) VMEPC () < max {e‘sm(A’B) — 1,050 (A, B)} :
j c
= [z ||? < Amax (Pnax) 1— Amin (Qmin) ENE It is easy to verify that e” —1 < “—1z for 0 < z < c. Thus,
= Amin(Qmin) Amax (Pmax) 7 we have
which completes the proof. O (AB) ] < e — 15oo(A, B),
FE. Properties of Invariant Metric . ¢
which completes the proof. O

Lemma 6. Suppose A, B are positive definite, and
G. Others

L<AB<=
SAB=U, Lemma 8. y1,...,y, € R, and

where L,U are both positive definite matrices. Then:

at=a§y1+~--+azym t=12,...,T,

deo(A, B) < log ( where at > 0,i=1,2,...,n. Then:

Proof. T T n
aj < doab | > ah ) pul
bs0(A, B) = || log(A™Y/2BA~Y/2)]| =1 i =1 \j=1
= max ‘log()\m (AYV2BA—1/? )‘, T n n
(oo ) <mad S7at (Yt ] b (S0
’10g(Amin (A_l/QBA_l/Q))‘} ¢ t=1 j=1 i=1
Since Proof. Define:
ATY2BATY2 < ATV (AL (U)T) A7Y2 ap:=[al, . ap]’, Y=y gl
A U)AT ()17 < G e r
min Z o? = yT <Z a;rat> y
t=1 t=1
ATVPBATY2 = ATV (N (L)) A7V2 Let
A DA = A (LU = 2mintE) S
max Z_ Amin - /\max(U) A= Zat ag.

Then we have that,

\ U We have: A;; = Zthl afa§ > 0. Thus
—log (“WH> < log ()\min (A—l/ZBA—1/2))

Amin(L) . Z
- . Amax (U) diag Aij —A
<1 (Amm (A 1254 1/2)) < log ( Dmax') -
=08 =708 )\min(L) J i
which completes the proof. 0 is diagonally dominant, and thus,
Lemma 7. Suppose A, B are positive definite, and diag Z A CAs0
A j U7 6OO(A7 B) S C7 J i



Thus,
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