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Abstract— In this paper, we study the dynamic regret of
online linear quadratic regulator (LQR) control with time-
varying cost functions and disturbances. We consider the
case where a finite look-ahead window of cost functions and
disturbances is available at each stage. The online control
algorithm studied in this paper falls into the category of model
predictive control (MPC) with a particular choice of terminal
costs to ensure the exponential stability of MPC. It is proved
that the regret of such an online algorithm decays exponentially
fast with the length of predictions. The impact of inaccurate
prediction on disturbances is also investigated in this paper.

I. INTRODUCTION

Consider a classical finite-horizon discrete-time linear
quadratic regulator (LQR) problem:

min
u1,...,uT

T−1∑
t=1

(x>t Qtxt + u>t Rtut) + x>TQTxT

s.t. xt+1 = Axt +Buut +Bddt, t ≥ 1,

(1)

where the cost function parameters Qt, Rt and the system
disturbances dt are time-varying, while the system parame-
ters A,Bu, Bd are time-invariant. It is well-known that the
optimal control input to (1) at time step t requires the infor-
mation of all the future, i.e. {Qτ , Rτ , dτ}τ≥t [1]. However,
in most real-world applications, e.g. autonomous driving
[2], energy systems [3], date center management [4], it is
impractical for an decision maker to acquire all the (accurate)
future information beforehand. Instead, the decision maker
may only have access to some predictions for the near future
and the predictions can be inaccurate. Hence, this calls for
the study of online LQR problem with limited and inaccurate
predictions of the future. Specifically, this paper considers
the following online LQR problem: at each time step t,
the decision maker receives cost predictions {Qi|t, Ri|t}t+Wi=t

and disturbance predictions {di|t}t+Wi=t for the next W time
steps. For simplicity, we only consider inaccurate disturbance
predictions and assume cost predictions are accurate. The
goal of online LQR is to minimize the total cost in (1) by
only leveraging the predictions and the history.

Among all the online control algorithms that leverage
predictions, perhaps model predictive control (MPC) is the
most popular one. Although MPC has been intensively
studied both for linear systems and nonlinear systems [5]–
[11], most studies focus on asymptotic performance such as
stability or convergence to some optimal state. Motivated
by the aforementioned applications, there is an increasing
need to understand the non-asymptotic performances of MPC
such as the cost difference compared to the optimal cost
over a finite time-horizon. Though there are recent online
control papers, e.g., [12]–[14], that study the non-asymptotic
behavior of online control algorithms, they do not consider

predictions, that is, the controller has to take an control action
without any knowledge of future {Qτ , Rτ , dτ}τ≥t at time t.

In online learning community, on the contrary, there are
many papers on the non-asymptotic performance analysis,
where the performance is usually measured by regret, e.g.,
static regrets [15], [16], dynamic regrets [17], etc. But most
papers either do not system dynamics or predictions [18]–
[21] or only consider special simple dynamics [22], [23] or
simplified prediction models where W -step ahead predictions
are accurate without errors [22], [24].

The setting considered in this paper is closest to the recent
papers [24]–[27]. [24], [25] consider a linear dynamical
system with time-varying cost functions but no disturbances.
They focus on gradient-based online control rather than the
more commonly used MPC approach. On the other hand,
[26], [27], study the non-asymptotic behavior of MPC algo-
rithm, but they only consider time invariant cost function and
accurate disturbance predictions. But one interesting message
from [26] is that MPC turns out to be optimal (or nearly
optimal) in stochastic settings (or in adversarial settings)
with respect to (dynamic) regrets. This further motivates
us to look into the regret analysis of MPC for the setting
with time-varying cost functions and inaccurate disturbance
predictions.

Contribution. In this paper, we provide an explicit upper
bound for the performance of MPC (Theorem 1) in terms
of the dynamic regret: the online cost minus the optimal
cost in hindsight. The MPC studied in this paper follows the
standard MPC framework with a particular choice of terminal
cost which ensures the exponential stability of MPC. Our
regret bound consists of two parts: the first part decays expo-
nentially with the prediction window W and the second part
increases with the prediction errors. The first part indicates
the benefits of having more predictions and the second part
reflects the negative impact of inaccurate predictions. When
there are no prediction errors, the second part is zero and
the regret bound decays exponentially with W . Further, in
the second part of our regret bound, the errors of long-term
predictions play an exponentially diminishing effect, i.e. the
impact of the error of dt+k|t decays exponentially with k
on the regret bound. This indicates that MPC (implicitly)
focuses more on the short-term predictions and less on long-
term ones, which is desirable in most cases since long-
term predictions usually suffer from poor quality. Further,
this suggests that our regret upper bound provides useful
guidelines in choosing the prediction window W used in
MPC in the face of inaccurate predictions.

To develop our regret bound, we provide a general regret
formula for any online algorithms for online LQR problems,
which is a quadratic function of the differences between the



online control actions and the optimal control actions. Our
formula is established by leveraging a cost difference lemma
in the (Markov decision processes) literature [28], [29] and
the special properties of LQR. Our formula greatly relieves
the difficulty of non-asymptotic regret analysis of MPC.
Furthermore, the formula can be applied to other online
control algorithms and thus can be viewed as a contribution
on its own merit.

Notations: The norm ‖ · ‖ refers to the L2 norm for
both vectors and matrices. λmin(A) denotes the minimum
eigenvalue of matrix A, and λmax(A) denotes the maximum
eigenvalue of A. For any symmetric matrices A and B, we
write A ≺ B if B −A is positive definite.

II. PROBLEM SETUP AND PRELIMINARIES

A. Problem Formulation: Online LQR

As stated in Section I, we consider an online lin-
ear quadratic regulator (LQR) problem with process
noises/disturbances. The system dynamics is provided by:

xt+1 = Axt +Buut +Bddt, t ≥ 1 (2)

where the initial state x1 ∈ Rn is fixed, xt ∈ Rn and ut ∈
Rnu denote the state and control input at stage t respectively,
and dt ∈ Rnd denotes the process noise/disturbance. We
consider time-varying quadratic costs at each stage t, i.e.
x>t Qtxt + u>t Rtut. The total cost over T stages is defined
as

J(x,u) =

T−1∑
t=1

(x>t Qtxt + u>t Rtut) + x>TQTxT ,

where x = [x>1 , . . . , x
>
T ]>,u = [u>1 , . . . , u

>
T−1]>, QN

represents the terminal cost, and we define RT = 0 for
notational simplicity.

The control objective is to design control input ut at
each t to minimize the total cost J(x,u). However, the
optimal control at time t requires the information of all the
future cost functions and disturbances, i.e. {di, Qi, Ri}Ti=t
(see e.g. Proposition 1), which may not be practical in
real-world applications. Nevertheless, some predictions are
usually available beforehand, especially for the near future.
In this paper, we consider that the predictions of the next
W stages are available, i.e. {di|t, Qi|t, Ri|t}t+Wi=t , where di|t
denotes the prediction of the disturbance di at stage t, and
the same applies to Qi|t, Ri|t. The prediction information can
be inaccurate and it is worth discussing the impact of the
prediction errors. For this paper, we focus on the predictions
errors of the disturbances and denote ei|t := di|t − dt as the
prediction error of di|t. Since the prediction di|t is received at
stage t, which is (i−t) stages before stage i, we also call ei|t
as the (i− t)-step prediction error of di. For simplicity, we
omit the prediction errors of the cost matrices by considering
accurate W -stage cost predictions: Qi|t = Qi and Ri|t = Ri

for t ≤ i ≤ t+W .1

In summary, the online LQR considered in this paper is
described as follows: Assuming A,Bu, Bd is known apriori,
at each step t = 1, 2, . . . ,

• the controller observes state xt and receives predictions
{di|t, Qi, Ri}t+Wi=t ;

• the controller implements ut based on the predictions
{di|t, Qi, Ri}t+Wi=t and the history {xi, di, Qi, Ri}ti=1

and suffers the cost x>t Qtxt + u>t Rtut;
• the system evolves to the next state xt+1 by (2) under

the real disturbance dt.

Our goal is to design an online algorithm to reduce the
total cost by exploiting the online available information, i.e.
the predictions and the history. For example, consider an
online control algorithm denoted by π = {π1, . . . , πT−1},
where πt represents the policy at step t. Notice that πt only
has access to the online available information at t, i.e., the
control action ut at time t is determined by

ut = πt({xτ}tτ=1, {dτ , Qτ , Rτ}tτ=1︸ ︷︷ ︸
history

, {di|t, Qi, Ri}t+Wi=t︸ ︷︷ ︸
predictions

),

(3)
We measure the performance of the online algorithm π by
dynamic regret, which compares the total cost of π with the
optimal total cost J∗ in hindsight, that is,

Regret(π) = J(xπ,uπ)− J∗.

where xπt , u
π
t denote the state and action at step t generated

by the online algorithm π. Let π∗ = {π∗1 , . . . , π∗T−1} denote
the optimal controller in hindsight that yields the optimal cost
J∗. Here π∗t is the optimal policy at each step t, which will
be further discussed in Section II-B.

Dynamic regret is a commonly used performance metric
in the literature [24], [26]. The benchmark of the dynamic
regret defined above is optimal time-varying policies. Notice
that that another popular regret notion is the static regret,
whose benchmark is the optimal time-invariant policy which
is a weaker benchmark because the optimal control for finite-
time horizon time-varying LQR (II-A) is time-varying.

Throughout the paper, we consider the following assump-
tions on the dynamics and the cost matrices, which are
standard assumptions in the literature.

Assumption 1. The pair (A,Bu) is stabilizable. All pairs
(A,Qt) are detectable.

Assumption 2. There exist positive definite matrices Qmin,
Qmax, Rmin, Rmax such that Qt for any 1 ≤ t ≤ T and Rt
for any 1 ≤ t ≤ T − 1 satisfy

0 ≺ Qmin � Qt � Qmax, 0 ≺ Rmin � Rt � Rmax.

1Ideally, we would like to also consider inaccurate prediction on Qi, Ri,
but due to some technical difficulty in analyzing the performance, it is left as
our future work. Nevertheless, our setting still finds applications, e.g., when
the cost function is set according to financial contracts or cost planning
steps-ahead. However, disturbances are often due to volatile nature such as
wind. Thus allowing inaccurate predictions greatly broadens the applications
of previous settings studied in [23], [24], [26].



B. Preliminaries: Optimal Offline Controller

Here we provide some preliminaries on the optimal offline
LQR [1], [30] which will be used in analyzing the regret of
our online controller. Throughout the paper we will use the
notation FQ,R(·) Ricatti iteration for standard LQR given the
system dynamics (A,Bu):

FQ,R(P ) := Q+A>PA−A>PBu(R+B>u PBu)−1B>u PA

We use Pt to denote the optimal cost-to-go matrix for the
standard LQR problem. Pt is calculated through:{

Pt = FQt,Rt
(Pt+1), 1 ≤ t ≤ T − 1

PT = QT
(4)

The optimal-cost-to-go is given by, for any x,

x>Ptx =

min
{ut}T−1

t=1

{
T−1∑
i=t

(x>i Qixi + u>i Riui) + x>TQTxT | xt = x

}
The optimal control gain of the LQR problem is:

Kt = −(Rt +B>u Pt+1Bu)−1B>u Pt+1A, (5)

The definition of Pt,Kt depends on the matrices series
{Qi, Ri}Ti=t. Throughout the paper we might use different
series of matrices to compute its corresponding Pt,Kt’s, thus
we rewrite the variables Pt,Kt as functions, i.e.,

Pt({Qi, Ri}T−1i=t , QT ), Kt({Qi, Ri}T−1i=t , QT )

to denote the optimal cost-to-go matrix and control gain for
the standard LQR problem, given the sequence of stage cost
matrices {Qi, Ri}T−1i=t and terminate cost QT . If not stated
otherwise, we will use the short notation Pt,Kt to denote
the cost-to-go matrix and control gain for the offline setting.

We introduce the variable Pmax to denote the solution of
the following discrete time Riccati equation (DARE):

Pmax = FQmax,Rmax
(Pmax) (6)

Furthermore, we define the state transition matrix as:

Φ(t, t0) :=

{
(A−BuKt−1) · · · (A−BuKt0), t > t0
I, t = t0

It is known that the optimal control action is a linear
combination of current state xt and all future disturbances
[27], [30].

Proposition 1. [27] The optimal policies {π∗t }T−1t=1 that
minimize J(x,u) can be written as:

π∗ : ut= π∗t (xt, dt, . . . , dT−1) =−Ktxt −
T−1∑
i=t

Kd,i
t Bddi,

(7)

where for i = t, . . . , T − 1

Kd,i
t = (Rt +B>u Pt+1Bu)−1B>u Φ(i+ 1, t+ 1)>Pi+1. (8)

Furthermore, the exponential stability of LQR can also be
established.

Proposition 2. (Exponential Stability of the Optimal Con-
troller [30], Sec. 3.2) The state transition matrix for finite
time horizon optimal LQR control is exponentially stable, i.e.

‖Φ(t, t0)‖ ≤ τρt−t0 ,

where

τ =

√
λmax(Pmax)

λmin(Qmin)
, ρ =

√
1− λmin(Qmin)

λmax(Pmax)
.

This leads to the exponential decaying properties of Kd,i
t .

Corollary 1. The matrices Kd,i
t defined in (8) satisfy

‖Kd,i
t ‖ ≤

τ‖Bu‖λmax(Pmax)

λmin(Rmin)
ρi−t, i ≥ t.

In [30], their proof of exponential stability is for con-
tinuous time infinite horizon case, but the proof technique
is quite similar for discrete time and finite horizon setting.
Proposition 1 and Corollary 1 suggests that disturbances from
far future do not have too much impact on current control
action. The exponential decaying of ‖Kd,i

t ‖ implies that the
weight on disturbances in the far future will be fairly small.
This property enables the possibility of finding a relatively
good controller using only limited predictions.

III. MODEL PREDICTIVE CONTROL

Model predictive control (MPC) is perhaps the most
common control policy for situations where predictions are
available [6], [7], [31], [32]. Generally speaking, an MPC
algorithm with W -step look-ahead window with stage cost
ct(x, u) and terminal cost T (x) is defined as follows:

min
{uk}t+W

k=t

t+W∑
k=t

ck(xk, uk) + T (xt+W+1)

s.t. xk+1 = fk(xk, uk, dk)

(9)

where xk+1 = fk(xk, uk, dk) is the system dynamics.
At each time step t, MPC solves the above equation and
implements ut output from the solver. Specifically in our
setting, the stage cost functions are given as ct(x, u) =
x>Qtx+u>Rtu. The terminal cost is chosen to be T (x) =
x>Pmaxx for ensuring the stability of the algorithm. The
MPC algorithm is given as,

min
{uk}t+W

k=t

t+W∑
k=t

(x>k Qkxk + u>k Rkuk) + x>t+W+1Pmaxxt+W+1

s.t. xk+1 = Axk +Buuk +Bddk|t, k = t, . . . , t+W
(10)

Though MPC is a well studied topic in the control com-
munity, most results focus on asymptotic analysis, such as
stability and convergence to the optimal action as t → ∞.
Non-asymptotic analysis, on the other hand, such as dynamic
regret analysis, which also takes transient behavior of the
dynamic into consideration, are less studied. However, the
recent growing research in online and reinforcement learning
calls for more study in characterizing the non-asymptotic
performance of MPC.



In order to analyze the dynamic regret of the MPC, we first
seek a different representation of the online algorithm which
allows us to compare the online MPC policy and the optimal
offline policy in (7). The key observation is that Proposition
1 can also be applied to solve (10) for MPC which allow us
to represent the MPC in a similar form as in (7),

MPC : uMPC
t = −Ktx

MPC
t −

t+W∑
i=t

Kd,i
t Bddi|t (11)

Here Kt,K
d,i
t are constructed in a similar manner as

Kt,K
d,i
t . First define:

P t+τ |t := Pt+τ ({Qi, Ri}t+Wi=t+τ , Pmax)

Kt+τ |t := Kt+τ ({Qi, Ri}t+Wi=t+τ , Pmax)

= (Rt+τ +B>u P t+τ+1|tBu)−1B>u P t+τ+1|tA
(12)

which are the cost-to-go and control gain matrices given the
W steps ahead prediction {Qi, Ri}t+Wi=t and the terminal cost
Pmax at step t+W + 1.

Further define the ‘predicted’ state transition matrix at step
t:

Φt(t+j, t+i) :=

 (A−BuKt+j−1|t) · · · (A−BuKt+i|t),
0 ≤ i < j ≤W

I, 0 ≤ i = j ≤W
(13)

Kt,K
d,i
t are defined as follows:

Kt := Kt|t

Kd,i
t := (Rt +B>u P t+1|tBu)−1B>u Φt(i+ 1, t+ 1)>P i+1|t

(14)
Algorithm 1 summarize the implementation of this MPC.

Algorithm 1 Model Predictive Control (MPC) Algorithm

Input: Qmin, Qmax, Rmin, Rmax, A,Bu, Bd
Pre-calculate Pmax using (6).
for t = 1, 2, . . . , T − 1 do

Observe xt and receive predictions {di|t, Qi, Ri}t+Wi=t .
if t ≤ T −W − 1 then

Calculate P t+1|t, . . . , P t+W+1|t,Kt|t, . . . ,Kt+W |t
using (12).
Calculate Kt,K

d,i
t using (13)(14).

Implement ut as in (11)
else

Calculate Pt+1, . . . , PT ,Kt, . . . ,KT−1 directly via
(4)(5).
Calculate Kd,i

t using (8).
Implement ut as in (7)

end if
end for

Before going into the regret analysis in the next section, we
first the exponential stability of the MPC algorithm despite
the time-varying cost functions.

Proposition 3. (Exponential Stability of MPC) Define the
state transition matrix for MPC as:(Note that this is not the

same matrix as Φt in (13).)

ΦMPC(t, t0) :=

{
(A−BuKt−1) · · · (A−BuKt0), t > t0

I, t = t0

Then:
‖ΦMPC(t, t0)‖ ≤ τρt−t0 ,

with τ, ρ defined the same as in Proposition 2

Stability results of MPC is well studied in literature [5],
[9]–[11], [33], [34] and this proposition almost follows the
results in [33] exactly. Nevertheless, a self-contained proof
is provided in Appendix E for reader’s reference.

IV. DYNAMIC REGRET ANALYSIS

Recall the definition of ρ =
√

1− λmin(Qmin)
λmax(Pmax)

in Proposi-
tion 2 and further define another factor:

γ =
λmax(A>PmaxA)

λmin(Qmin) + λmax(A>PmaxA)
,

The regret of the MPC in Algorithm 1 is bounded as follows.

Theorem 1. The regret of MPC in (11) is upper bounded
by:
Regret(MPC)

≤α1

[
1

1− ρ (γ
W + ρW )+ γ

ρW− γW

ρ− γ

]2(
‖x1‖2+

T∑
t=1

‖Bddt‖2
)

︸ ︷︷ ︸
Part I

+α2

(
1

1− ρ+
γW

1− ρ2

)(
1+

γW

1− ρ

) T−1∑
j=1

j+W∑
i=j

ρi−j‖Bdei|j‖2︸ ︷︷ ︸
Part II

),

(15)

where α1, α2 are constants that only relate to
Rmin, Rmax, Qmin, Qmax, A,Bu, but not W .

The regret bound (15) consists of two terms. Part I
depends on the total magnitude of the disturbances: Ed :=∑T
t=1 ‖Bddt‖2. Part II depends on the error of the pre-

dictions ‖Bdei|j‖. Before showing the proof, we make the
following discussions on interpreting the regrets.

Factors ρ and γ: Proposition 2 and 3 show that the factor
ρ can be interpreted as the contraction factor of Φ,ΦMPC.
We now further explain the meaning of γ. In a word, γ
captures the contraction of Ricatti iteration FQ,R(·). In [35],
they introduce a special metric on positive definite matrices

δ∞(P, P ) := ‖ log(P−
1
2PP−

1
2 )‖,

and show that F (·) is contractive under δ∞(·, ·), i.e.,

δ∞(FQ,R(P ), FQ,R(P )) ≤ γδ∞(P, P ). (16)

(16) is going to play a key role in bounding the difference
‖Kt − Kt‖ and ‖Kd,i

t − Kd,i
t ‖ and therefore the cost

difference between JMPC and J∗, which will be further
explained later.

Impact of ei|j: Let’s take a more careful look at Part II,

Part II ∼ O(

T−1∑
j=1

j+W∑
i=j

ρi−j‖Bdei|j‖2)



The coefficient in front of ‖Bdei|j‖ is dominated by ρi−j ,
which decays exponentially with i− j, which means that the
effect of prediction inaccuracy decays exponentially fast as
forecast goes to the far future. Since longer-term prediction
tends to be less accurate, this suggests that MPC effectively
alleviates the impact of multi-step-ahead prediction errors.

Choice of W : Part I involves the magnitude of
the disturbances, and the coefficient in front of(
‖x1‖2+

∑T
t=1 ‖Bddt‖2

)
is roughly of scale:

Part I ∼ O

(
γ2W0

(
‖x1‖2+

T∑
t=1

‖Bddt‖2
))

where γ0 = max{ρ, γ}. Thus if the prediction is accurate,
i.e., ei|j = 0, the regret decays exponentially fast with
respect to W . This result matches with the conclusions in
[24] [26]. Additionally, when there’s prediction error, the
optimal choice of W depends on the tradeoff between Ed
and the prediction errors.

For more insightful discussions, we consider
non-decreasing k−step-ahead prediction errors, i.e.
‖Bdei+1|j‖ ≥ ‖Bdei|j‖. It can be shown that Part I
increases with Ed and Part II increases with prediction
errors. Further, as W increases, Part I decreases but Part
II increases. Thus when Part I dominates the regret bound,
i.e. Ed is large when compared with the prediction errors,
selecting a large W reduces the regret bound. On the
contrary, when Part II dominates the regret bound, i.e. the
prediction errors are large when compared with Ed, a small
W is preferred. The choice of W above are quite intuitive:
when the environment is perturbed by large disturbances but
the disturbances could be roughly predicted, one should use
more predictions to prepare for future changes; however,
with poor prediction and mildly perturbed environments,
one should ignore these long-term predictions whose quality
tends to be low. Our the regret upper bound provides a
quantitative way to pick a balanced prediction window W .

A. Proof Sketch
Due to the space limit, we only give a proof sketch of

Theorem 1 here. The detailed proof is in Appendix. Roughly
speaking the proof can be decomposed into 4 steps:
• Applying ‘cost difference lemma’ to derive a general

regret formula, which decomposes the regret into the
sum of terms w.r.t ‘control action error’ uMPC

t − u∗t
• Decomposing ‘control action error’ uMPC

t − u∗t into i)
‘truncation error’

∑T−1
t+W+1K

d,i
t di, ii) ‘prediction error’

(−
∑t+W
i=t Kd,i

t ei|t), and iii) ‘matrices approximation
error’(Kt −Kt)x

MPC
t +

∑t+W
i=t (Ki

t −K
d,i
t )di

• Bounding the ‘truncation error’ and ‘prediction error’ by
bounding ‖Kd,i

t ‖, i ≥ t+W+1 and Kd,i
t , t ≤ i ≤ t+W

respectively.
• Bounding the ‘matrices approximation error’ by bound-

ing ‖Kt − Kt‖ and ‖Kd,i
t − Kd,i

t ‖, along with the
exponential stability of online MPC algorithm.

Step 1: We first introduce our general regret bound derived
from ‘cost difference lemma’. Cost difference lemma is

a very well-know lemma in reinforcement learning (RL)
community and plays an important role in deriving many
RL algorithms such as Trust Region Policy Optimization
(TRPO [28]). In [29], they also use it to prove gradient
dominance for standard, time-invariant LQR problem. How-
ever, previous results are mostly for time-invariant systems
and we haven’t found an exact formula that applies the
lemma to LQR problems with time-varying cost functions
and disturbances. Thus we now state our result:

Lemma 1. (General Regret Formula) For an online control
algorithm π that satisfies:

ut = πt(xt, {dτ , Qτ , Rτ}tτ=1, {di|t,Qi,Ri
}t+Wi=t ),

i.e., control action does not rely on history {xτ}t−1τ=1, the
regret can be written as:

Regret(π) =

T−1∑
t=1

(uπt − u∗t )>(Rt +B>u Pt+1Bu)(uπt − u∗t )

(17)

where: uπt = πt(x
π
t , {dτ , Qτ , Rτ}tτ=1, {di|t,Qi,Ri

}t+Wi=t ),

u∗t = π∗t (xπt , dt, . . . , dT−1)

and that {xπt } is the trajectory generated by the online
control algorithm π.

The proof of Lemma 1 is given in the Appendix. Lemma
1 successfully decouples the regret into the summation of a
quadratic cost on ‘control action error’: uπt − u∗t , so instead
of analyzing Regret(π) that entangles control action in all
time step, we only need to bound the ‘control action error’
at each time step separately. Note Lemma 1 holds for policy
π that can be more general than MPC algorithm.

Step 2: From (7) (11), the ‘control action error’ of MPC
algorithm can be decomposed as:

uMPC
t − u∗t =

T−1∑
i=t+W+1

Kd,i
t di︸ ︷︷ ︸

Truncation Error

−
t+W∑
i=t

Kd,i
t ei|t︸ ︷︷ ︸

Prediction Error

+ (Kt −Kt)x
MPC
t +

t+W∑
i=t

(Kd,i
t −K

d,i
t )di︸ ︷︷ ︸

Matrices Approximation Error

.

We name the term
∑T−1
t+W+1K

d,i
t di as ‘truncation error’,

since this term appears when we throw away future dis-
turbances after step t + W . The term (Kt − Kt)x

MPC
t +∑t+W

i=t (Kd,i
t − Kd,i

t )di is named ‘matrices approximation
error’ because this term will disappear if the controller
has knowledge of all future Qt, Rt’s. Note that in [26]’s
setting, they study constant Qt = Q,Rt = R, in which
case matrices approximation error is zero and need not
be taken into consideration. The term −

∑t+W
i=t Kd,i

t ei|t is
called ‘prediction error’ for the reason that it is related to
the prediction accuracy at time step t.

Step 3: We’ll look into truncation error and prediction error
first, because they are easier to analyse. It has been pointed



out in Corollary 1 that ‖Kd,i
t ‖ decays exponentially w.r.t.

i − t. Note that for truncation error
∑T−1
t+W+1K

d,i
t di the

summation start from t+W + 1, thus roughly speaking this
term is of order O(ρW+1).

As for prediction error, similar to Proposition 2 and
Corollary 1, we can show that

‖Φt(t+ j, t+ i)‖ ≤ τρj−i, j ≥ i

‖Kd,i
t ‖ ≤

τ‖Bu‖λmax(Pmax)

λmin(Rmin)
ρi−t, i ≥ t

Thus ‖Kd,i
t ‖ is roughly of scale ρi−t, which suggests that

the effect caused by prediction error decays exponentially as
prediction goes to the far future.

Step 4: ‘Matrices approximation error’ is a little bit harder
to handle, because we not only need to bound the error term
‖Kt −Kt‖, ‖Kd,i

t −K
d,i
t ‖, but also need to make sure that

{xMPC
t }, which is the trajectory generated by the MPC algo-

rithm, does not explode and become unbounded. The latter
is guaranteed by the exponential stability of MPC algorithm,
while bounding the error terms ‖Kt −Kt‖, ‖Kd,i

t −K
d,i
t ‖

requires the contractivity of Ricatti iteration shown in (16).
This is the point where factor γ emerges in the regret.

Lemma 2.

‖Kt −Kt‖ ≤ α3γ
W

‖Kd,i
t −K

d,i
t ‖ ≤ α4γ

W−i+tρi−t, t ≤ i ≤ t+W

where,

α3 = 2
‖A‖‖Bu‖
λmin(Rmin)

λmax(Pmax)4

λmin(Qmin)2
(
‖BuR−1minB

>
u ‖+ 1

) 1

1− γ

α4 = 2
‖Bu‖

λmin(Rmin)

λmax(Pmax)4

λmin(Qmin)2
(
‖BuR−1minB

>
u ‖+ 1

) 1

1− γ

The key step in the proof of the Lemma 2 is to bound
‖P i+1|t − Pi+1‖ which is provided below

Lemma 3.

‖P i+1|t−Pi+1‖ ≤ γt+W−i
λmax(Pmax)2

λmin(Qmin)
, t ≤ i ≤ t+W.

Lemma 3 is a direct corollary from (16). Note that

Pi = FQi,Ri
(Pi+1), P i|t = FQi,Ri

(P i+1|t)

Applying (16) immediately gives us:

δ∞(P i|t, Pi) ≤ γδ∞(P i+1|t, Pi+1) ≤ · · ·
≤ γt+W+1−iδ∞(P t+W+1|t, Pt+W+1)

which could be used to derive Lemma 3.
Combining all 4 steps together will give the upper bound

in Theorem 1. The rigorous proof and computation are quite
cumbersome and we refer readers to the Appendix for more
details.

Fig. 1: (Left): Regret for accurate prediction on dt; (Right): Regret
for accurate prediction on dt, ’snr’ represents the signal-to-noise
ratio of the predictions.

V. NUMERICAL SIMULATIONS

To numerically test

A =

[
0 1
1 0

]
, Bu =

[
0
1

]
, Bd =

[
0
1

]
The stage cost function Qt, Rt are randomly picked as

Qt = qtI, Rt = rt

where qt’s are picked randomly from Unif[2,3], and rt’s are
picked from Unif[5,6]. Disturbances dt are drawn randomly
from standard Gaussian distribution, dt ∼ N (0, 1). We
consider the following two settings:

Accurate Prediction on dt: The numerical result for accu-
rate prediction case is shown in Figure 1 (Left). It displays
the relationship of dynamical regret and prediction window
size W . According to (15), when setting prediction errors
ei|j = 0, the regret should be exponentially decreasing w.r.t.
W , which matches the simulation result.

Noisy Prediction on dt: The numerical result is shown in
Figure 1 (Right). For this setting, we set the prediction errors
as ei|j ∼ snr∗N(0, 1), where snr denotes the signal-to-noise
ratio of the predictions. Smaller snr indicates more accurate
predictions. The figure suggests that for more accurate pre-
dictions, choosing a fairly large prediction window will boost
the performance of the controller; while for large snr values,
a longer prediction does not benefit too much, because the
prediction error term is the dominant term of the regret.

VI. CONCLUSION

This paper studies the role of predictions on dynamic
regrets of online linear quadratic regulator with time-varying
cost functions and disturbances. Besides giving an explicit
dynamic regret upper bound for model predictive control
algorithm in this setting, we also proposed a regret analysis
framework based on ‘cot difference lemma’ that might be
applicable for more general class of control algorithms than
MPC. This paper leads to many interesting future directions,
some of which are briefly discussed below. The first direction
is to further allow noisy predictions on Qt, Rt. The second
direction is to consider time varying system parameters
At, But

, Bdt , e.g. [11], [36]. Moreover, it might be inter-
esting to consider the setting where system parameters are
unknown, possibly by applying learning based control tools,
e.g., [35], [37], [38].
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[10] L. Grüne and M. Stieler, “Asymptotic stability and transient optimality
of economic mpc without terminal conditions,” Journal of Process
Control, vol. 24, no. 8, pp. 1187–1196, 2014.
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APPENDIX

A. Proof of Proposition 1 and Lemma 1
We first define the optimal cost-to-go function:

V ∗t (x) :=

min
{ut,...,uT−1}

[
T−1∑
k=t

(x>k Qkxk+u>k Rkuk)+x>TQTxT |xt = x

]
s.t. xk+1 = Axk +Buuk +Bddk

For simplicity we further define the following variables:

A(n) :=


I
A
...

An−1

 , yt:Tt (x) :=


y1t
y2t
...

yT−t+1
t

 ,
where yt:Tt ∈ R(T−t+1)n ,and the recursive relationship
between yit satisfies:

y1t = x,

http://proceedings.mlr.press/v80/cohen18b.html
http://proceedings.mlr.press/v80/cohen18b.html
http://proceedings.mlr.press/v97/agarwal19c.html
https://doi.org/10.1561/2400000013


yi+1
t = Ayit +Bddt+i−1, i = 1, 2, . . . , T − t.

Further define:

yt+1:T
t (x) :=

 y2t
...

yT−t+1
t

 .
By the definition of A(n), yt:Tt , yt+1:T

t , we have that:

yt+1:T
t+1 (Ax+Buu+Bddt) = yt+1:T

t (x) +A(T−t)Buu.

Additionally, by the definition of V ∗t , we have the following
Bellman equation:

V ∗t (x) = min
u
x>Qtx+u>Rtu+V ∗t+1(Ax+Buu+Bddt)

(18)

The following proposition gives an explicit form for V ∗t .

Proposition 4. V ∗t (x) can be written as:

V ∗t (x) = yt:Tt (x)>Vty
t:T
t (x),

where Vt is defined by the following recursive relationship:

VT = QT

Vt =

[
Qt 0
0 ft(Vt+1)

]
, t = T − 1, T − 2, . . . , 1.

(19)

where
ft(X) =

X −XA(T−t)Bu(Rt +B>u A(T−t)>XA(T−t)Bu)
−1B>u A(T−t)>X.

The optimal policy is given by:

u∗t = −Gtyt+1:T
t (x), (20)

where
Gt := (Rt+B

>
u A(T−t)>Vt+1A(T−t)Bu)−1B>u A(T−t)>Vt+1

Proof. We use proof of induction. It is quite obvious that
V ∗T (x) = x>QTx. Suppose proposition holds for time step
t+ 1, i.e.

V ∗t+1(x) = yt+1:T
t+1 (x)>Vt+1y

t+1:T
t+1 (x).

Here for the sake of simplicity we write
yt:Tt (x; dt, . . . , dT−1) as yt:Tt (x).

By Bellman equation (18) we know that

V ∗t (x)=min
u
x>Qtx+u>Rtu+V ∗t+1(Ax+Buu+Bddt)

= min
u
x>Qtx+ u>Rtu

+ yt+1:T
t+1 (Ax+Buu+Bddt)

>Vt+1y
t+1:T
t+1 (Ax+Buu+Bddt)

= min
u
x>Qtx+ u>Rtu

+ (yt+1:T
t (x)+A(T−t)Buu)>Vt+1(yt+1:T

t (x)+A(T−t)Buu).

Minimizing over u we get that:

u∗ =

− (Rt+B
>
uA(T−t)>Vt+1A(T−t)Bu)−1B>u A(T−t))>Vt+1y

t+1:T
t (x)

(21)

Substituting (21) into the Bellman equation we get:

Vt(x) = x>Qtx+ yt+1:T
t (x)>ft(Vt+1)yt+1:T

t (x)

= yt:Tt (x)>
[
Qt 0
0 ft(Vt+1)

]
yt+1:T
t ,

which completes the proof.

The next proposition shows that Proposition 4 is consistent
with classical LQR results.

Proposition 5. (Consistency with Standard LQR) Define
Pt ∈ Rn×n as:

Pt := A(T−t+1)>VtA(T−t+1). (22)

Then we have:

Pt = Qt+A
>Pt+1A−A>Pt+1Bu(Rt+B

>
u Pt+1Bu)

−1B>u Pt+1A,

which is the same matrix as the value function matrix for
LQR defined in (4).

We omit the proof for Proposition 5, since it can be done
by simple algebraic manipulation.

We are now ready to prove Proposition 1. Though there
are some very similar results in literature, we’ll give our
own proof for the optimal offline controller. Note that we
have already shown in Proposition 4 that the optimal policy
is given by (20), thus we only need to show that (7) and (20)
are equivalent.

The proof of Proposition 1 depends on the following
lemma:

Lemma 4. Define Yt := VtA(T−t+1), then Yt has an explicit
form:

Yt =


Qt

Qt+1(A−BuKt)
Qt+2(A−BuKt+1)(A−BuKt)

...
QT (A−BuKT−1) · · · (A−BuKt)

 ,
where Kt is the optimal control gain for standard LQR
problem as defined in (5).

Proof. From eq(19) and Proposition 5, with some simple al-
gebraic computation we can derive the recursive relationship
between Yt:

Yt =

[
Qt

Yt+1A− Yt+1Bu(Rt +B>u Pt+1Bu)−1B>u Pt+1A

]
=

[
Qt

Yt+1(A−BuKt)

]
(23)

Applying this relationship recursively we can get that:

Yt =


Qt

Qt+1(A−BuKt)
Qt+2(A−BuKt+1)(A−BuKt)

...
QT (A−BuKT−1) · · · (A−BuKt)

 ,
which completes the proof.

Proof. (Proposition 1) According to (20),

ut = Gty
t+1:T
t (xt)



= −(Rt +B>u Pt+1Bu)−1B>u A(T−t)>Pt+1y
t+1:T
t (xt)

= −(Rt +B>u Pt+1Bu)−1B>u Y
>
t+1y

t+1:T
t (xt)

= −(Rt +B>u Pt+1Bu)−1B>u Y
>
t+1

(
A(T−t)Axt

+A(T−t)Bddt +

[
0

AT−t−1
]
Bddt+1

+ · · · +


0
...
0
I

BddT−1


Since Yt+1 = Vt+1AT−t, we have that:

Y >t+1AT−t = Pt+1

Additionally, from (23) we have:

Y >t+1

[
0

A(T−t−1)

]
= (A−BuKt+1)>Pt+2

Similarly,

Y >t+1


0
...
0

A(T−t−k)


= (A−BuKt+1)> · · · (A−BuKt+k)>Pt+k+1

= Φ(t+ k + 1, t+ 1)>Pt+k+1

Thus we have that:

ut = −(Rt +B>u Pt+1Bu)−1B>u Y
>
t+1

(
A(T−t)Axt

+A(T−t)Bddt +

[
0

AT−t−1
]
Bddt+1

+ · · · +


0
...
0
I

BddT−1


= −(Rt +B>u Pt+1Bu)−1B>u Pt+1Axt

− (Rt +B>u Pt+1Bu)−1B>u Pt+1Bddt − · · ·
− (Rt +B>u Pt+1Bu)−1B>u Φ(T, t+ 1)>PTBddT−1

= −Ktxt −Kd,t
t Bddt − · · · −Kd,T−1

t BddT−1

which completes the proof.

Define the value function for a given policy π:

V π
t (x) :=

[
T−1∑
k=t

(x>k Qkxk + u>k Rkuk) + x>TQTxT

| xt = x, {uk = πk(Ik)}T−1k=t

]
,

where Ik denotes the information available for the controller
at time step k. Specifically for MPC considered in this paper,
Ik =

{
xk, {di|t, Qi, Ri}k+Wi=k

}
.

Similarly we could also define the Q-function:

Qπ
t (x, u) :=

[
T−1∑
k=t

(x>k Qkxk + u>k Rkuk) + x>TQTxT

| xt = x, ut = u, {uk = πk(Ik)}T−1k=t

]

We state a general version of cost difference lemma.

Lemma 5. (Cost Difference Lemma) For two policies π1,π2,
the difference of their regrets can be represented by:

V π2
1 (x)−V π1

1 (x) =

T−1∑
t=1

Qπ1
t (xπ2

t , uπ2
t )−V π1

t (xπ2
t ) (24)

where {xπ2
t , uπ2

t } are trajectory generated by starting at
initial state x and imposing policy π2.

The proof of Lemma 5 can be found in literature [28],
[29]. By applying Lemma 5, we get the proof of Lemma 1.
Proof: (Lemma 1)

Regret(π) = V π
1 (x)− V ∗1 (x) =

T−1∑
t=1

Q∗t (xπt , uπt )− V ∗t (xπt )

=

T−1∑
t=1

[
xπt
>Qtx

π
t +uπt

>Rtu
π
t +V ∗t+1(Axπt +Buu

π
t +Bddt)

− xπt >Qtxπt − u∗>t Rtu
∗
t −V ∗t+1(Axπt +Buu

∗
t +Bddt)

]
=

T−1∑
t=1

[
uπt
>Rtu

π
t +

(
yt+1:T
t (xπt ) +A(T−t)Buu

π
t

)>
· Vt+1

(
yt+1:T
t (xπt ) +A(T−t)Buu

π
t

)
− u∗>t Rtu

∗
t −

(
yt+1:T
t (xπt ) +A(T−t)Buu

∗
t

)>
· Vt+1

(
yt+1:T
t (xt) +A(T−t)Buu

∗
t

)]
=

T−1∑
t=1

[
(uπt −u∗t)>(Rt+B>u A(T−t)>Vt+1A(T−t)Bu)(uπt −u∗t )

+ 2(uπt − u∗t )>
(
Rtu

∗
t +B>u A(T−t)>Vt+1A(T−t)Buu

∗
t

+B>u A(T−t)>Vt+1y
t+1:T
t (xπt )

)]
=

T−1∑
t=1

[
(uπt − u∗t )>(Rt +B>u Pt+1Bu)(uπt − u∗t )

+2(uπt − u∗t )(Rt +B>u Pt+1Bu)(u∗t −Gtyt+1:T
t (xπt ))

]
=

T−1∑
t=1

(uπt − u∗t )>(Rt +B>u Pt+1Bu)(uπt − u∗t )

B. Proof of Theorem 1
Proposition 6. Let {xπt } be the trajectory generated by MPC
algorithm defined as in Eq (11), then:

xπt = ΦMPC(t, 1)xπ1 +

min{t+W,T−1}∑
i=1

Mi|tBddi

−
t−1∑
j=1

min{T−1,j+W}∑
i=j

ΦMPC(t, j + 1)BuK
d,i
j ei|j

(25)

where:

Mi|t=

min{t−1,i}∑
j=max{1,i−W}

ΦMPC(t, j+1)(−BuKd,i
j + 1{i=j}I)

Additionally,

‖Mi|t‖ ≤ c4ρt−i−1, 1 ≤ i ≤ t− 1



‖Mi|t‖ ≤ c5ρi−t+1, i ≥ t

where,

c4 = ‖BuR−1minB
>
u ‖λmax(Pmax)τ2

1

1− ρ2
+ τ

c5 = ‖BuR−1minB
>
u ‖λmax(Pmax)τ2

1

1− ρ2

Proof.

xπt = Axπt−1 +Buu
π
t−1 +Bddt−1

= (A−BuKt−1)xπt−1 −BuK
d,t−1
t−1 Bddt−1|t−1 − · · ·

−BuKd,t+W−1
t−1 Bddt+W−1|t−1 +Bddt−1

= (A−BuKt−1)xπt−1 + (−BuKd,t−1
t−1 + I)Bddt−1

−BuKd,t
t−1Bddt − · · · −BuK

d,t+W−1
t−1 Bddt+W−1

−BuKd,t−1
t−1 Bdet−1|t−1−· · ·−BuKd,t+W−1

t−1 Bdet+W−1|t−1

Applying the above equation iteratively will get (25).
We now look at the bound on ‖Mi|t‖. For 1 ≤ i ≤ t− 1,

Mi|t =

i∑
j=max{1,i−W}

ΦMPC(t, j + 1)(−BuKd,i
j )

+ΦMPC(t− 1, i).

Proposition 3 has already showed that ‖ΦMPC(t, t0)‖ ≤
τρt−t0 . Thus:

‖Mi|t‖

≤
i∑

j=max{1,i−W}

τρt−1−j‖BuR−1minB
>
u ‖λmax(Pmax)τρ

i−j+τρt−1−i

= ‖BuR−1minB
>
u ‖λmax(Pmax)τ

2ρt−i−1

 i∑
j=max{1,i−W}

(ρ2)i−j


+ τρt−i−1

≤
(
‖BuR−1minB

>
u ‖λmax(Pmax)τ2

1

1− ρ2
+ τ

)
ρt−i−1

= c4ρ
t−i−1

For i ≥ t,

Mi|t =

t−1∑
j=max{1,i−W}

ΦMPC(t, j + 1)(−BuKd,i
j )

≤
t−1∑

j=max{1,i−W}

τρt−1−j‖BuR−1minB
>
u ‖λmax(Pmax)τρ

i−j

= ‖BuR−1minB
>
u ‖λmax(Pmax)τ

2ρi−t+1
t−1∑

j=max{1,i−W}

(ρ2)t−1−j

≤ ‖BuR−1minB
>
u ‖λmax(Pmax)τ2

1

1− ρ2
ρi−t+1

= c5ρ
i−t+1

Proposition 7.

uπt − ut = N0|tx1 +

T−1∑
i=1

Ni|tBddi +

t∑
j=1

j+W∑
i=j

L(i,j)|tBdei|j

where:

Ni|t=


(Kt −Kt)Φ

MPC(t, 1), i=0
(Kt −Kt)Mi|t, 1 ≤ i ≤ t− 1

(Kt −Kt)Mi|t + (Kd,i
t −K

d,i
t ), t ≤ i ≤ t+W

(Kt −Kt)Mi|t +Kd,i
t , i ≥ t+W + 1

L(i,j)|t=

{
−(Kt−Kt)Φ

MPC(t, j+1)BuK
d,i
j , j≤ t−1, i≥j

−Kd,i
t , 1 ≤ i ≤ t−1, j= t

Proof.

uπt − u∗t =

(Kt −Kt)x
π
t +

t+W∑
i=t

(Kd,i
t −K

d,i
t )di

+

T−1∑
t+W+1

Kd,i
t di −

t+W∑
i=t

Kd,i
t ei|t.

(Kt −Kt)xt +

t+W∑
i=t

(Kd,i
t −K

d,i
t )di +

T−1∑
t+W+1

Kd,i
t di

= (Kt −Kt)Φ
MPC(t, 1)x1 +

t+W∑
i=1

(Kt −Kt)Mi|tBddi

−
t−1∑
j=1

j+W∑
i=j

(Kt −Kt)Φ
MPC(t, j + 1)BuK

d,i
j ei|j

+

t+W∑
i=t

(Kd,i
t −K

d,i
t )Bddi +

T−1∑
t+W+1

Kd,i
t di

= N0|tx1 +

T−1∑
i=1

Ni|tBddi +

t−1∑
j=1

j+W∑
i=j

L(i,j)|tBdei|j

Combining the above two equations completes the proof.

Proposition 8.

‖N0|t‖ ≤ cγW ρt−1

‖Ni|t‖ ≤ cγW ρt−i−1, 1 ≤ i ≤ t− 1

‖Ni|t‖ ≤ cγW−i+tρi−t, t ≤ i ≤ t+W

‖Ni|t‖ ≤ cρi−t, t ≥ t+W + 1

‖L(i,j|t)‖ ≤ cγW ρt−2j+i−1, j ≤ t− 1

‖L(i,t|t)‖ ≤ cρi−t

where the constant c can be expressed by

Rmin, Rmax, Qmin, Qmax, A,Bu

Proof. From Corollary 1, Proposition 2, 6 we have that:

‖Kd,i
t ‖, ‖K

d,i
t ‖ ≤ c1ρi−t, i ≥ t

‖Kt −Kt‖ ≤ c2γW



‖Kd,i
t −K

d,i
t ‖ ≤ c3γW−i+tρi−t

‖Mi|t‖ ≤ c4ρt−i−1, 1 ≤ i ≤ t− 1

‖Mi|t‖ ≤ c5ρi−t+1, i ≥ t

We now bound ‖Ni|t‖:

‖N0|t‖ ≤ ‖Kt −Kt‖‖ΦMPC(t, 1)‖
≤ c2γW τρt−1 ≤ cγW ρt−1

For 1 ≤ i ≤ t− 1,

‖Ni|t‖ ≤ ‖Kt −Kt‖‖Mi|t‖
≤ c1γW c4ρt−i−1 ≤ cγW ρt−i−1

For t ≤ i ≤ t+W ,

‖Ni|t‖ ≤ ‖Kt −Kt‖‖Mi|t‖+ ‖Kd,i
t −K

d,i
t ‖

≤ c2γW c5ρi−t+1 + c3γ
W−i+tρi−t

≤ (ρc2c5 + c3)γW−i+tρi−t ≤ cγW−i+tρi−t

For i ≥ t+W + 1

‖Ni|t‖ ≤ ‖(Kt −Kt)Mi|t‖+ ‖Kd,i
t ‖

≤ c2γW c5ρi−t+1 + 2c1ρ
i−t

≤ cρi−t

For j ≤ t− 1, i ≥ j

‖L(i,j)|t‖ = ‖(Kt −Kt)Φ
MPC(t, j + 1)BuK̄

i−j+1
j ‖

≤ c2γW τρt−j−1‖Bu‖c1ρi−j ≤ cγW ρt−2j+i−1

For i ≥ t

‖L(i,t)|t‖ = ‖K̄i−t+1
t ‖ ≤ c1ρi−t

We are now ready to give a rigours proof for Theorem 1.

Proof. (Theorem 1)

Regret(π) = V π
1 (x)− V ∗1 (x)

=

T−1∑
t=1

(ut − u∗t )(Rt +B>u Pt+1Bu)(ut − u∗t )

≤ ‖Rmax +B>u PmaxBu‖
T−1∑
t=1

‖ut − u∗t ‖2

‖ut − u∗t ‖2

= ‖N0|tx1 +

T−1∑
i=1

Ni|tBddi +

t∑
j=1

T−1∑
i=j

L(i,j)|tBdei|j‖2

≤ 2‖N0|tx1 +

T−1∑
i=1

Ni|tBddi|‖2 + 2‖
t∑

j=1

T−1∑
i=j

L(i,j)|tBdei|j‖2

We first bound the term:
T∑
t=1

‖N0|tx1 +

T−1∑
i=1

Ni|tBddi|‖2

≤
T∑
t=1

(
‖N0|t‖‖x1‖+

T−1∑
i=1

‖Ni|t‖‖Bddi|‖

)2

≤ c2
T∑
t=1

(
at0‖x1‖+

T−1∑
i=1

ati‖Bddi|‖

)2

The last inequality holds for the reason that Proposition 8
implies

‖Ni|t‖ ≤ c · ati,

where ati = γW−min{max{0,i−t},W}ρmax{i−t,t−i−1}.
Applying Lemma 8 we have

T∑
t=1

‖N0|tx1 +

T−1∑
i=1

Ni|tBddi|‖2

≤ c2 ·max
i


T−1∑
t=1

ati

T−1∑
j=0

atj


(
‖x1‖2 +

T−1∑
t=1

‖Bddt‖2
)

For fixed t,

T−1∑
j=0

atj =

t−1∑
j=0

atj +

min{t+W−1,T−1}∑
j=t

atj +

T−1∑
j=min{t+W−1,T−1}+1

atj

≤
t−1∑

j=−∞
γW ρt−j−1 +

t+W−1∑
j=t

γW−j+tρj−t +

+∞∑
j=t+W

ρj−t

= γW
1

1− ρ
+

W−1∑
i=0

ρW−iρi + ρW
1

1− ρ

=
1

1− ρ
(γW + ρW ) + γ

ρW − γW

ρ− γ

≤
(

2

1− γ0
+W

)
γW0

For fixed i,

T−1∑
t=1

ati

=

max{0,i−W+1}−1∑
t=1

ati +

i∑
t=max{0,i−W+1}

ati +

T−1∑
t=i+1

ati

≤
max{0,i−W+1}−1∑

t=−∞
ρi−t +

i∑
t=max{0,i−W+1}

γW−i+tρi−t

+

+∞∑
t=i+1

γW ρt−i−1

= ρW
1

1− ρ
+

W−1∑
i=0

ρW−iρi + γW
1

1− ρ

=
1

1− ρ
(γW + ρW ) + γ

ρW − γW

ρ− γ

≤
(

2

1− γ0
+W

)
γW0



Thus:

max
i


T−1∑
t=1

ati

T−1∑
j=0

atj


≤
(

1

1− ρ
(γW + ρW ) + γ

ρW − γW

ρ− γ

)2

≤
((

2

1− γ0
+W

)
γW0

)2

(26)

Thus we have that:
T∑
t=1

‖N0|tx1 +

T−1∑
i=1

Ni|tBddi|‖2

≤ c2
[(

2

1− γ0
+W

)
γW0

]2(
‖x‖2 +

T∑
t=1

‖Bddt‖2
)
.

We now bound
T−1∑
t=1

‖
t∑

j=1

T−1∑
i=j

L(i,j)|tBdei|j‖2

≤
T−1∑
t=1

 t∑
j=1

T−1∑
i=j

‖L(i,j)|t‖‖Bdei|j‖

2

≤ c2
T−1∑
t=1

 t∑
j=1

T−1∑
i=j

ati,j‖Bdei|j‖

2

where

αti,j =

 ρt−2j+i−1γW , j ≤ t− 1
ρi−t, j = t
0, j ≥ t+ 1

Applying Lemma 8 we have that:

T−1∑
t=1

 t∑
j=1

T−1∑
i=j

ati,j‖Bdei|j‖

2

≤
T−1∑
j=1

T−1∑
i=j

T−1∑
t=1

ati,j
∑
i′≥j′

ati′,j′

 ‖Bdei|j‖2
For fixed t,

∑
i′≥j′

ati′,j′ =

t−1∑
j′=1

T−1∑
i′=j′

ρt−2j
′+i′−1γW +

T−1∑
i′=t

ρi
′−t

≤ 1

1− ρ
+

γW

1− ρ2

For fixed i, j,

T−1∑
t=1

ati,j = ρi−j +

T−1∑
t=j+1

ρt−2j+i−1γW

= ρi−j
(

1 +
γW

1− ρ

)

Thus:
T−1∑
t=1

‖
t∑

j=1

T−1∑
i=j

L(i,j)|tBdei|j‖2

≤ c2
(

1

1−ρ
+

γW

1−ρ2

)(
1+

γW

1−ρ

) T−1∑
j=1

T−1∑
i=j

ρi−j‖Bdei|j‖2

Combining the above inequalities we have that:

Regret(π)

≤ c2
[

1

1−ρ (γ
W +ρW )+γ

ρW−γW

ρ−γ

]2(
‖x‖2 +

T∑
t=1

‖Bddt‖2
)

+ c2
(

1

1−ρ+
γW

1−ρ2

)(
1+

γW

1−ρ

) T−1∑
j=1

j+W∑
i=j

ρi−j‖Bdei|j‖2,

which completes the proof

C. Proof of Proposition 3

The following proposition suggest that under Assumption
2, the value function matrices Pt’s are bounded.

Proposition 9. Suppose {Qt, Rt}Tt=1 satisfies Assumption 2.
Then its corresponding LQR value function matrices Pt are
bounded, i.e.

∃Pmax � 0, s.t. Qmin � Pt � Pmax

Proof. It is obvious that

Pt � Qmin, ,∀t.

Furthermore, by the definition of value function, we know
that

Pt({Qi, Ri}Ti=t) � Pt({Qmax
i , Rmax

i }Ti=t)
� P1({Qmax

t , Rmax
t }Tt=1).

Thus let Pmax := P1({Qmax, Rmax}Tt=1) then Pt � Pmax,
which completes the proof.

A key component in this subsection is the following
invariant metric δ∞ on positive definite matrices:

δ∞(A,B) := ‖ log(A−1/2BA−1/2)‖.

Various properties of δ∞ are given in Appendix F and
Appendix D in [35].

By Lemma 6 in Appendix F and Proposition 9, we can
easily obtain the following corollary.

Corollary 2. Given two sequences
{Qt, Rt}Tt=1, {Q′t, R′t}Tt=1, which both satisfy Assumption 2.
Then the distance between their corresponding LQR value
function matrices Pt, P ′t are bounded, i.e.

δ∞(P ′t , Pt), δ∞(Pt, P
′
t ) ≤ log

(
λmax(Pmax)

λmin(Qmin)

)
.

Most importantly, using Lemma D.2 in [35], we can prove
the following proposition.



Proposition 10. Given two sequences
{Qi, Ri}Ti=t, {Q̄i, R̄i}Ti=t that satisfy Assumption 2,
and that:

Q̄i = Qi

R̄i = Ri, i = t, t+ 1, . . . , t+W.

Then corresponding Pi, P̄i satisfies:

δ∞(P̄i, Pi) ≤ γt+W+1−i log

(
λmax(Pmax)

λmin(Qmin)

)
, t ≤ i ≤ t+W,

where γ = λmax(A
>PmaxA)

λmin(Qmin)+λmax(A>PmaxA)
. Furthermore, we

have:

‖P̄i − Pi‖ ≤ γt+W+1−i λmax(Pmax)2

λmin(Qmin)
, t ≤ i ≤ t+W.

Proof. (Proposition 3)
Proposition 3 is simply a corollary of Proposition 10

D. Proof of Proposition 2

We define the following auxillary variables:

Xd,s
t = Φ(s+ 1, t+ 1)>Ps+1, s ≥ t

Similarly, we can define Xd,s
r|t .

Xd,s
r|t = Φt(s+ 1, r + 1)>P s+1|t

It is not hard to verify that

Kd,s
t = (Rt +B>u Pt+1Bu)−1B>u X

d,s
t

Kd,s
i = (Rt +B>u P t+1|tBu)−1B>u X

d,s
t|t

The following proposition relates the difference of Xd,s
t|t −

Xd,s
t to P s|t − Ps.

Proposition 11. For 1 ≤ i ≤W ,

Xd,s
t|t −X

d,s
t = Φ(s+ 1, t+ 1)>(P s+1|t − Ps+1)

−
s∑

r=t+1

Φ(r + 1, t+ 1)>(P r+1|t − Pr+1)>Bu

(Rr +B>u P r+1|tBu)−1B>u X̄
s
r|t

Proof.

Xd,s
r|t = (A−BuKr+1|t)

>Xd,s
r+1|t

Xd,s
r = (A−BuKr+1)>Xd,s

r+1,

Thus,

Xd,s
t|t −K

d,s
t = ((A−BuKt+1|t)

>−(A−BuKt+1)>)Xd,s
t+1|t

+ (A−BuKt+1)>(Xd,s
t+1|t −X

d,s
t+1)

= −(Kt+1|t −Kt+1)>B>u X
d,s
t+1|t

+ Φ(t+ 2, t+ 1)>(Xd,s
t+1|t −X

d,s
t+1)

= · · ·

= −
s∑

r=t+1

Φ(r, t+ 1)(Kr|t −Kr)
>B>u X

d,s
r|t

+ Φ(s+ 1, t+ 1)>(Xd,s
s|t −X

d,s
s )

Since,

Kr|t −Kr = (Rr +B>u P r+1|tBu)−1B>u P r+1|tA

− (Rr +B>u Pr+1Bu)−1B>u Pr+1A

= (Rr +B>u P r+1|tBu)−1B>u (P r+1|t − Pr+1)A

+
(
(Rr+B>u P r+1|tBu)−1−(Rr+B>u Pr+1Bu)−1

)
B>uPr+1A

= (Rr +B>u P r+1|tBu)−1B>u (P r+1|t − Pr+1)A

− (Rr +B>u P r+1|tBu)−1B>u (P r+1|t − Pr+1)

Bu(Rr +B>u Pr+1Bu)−1B>u Pr+1A

= (Rr +B>u P r+1|tBu)−1B>u (P r+1|t − Pr+1)(A−BuKr)

Substitute the equation into the previous equation, we get

Xd,s
t|t −X

d,s
t = Φ(s+ 1, t+ 1)>(P s+1|t − Ps+1)

−
s∑

r=t+1

Φ(r + 1, t+ 1)>(P r+1|t − Pr+1)>Bu

(Rr +B>u P r+1|tBu)−1B>u X̄
s
r|t

which completes the proof.

Proposition 12.

‖Xd,s
t|t −X

d,s
t ‖ ≤

λmax(Pmax)4

(1− γ)λmin(Pmin)2
(
‖BuR−1minB

>
u ‖+ 1

)
ρs−tγW−s+t

Proof. From Proposition 11, we have that:

‖Xd,s
t|t −X

d,s
t ‖ ≤ ‖Φ(s+ 1, t+ 1)>‖‖(P s+1|t − Ps+1)‖

+

s∑
r=t+1

‖Φ(r + 1, t+ 1)>‖‖(P r+1|t − Pr+1)>‖

‖Bu(Rr +B>u P r+1|tBu)−1B>u ‖‖X̄s
r|t‖

It is easy to show from definition that

‖Xd,s
r|t‖ ≤ λmax(Pmax) · τρs−r.

Thus, by applying Proposition 10, we have that

‖Xd,s
t|t −X

d,s
t ‖ ≤ τρs−tγW−s+t

λmax(Pmax)2

λmin(Pmin)

+

s∑
r=t+1

(τρr−t)

(
γW−r+t

λmax(Pmax)2

λmin(Pmin)

)
‖BuR−1minB

>
u ‖ λmax(Pmax) · τρs−r

= τ2
λmax(Pmax)3

λmin(Pmin)
‖BuR−1minB

>
u ‖ ρs−t

s∑
r=t+1

γW−r+t

+ τρi−1γW+1−iλmax(Pmax)2

λmin(Pmin)

≤ τ2

1− γ
λmax(Pmax)3

λmin(Pmin)

(
‖BuR−1minB

>
u ‖+ 1

)
ρs−tγW−s+t

=
λmax(Pmax)4

(1− γ)λmin(Pmin)2
(
‖BuR−1minB

>
u ‖+ 1

)
ρs−tγW−s+t,

which proves the Proposition 12.

We are now ready to prove Proposition 2



Proof. Proposition 2

Kd,s
t = (Rt +B>u Pt+1Bu)−1B>u X

d,s
t

Kd,s
i = (Rt +B>u P t+1|tBu)−1B>u X

d,s
t|t

⇒ Kd,s
i −K

d,s
t

= (Rt +B>u P t+1|tBu)−1B>u (Xd,s
t|t −X

d,s
t )

+
(
(Rt +B>u P t+1|tBu)−1 − (Rt +B>u Pt+1Bu)−1

)
B>u X

d,s
t

= (Rt +B>u P t+1|tBu)−1B>u (Xd,s
t|t −X

d,s
t )

− (Rt +B>u P t+1|tBu)−1B>u (P t+1|t − Pt+1)

Bu(Rt +B>u Pt+1Bu)−1B>u X
d,s
t

⇒ ‖Kd,s
i −K

d,s
t ‖

≤ ‖Bu‖
λmin(Rmin)

‖Xd,s
t|t −X

d,s
t ‖

+
‖Bu‖

λmin(Rmin)
‖P t+1|t − Pt+1‖‖B>u R−1minBu‖‖X

d,s
t ‖

≤
2‖Bu‖λmax(Pmax)4

(
‖BuR−1minB

>
u ‖+ 1

)
(1− γ)λmin(Rmin)λmin(Pmin)2

ρs−tγW−s+t

= c3ρ
s−tγW−s+t

Additionally, it is not hard to verify that:

Kt −Kt = (Kd,t
t −K

d,t
t )A.

Thus:
‖Kt −Kt‖ ≤ c3‖A‖γW = c2γ

W ,

which completes the proof

E. Exponential Stability
In this section we will look into the exponential stability

of both finite time LQR (Proposition 2) and MPC algorithm
(Proposition 3).

Proof. (Proposition 2)
Let V LQRt (x) := x>Ptx be the value function for standard

finite time horizon LQR problem. For arbitrary t, i, x, let

xt := x

xt+j := (A−BuKt+j) · · · (A−BuKt+2)(A−BuKt+1)x

According to Bellman optimality equation, we have that

V LQRt+1 (xt+1) = V LQRt (xt)− x>t Qtxt − x>t K>t RtKtxt

≤ V LQRt (xt)− x>t Qtxt
= x>t Ptxt − x>t Qtxt

≤
(

1− λmin(Qt)

λmax(Pt)

)
x>t Ptxt

≤
(

1− λmin(Qmin)

λmax(Pmax)

)
V LQRt (xt)

Similarly,

V LQRt+2 (xt+2) ≤
(

1− λmin(Qmin)

λmax(Pmax)

)
V LQRt+1 (xt+1)

· · ·

⇒ V LQRt+i (xt+i) ≤
(

1− λmin(Qmin)

λmax(Pmax)

)i
V LQRt (xt)

Since we have:

x>t+iPminxt+i ≤ V LQRt+i (xt+i)

≤
(

1− λmin(Qmin)

λmax(Pmax)

)i
V LQRt (xt)

≤
(

1− λmin(Qmin)

λmax(Pmax)

)i
x>t Pmaxxt

⇒ ‖xt+i‖ ≤
λmax(Pmax)

λmin(Pmin)

(
1− λmin(Qmin)

λmax(Pmax)

)i
‖xt‖

where xt = x, xt+i = (A−BuKt+i) · · · (A−BuKt+2)(A−
BuKt+1). The inequality holds for arbitrary x, thus we have:

‖(A−BuKt+i) · · · (A−BuKt+2)(A−BuKt+1)‖

≤

√
λmax(Pmax)

λmin(Pmin)

(√
1− λmin(Qmin)

λmax(Pmax)

)i
,

which proves the proposition.

The proof for exponential stability of MPC algorithm is
similar to the proof provided above.

Proof. (Proposition 3)
First we define a time-varying Lyapunov function:

VMPC
t (x) := x>P t|tx

= min

t+W∑
s=t

(x>s Qsxs + u>s Rsus) + x>t+W+1Pmaxxt+W+1

s.t. xs+1 = Axs +Buus

xt = x

Applying Proposition 9 we can show that:

Qmin � P t|t � Pmax.

For arbitrary t, j, x, let:

xt := x

xt+j := (A−BuKt+j) · · · (A−BuKt+1)x

= ΦMPC(t+ j + 1, t+ 1)x

By the definition of Kt, Pmax, we have that:

VMPC
t (xt) = min

xs+1=Axs+Buus

(
t+W∑
s=t

(x>s Qsxs+u>s Rsus)

+x>t+W+1Pmaxxt+W+1

)
= min
xs+1=Axs+Buus

(
t+W∑
s=t

(x>s Qsxs + u>s Rsus)

+

+∞∑
s=t+W+1

(x>s Qmaxxs + u>s Rmaxus)

)
= x>t Qtxt + x>t K

>
t RtKtxt

+ min
xs+1=Axs+Buus

(
t+W∑
s=t+1

(x>s Qsxs + u>s Rsus)

+

+∞∑
s=t+W+1

(x>s Qmaxxs + u>s Rmaxus)

)



≥ x>t Qtxt + x>t K
>
t RtKtxt

+ min
xs+1=Axs+Buus

(
t+W+1∑
s=t+1

(x>s Qsxs + u>s Rsus)

+

+∞∑
s=t+W+2

(x>s Qmaxxs + u>s Rmaxus)

)
= x>t Qtxt + x>t K

>
t RtKtxt + VMPC

t+1 (xt+1)

Thus,

VMPC
t+1 (xt+1) ≤ VMPC

t (xt)− x>t Qtxt

≤
(

1− λmin(Qmin)

λmax(Pmax)

)
VMPC
t (xt)

Similarly,

VMPC
t+j (xt+j) ≤

(
1− λmin(Qmin)

λmax(Pmax)

)j
VMPC
t (xt)

⇒ ‖xt+j‖2 ≤
λmax(Pmax)

λmin(Qmin)

(
1− λmin(Qmin)

λmax(Pmax)

)j
‖xt‖2,

which completes the proof.

F. Properties of Invariant Metric

Lemma 6. Suppose A,B are positive definite, and

L � A,B � U,

where L,U are both positive definite matrices. Then:

δ∞(A,B) ≤ log

(
λmax(U)

λmin(L)

)
Proof.

δ∞(A,B) = ‖ log(A−1/2BA−1/2)‖

= max
{∣∣∣log(λmax

(
A−1/2BA−1/2

)
)
∣∣∣ ,∣∣∣log(λmin

(
A−1/2BA−1/2

)
)
∣∣∣}

Since

A−1/2BA−1/2 � A−1/2 (λmax(U)I)A−1/2

= λmax(U)A−1 � λmax(U)L−1 � λmax(U)

λmin(L)
I

A−1/2BA−1/2 � A−1/2 (λmin(L)I)A−1/2

= λmax(L)A−1 � λmin(L)U−1 � λmin(L)

λmax(U)
I

Then we have that,

− log

(
λmax(U)

λmin(L)

)
≤ log

(
λmin

(
A−1/2BA−1/2

))
≤ log

(
λmin

(
A−1/2BA−1/2

))
≤ log

(
λmax(U)

λmin(L)

)
which completes the proof.

Lemma 7. Suppose A,B are positive definite, and

A � U, δ∞(A,B) ≤ c,

where U is a positive definite matrix. Then,

‖A−B‖ ≤ λmax(U)
ec − 1

c
δ∞(A,B).

Proof.

‖A−B‖ ≤ ‖A1/2(I −A−1/2BA−1/2)A1/2‖
≤ ‖A1/2‖2‖I −A−1/2BA1/2‖
≤ λmax(U)‖I −A−1/2BA1/2‖

Since

e−δ∞(A,B)I−I�λmin(A−1/2BA1/2)I−I�A−1/2BA1/2−I
� λmax(A−1/2BA1/2)I − I � eδ∞(A,B)I − I

Thus

‖I −A−1/2BA1/2‖ ≤ max
{
eδ∞(A,B)−1, 1−e−δ∞(A,B)

}
≤ max

{
eδ∞(A,B) − 1, δ∞(A,B)

}
.

It is easy to verify that ex−1 ≤ ec−1
c x for 0 ≤ x ≤ c. Thus,

we have

eδ∞(A,B) − 1 ≤ ec − 1

c
δ∞(A,B),

which completes the proof.

G. Others
Lemma 8. y1, . . . , yn ∈ R, and

αt = at1y1 + · · ·+ atnyn, t = 1, 2, . . . , T,

where ati ≥ 0, i = 1, 2, . . . , n. Then:

T∑
t=1

α2
t ≤

∑
i


T∑
t=1

ati

 n∑
j=1

atj

 y2i


≤ max

i


T∑
t=1

ati

 n∑
j=1

atj


(

n∑
i=1

y2i

)
Proof. Define:

at := [at1, . . . , a
t
n]>, y := [y1, . . . , yn]>,

then
T∑
t=1

α2
t = y>

(
T∑
t=1

a>t at

)
y.

Let

A :=

T∑
t=1

a>t at.

We have: Aij =
∑T
t=1 a

t
ia
t
j ≥ 0. Thus

diag


∑

j

Aij


i

−A
is diagonally dominant, and thus,

diag


∑

j

Aij


i

−A � 0



⇒diag


∑

j

Aij


i

 � A.
Thus,

T∑
t=1

α2
t = y>Ay

≤ y>diag


∑

j

Aij


i

 y

=
∑
i


T∑
t=1

ati

 n∑
j=1

atj

 y2i


≤ max

i


T∑
t=1

ati

 n∑
j=1

atj


(

n∑
i=1

y2i

)
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