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Abstract—1In this paper, we consider a two-stage demand
response (DR) program where a DR aggregator calls upon
customers to reduce demands at stage II in order to clear
a targeted amount of electricity supply deficit. At stage I,
customers only possess distributions of their load shedding
costs instead of accurate values because of the intrinsic un-
certainty of load shedding. We design an outcome-contingent
mechanism in which customers reports their private types of
the cost distributions and the DR aggregator select customers
based on the reported information. The mechanism guarantees
incentive compatibility and individual rationality. In addition,
the mechanism ensures a high reliability of the DR. That is,
the deviation between the total reduced loads and the targeted
amount is small. We provide both theoretical analysis and
numerical studies to demonstrate the high reliability.

I. INTRODUCTION

Customer participation has been playing an important
role in transforming the electricity grid into a more energy
efficient and sustainable one. Consequently, demand response
(DR), which uses incentives to change customer behavior
of electricity usage, has attracted lots of discussion [1] [2]
[3] [4] [S] [6], and real-world applications [7] [8] [9]. For
instance, voluntary day-ahead DR is widely used in practice,
e.g., the DR programs by PIM [9] and PGE [7]. In this setup,
a DR aggregator announces an electricity deficit to customers
and schedules a DR plan in the day ahead of DR. Customers
join DR plan voluntarily for monetary credits (rewards) and
are not obligated to do DR when the deficit happens, even
if they have reported that they would respond.

The uncertainty of whether customers will commit to
perform DR or not causes a serious reliability problem. That
is, if there is a targeted amount of electricity deficit to clear, it
is difficult to ensure a small deviation between the true total
reduced demands and the targeted value. A large deviation
will further cause difficulties in maintaining the supply-
demand balance for the electricity grid [10], [11]. One way
to increase customers’ commitment may be through exerting
a penalty of un-commitment on those who have reported that
they would respond. However, a simple high penalty will fail
because it may discourage customers from participating in
the DR at the very beginning. But if the amount of penalty is
carefully chosen, this might be avoided. The difficulty lies in
how to choose the right penalty, especially due to the fact that
the DR aggregator lacks private information from customers.
This paper seeks a mechanism design (MD) approach for the
DR aggregator to acquire information from customers and
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then choose the right customers and set the right amount
of penalties in order to achieve high reliability, i.e., a small
deviation.

Mechanism design (MD) has been used in many DR
research projects [12] [13] [14] [15]. In MD, customers
report their private information, such as cost of load shed-
ding, to a DR aggregator; the DR aggregator selects DR
customers and determines payment rules for the DR program.
However, most of those day-ahead DR mechanisms neglect
one important aspect of this problem, i.e., the uncertainty in
customers’ costs of load shedding [13] [15]. The uncertainty
originates from collecting cost information for a future
DR event. Customers, especially small ones, are usually
not fully certain about their future costs of load shedding
due to, for example, weather conditions or emergencies.
Neglecting the cost uncertainty inevitably triggers strategic
reporting, which results in defective control and estimation
on customers’ behaviors and thereby poor reliability. [14] is
a previous attempt to deal with cost uncertainties. However,
it only considers a specific case when customers costs follow
binomial distribution.

To deal with the problems above, we design a mechanism
for a two-stage DR program which involves customers with
uncertain random costs of load shedding. The goal is to
call upon customers to reduce demands in order to clear
a targeted amount of electricity supply deficit. We assume
that the targeted amount is M units and each customer is
either able to shed one unit of load or not. At stage I,
customers only possess distributions of their load shedding
costs. The mechanism collects reports from customers for
their cost distribution types. Based on the reported informa-
tion, the mechanism chooses a subset of customers whom
are asked to shed loads at stage II. Those customers receive
a fixed reward but are also subject to a potential penalty
if they do not perform DR at stage II. The penalties are
determined by the mechanism as well. The selection rules
and the penalties are designed in a way such that for each
customer the best rational strategy is to report his true cost
distribution type (Incentive Compatibility) and the expected
net revenue of participating in such DR program is non-
negative (Individual Rationality). Moreover, we provide both
theoretical analysis and numerical studies to demonstrate that
our designed mechanism achieves high DR reliability. That
is, the deviation between the total reduced demands and
the targeted amount is very small. Lastly, we also compare
our mechanism with another two mechanisms to show the
effectiveness of our MD in terms of the high reliability.

The paper is organized as follows. In Section II, we intro-
duce our DR setup and some basic MD theory. Section III



presents the outcome-contingent mechanism and discusses
the intuition behind it. In Section IV, we give an analytical
upper bound for the deviation between the reduced demands
and the targeted amount. In Section V, we introduce another
two mechanisms for comparison purpose. Lastly, Section VI
provides numerical studies.

II. PROBLEM FORMULATION & PRELIMINARIES
A. Problem setup

We consider a situation where there is a forecast supply
deficit of electricity in the future and a DR aggregator would
like to call upon customers to shed loads in order to clear
the deficit. In particular, we consider that the total deficit
is M units and each customer is able to shed one unit of
load. The set of customers is denoted by N' = {1,...,N}.
Our demand response (DR) setup is motivated by day-ahead
DR experiments conducted by PGE and PIM [7] [9]. The
demand response is operated at two stages:

o at stage I the DR aggregator chooses a subset of
customers J C N and asks them to shed a unit of
load at stage II;

« at stage II, each customer ¢ € J decides whether to shed
the unit of load or not, depending on his cost of load
shedding, denoted by Cj.

A main challenge of the DR is the uncertainty of customer
costs in load shedding. Before stage I, it is difficult, if not
impossible, to know an exact value of the cost even for the
customer himself. If the set of customers J is badly chosen
and no one sheds the load at stage II, then the system will
suffer a serious reliability issue, i.e., none of the deficit will
be cleared. This motivates the work of this paper—to design
a mechanism where the DR aggregator is able to select the
right set of customers to minimize the deviation between the
total reduced loads and the targeted level M.

Specifically, we model customer ¢’s cost of load shedding
as a nonnegative random variable C;. We further parametrize
the probability distribution of C; by assuming that {C; }ien
follows a similar pattern, i.e., C; ~ F(X;) where F(-)
denotes a common distribution class and A; is an individual
parameter for customer i. A; is assumed to be privately
known to customer ¢. We call \; as the private type of
customer . Without causing any confusion, we will abuse
notations by using C;(\;) to denote the random variable C;.

Example 1. Suppose F' stands for the uniform distribution.
Agent i’s cost distribution can be formulated as p; +
Ul—o0;,04]. The private type of agent i is N; = (ui,0;)
which is the mean value and variance.

The mechanism we consider in this paper adopts an
outcome-contingent payment plan. At stage I, the aggregator
requests each customer to report its private type A;. Based
on the reported information, the aggregator selects the group
J of customers. A base reward w is given to everyone in the
group J to incentivize customers to participate in the DR
program. At stage II, customers will decide whether or not to
shed a unit of load based on the realization of the cost C;. We

use a; to denote the action of customer ¢: a; = 1 means that
customer ¢ sheds a unit of load and a; = 0 means otherwise.
If customer 7 chooses not to shed the load, a penalty m; will
be exerted on the customer. Given this framework, the utility
of customer ¢ in the selected group J is given by,

ul(al) :w—C’,az 7777,1(170,7) (1)

Remark 1. Assuming that {C;};en follow a similar pattern
limits the generality of our results, but our mechanism does
not require any further assumption on the distribution F'(-).
Moreover, compared with using non-parametrized distribu-
tions C; as the bidding type, the DR aggregator can use
the parameterized distribution C; ~ F(X;) to reduce the
complexity of a DR mechanism or auction. The type of
probability distribution F' can be obtained or approximated
using real data.

Each customer is assumed to be rational when they
make decisions. Thus, at stage II, customer ¢ will choose
aj = argmax,,e(o,1} Ui(a;). Because of the randomness
of C;, a} and u;(a}) are random variables as well. Denote
the expected utility as @; := E¢,wp(a,)ui(a;). As it is a
function of A;, w, and m;, we denote the expected utility as
@; (N, w, m;), which can be calculated using the formulation
in the following lemma. In addition, for the ease of notation,
we will use a; to denote the a; in the rest of the paper.
Lemma 1. Given customer i’s type \;, the based reward w
and a penalty m;, the expected utility @; is given by'
m;
0
Proof.
di()\i,wi,mi) =w — mlPr(C’L > mz\)\t)

my

— CiP’I“(Ci = t|Al)dt
0

w—m; +/ Pr(Cy <t dt
0

—w— / Pr(Cy > tA)dt
0

O

Remark 2. The assumption a; € {0,1} can be satisfied by
adopting proper payment rules. For example, if customer i
is paid the same for a; € [0, 1), then the rational action for
customer i with C; > 0 is either a; = 0 or a; = 1.

In our proposed mechanism, the base reward w is fixed
and is the same for all customers in the selected group J.
The fixed rate ensures a bounded total budget that is used to
pay for the DR, and the same rate is used to ensure fairness.
However, in order to incentivize customers to report truthful
information \;, individual m; will be determined for each
customer ¢ € J. The mechanism will be introduced in details

'Without loss of generality, we only consider continuous cost distributions
in the rest of the paper. All results and analysis hold for discrete cost
distributions with a minor change, i.e., replacing integrals with summations.



in the next section. Here, we provide some discussion on
the constraints when determining m;. From the expression
of u; in (2), the expected utility u; is a monotonically
decreasing function on the penalty m;. In order to incentivize
customers to participate in the DR program, customers’
expected utility should be guaranteed to be nonnegative. This
is know as individual rationality (IR) in mechanism design
(MD) literature. As a result, m; should be lower than the
maximum penalty m,; for each i € J,

m,; = argmax{m;|a(\;,w,m;) > 0} 3)

myg

It is easy to check that for any m; < m;, the expected utility
of customer ¢ is nonnegative.

As discussed before, the main objective of this paper is
to design a mechanism to ensure a small deviation between
the total reduced loads and the targeted amount M units.
The smaller the deviation is, the higher reliability the system
has. Mathematically, we define the reliability index R as the
following,

Definition 1. The reliability index R is defined as the inverse
of the deviation, i.e.,

R = \/ =3 @
X i€J

aAN}

In this definition, the expectation is taken over the uncer-
tain a; and A;. Here we assume that even though the exact
customer type A; is private information, A; is drawn ran-
domly from a publicly known distribution. This assumption
is borrowed from Bayesian analysis [16]. The particular form
of the reliability in (4) is motivated by the standard deviation
definition in statistics.

where @ ={ay,...,an} and X = {X;, ...

B. Preliminaries: A brief introduction on mechanism design
(MD)

Before we proceed with our designed DR mechanism, here
we provide a brief introduction on general MD.

In a MD problem, there is a set of outcomes O, and a set
of self-interested agents {1,..., N} each with a private cost
function ¢;(0) where o € O. A typical mechanism consists
of three parts:?

« collecting reports or bids b; on the costs ¢;(-) from
agents,
e an outcome rule o(g) selecting outcomes based on the
bid profile b = {br, ..., by},
« a payment rule p;(b,o(b)) based on the agent reports
and the selected outcome.
In the mechanism, agent ¢’s utility function is expressed as
ui(b,¢;) = pi(b,0(b)) — ci(o(b)). Agents are assumed to
be rational and bid to maximize their utilities. A bidding

strategy s; specifies a mapping from private cost c; to a bid
b;.

2Strictly speaking, this is called as a mechanism with money.

Definition 2. A bidding strategy profile (s3,...,sy) is
called a dominant strategy equilibrium (DSE) if s} is an
optimal strategy for agent © no matter what strategies other
agents are playing,

i) > ui(si(ci), s—i(c—i), ci)

Here the index —i means all

ui(s;(ci), s—i(c—i),

for any 1, s;, S_;, ¢; and c_;.
agents excluding 1.

Depending on the mechanism, the reports/bids b; can be
directly the privation information ¢; or be other indirect infor-
mation which is based on the private information. The former
case is called as a direct-revelation mechanism (DRM). One
major goal of MD is to elicit truthful private information
from customers. This is called as incentive compatibility (IC).
The formal definition is provided as follows,

Definition 3. A DRM is incentive-compatible (IC) if truthful
reporting strategy s;(c;) = ¢; is a DSE.

Revelation Principle Theorem [17] tells that focusing on
IC DRM does not lose any generality.

Theorem 1. Any mechanism with a DSE can be implemented
as an IC DRM.

To provide incentives for participation, a mechanism needs
to have the property of individual rationality (IR),

Definition 4. A DSE in a MD is individual rational (IR) if
it guarantees nonnegative utility for all agents.

An IC DRM is called IR if truthful reporting is IR. We
will focus on designing an IC and IR DRM in this paper.

III. MECHANISM

In this section, we first discuss the intuition behind our
mechanism regarding the reliability and IR property. We then
present our mechanism and discuss more-formally why our
mechanism is IC and IR and how our mechanism achieves
high reliability.

For the reliability analysis, we split the squared deviation,
which is (R~1)?, into two terms Error] and Error2 as shown
below and analyze them respectively,

(™)’ =E [E(M - Zmil

ALe ieJ

=E(M - Pr(a; = 1|X))?
A icJ
+EY " Pr(a; = 1|X)(1 — Pr(a; = 1|X))
A icJ

:]E —ZP’I‘(CZ‘ §m1|X))2
A ieJ

Errorl
+]EZP’/‘ (C; < mg| X)(1 = Pr(C; < m;|X))
ZEJ

Error2

To achieve high reliability, both Errorl and Error2 should be
kept small.



Error]l mainly depends on ), ; Pr(C; < m;|X), which
is the total reduced loads by all customers in expectation.
For small Errorl, the expected total reduction should be
close to M units. This is difficult because the probability
Pr(C; < my|X) is unavailable to the DR aggregator as the
cost distribution types are private to customers. Therefore,
a mechanism should elicit the true private information and
provide a good estimation to Pr(C; < m;|X) accord-
ingly. In addition, a mechanism should ensure the estimated
Yics Pr(Ci < mg|A) is close to M.

Error2 relies on the number of customers in J and the
probability of load shedding Pr(C; < m;|X). A mechanism
can keep a small Error2 by i) selecting fewer customers
and ii) incentivizing customers to respond with a higher
probability. Note that i) conflicts with the requirement in
Errorl since a few customers may not be sufficient to make
Y ies Pr(C; < my|X) close to M. Hence a tradeoff should
be made between Errorl and Error2. As for ii), one way to
incentivize customers to respond is to have high penalties.
However, if penalties are set too high, the MD will not
guarantee IR. As discussed in Section II, IR requires m;
to be no greater than the maximum penalty m; for each 3.
This shows that there is a trade-off between reliability and
IR as well.

A. Mechanism

We are ready to present our mechanism below. At stage
I, the DR aggregator will perform the following procedure.
(Ties are broken randomly.)

o (Bids) The DR aggregator asks everyone to report their
types. The reports may not be truthful. Denote the
reported type as A} for customer ¢ € N. The report
profile is denoted by X'

o (Allocation/Selection rule) The aggregator relabels cus-
tomers by m; in a decreasing order: mq; > --- >
my,, then the aggregator selects the group J using the
following index k,

k = argmin; {j| >>7_, Pr(C; < mj|X') > M — B}
m; = Thk
(&)
where £ is chosen to be 1/2 with reasons provided later
in Section III-B. The group J is selected according to:

1€ J,

i¢J,

o (Payment rule) If agent 7 € J, its payment involves two

parts: w and m;, where w is a fixed reward and m; is

determined by the following rule. Excluding ¢, do the

same selection rule again and find the index £’ (7) of the
last agent selected. m; is given by,

if 1 <k
otherwise

m; = My (5

When there are not enough customers, there might be
cases when the mechanism terminates at N before finding a
proper k in the selection rule or £’(¢) in the payment rule for
some customer 7. For those cases, we let k = N or k(i) =

N. When k£ = N, penalties are set to be 0. In Section VI,
we show that it only takes a few customers to be sufficient
to avoid these cases. Therefore, in the following analysis,
we assume that customers are enough for implementing the
selection and payment rules.

B. Discussion: Properties of our mechanism

Firstly, the following theorem proves that our mechanism
is both IC and IR. Hence, customers report their true dis-
tribution types and are willing to join the DR voluntarily.

Theorem 2. The mechanism described above is IC and IR.

Proof. 1If xz(X’ ) = 1, the payment w and m; are independent
of agent i’s report A If z;(X) = 0, there will be no
payment. Therefore, agent’s utility remains the same with
different reports with the same outcome.

Therefore, we only need to check that the allocation
outcome from truthful reporting maximizes agents’ utilities.
If z;(Ai, N ;) = 1, my = my(;. Notice that &'(i) > i
SO 1M i) < m;, which means m; < m;, thus « = w —
Jo 1= Pr(C; <tdt>w—f””1—PrC < t)dt = 0.
Therefore, agent i’s utility by truthful reporting is no worse
than misreporting to be unselected. If z;(X;, \_;) = 0, the
allocation will stop at k before reaching agent i. In this
case, the punishment should be at least 7 which is no less
than m,;. With the same argument, the utility by deviating is
nonpositive. If agent ¢ is within a tie, similar analysis will
show that & = 0 no matter how agent ¢ reports. In total, there
is no useful misreport for agents. Therefore, the mechanism
is IC. IR has already been shown above. O

Because the mechanism is IC, in the rest of the paper, we
will let A’ = A. Next we discuss why the mechanism is able
to achieve high reliability by following the discussion at the
beginning of this section.

Errorl is ensured to be small mainly because of the
selection rule. Firstly, we note that if the penalty m; is
chosen to be My as in (5) then the expected total reduced
loads Zl L Pr(C; < m;|X) is guaranteed to be within the
interval [M — 3,M + (1 — )] where 3 is chosen to be
1/2 to minimize max(1 — 3, 8). Though in order to ensure
the IC property, the penalty m; is chosen to my/(;) in the
payment rule, 1y, and 7y (;) are not very different from each
other when the number of customers IV is relatively large.
This is formally proven in Section IV and further numerically
verified in Section VI. As a result, the expected total reduced
demands Zle Pr(C; < my|X) is close to M, meaning that
Errorl is small.

For Error2, the selection rule achieves a good tradeoff
between Errorl and Error2 by selecting the least number
of customers to ensure small Errorl, and the payment rule
achieves a good tradeoff between a small Error2 and IR by
selecting a high enough penalty without exceeding m;.

Remark 3. Our mechanism uses the maximum penalties as
a criterion to select customers. Though the maximum penalty
reflect the customer’s probability of load shedding, it is also



affected by other factors such as the mean value of the cost.
As a result, our mechanism may miss some good customers
with high probability of load shedding. However, it is difficult
to design an IC and IR mechanism if aiming to select these
customers. Future work includes investigating other possible
mechanisms.

IV. THEORETICAL GUARANTEE ON RELIABILITY

In this section, we will provide an analytical upper bound
for the deviation. To obtain the bound, we make the following
assumptions and introduce a few useful definitions and
lemmas.

A. Main assumptions

The first assumption is on the distribution of private types.

Assumption 1. Agents’ types {\;},. are independent and
identically distributed (i.i.d.) with a continuous distribution
H. The support set of H, denoted by T, is compact.

Assumption 1 ensures that customer maximum penalties
m; are i.i.d.. As a result, mq,...,my with new labels are
order statistics where my, denotes the kth largest maximum
penalty. In the rest of this section, we will omit subscript 7 in
the notations as customers are i.i.d, except when dealing with
order statistics. For example, we will use /() to denote the
maximum penalty for a customer with distribution type A.

Next we assume function continuities.

Assumption 2. Pr(C(X) < m|\) is continuous with respect
to (m,A) . m(X) is continuous with .

Assumption 1 and 2 imply that m is bounded.
Lemma 2. m has maximum m and minimum m.

In addition, we assume that customers have a nonzero
probability of load shedding at least in some scenarios.

Assumption 3.

P = maxxcrm<mn) Pr(C(A) <m|X)
= maxxer Pr(C(A) <m(A)A) >0

This assumption is equivalent to requiring the reward w
to be large enough so that at least some customers are
incentivized to perform DR, as claimed in Lemma 3.

Lemma 3. m > w is equivalent to P > 0.

Although it seems that m > w requires w to be small
enough, it is actually the opposite way because m implicitly
depends on w and this inequality only holds when w is large
enough. The following example helps explain this counter-
intuitive statement.

Example 2. Consider C ~ U[4,9]. Figure 1 shows the
relation between w and m together with Pr(C < m|X).?
When w = 3, m = 3 and Pr(C < m|A) = 0. If w is
increased to 6, m =~ 6.76, and Pr(C < m|A) = 0.55 > 0.
The critical value of w is 4. When w > 4, we have m > w

and Pr(C < m|A) > 0.

3Here we only have one type of J, i.., the cardinality |T| = 1.

—w=3m=3
—w=6,m = 6.76
—CDF of cost

2 i 4 6
3 m 6.76

8 10 12

Fig. 1: Pr(C < m(A)|A) with different w

Note that Assumptions 1-3 are satisfied by many distribu-
tion classes, e.g., exponential distribution and uniform dis-
tribution. We use these two distribution classes as examples
to illustrate the assumptions.

Example 3. Consider F' as exponential distribution. Each
customer i has a cost C; = p; + 0, X; where A\; = (i, 0;),
w; ~ U[15,20], o ~ U[5,10] and X; i.i.d. from Exp(1)— 1.
Here p; is the mean cost and o; is the cost variance. The
base reward w = 14.

The following two functions are continuous thus satisfying
Assumption 2.

Mi—0i+0i10g(ma_"14), Wy —o; < 14

L—exp(—1+52) m>p—o

Pr(C’SmA)z{
0, m<pu—o

m = 5+ 10log(10) > w. According to Lemma 3,
Assumption 3 is satisfied.

Example 4. Consider F' to be uniform distribution. Each
customer i has a cost C; = p; + 0;X; where A\; = (i, 04),
wi ~ U[16,20], o ~ U[12,16] and X, i.i.d. from U[—1,1].
Here p; is the mean cost and o; is the cost variance up to
a scale factor. The base reward w = 15.

The following two functions are continuous thus satisfying
Assumption 2.

(A) = 15, pw—o >15
C\p4o—2Vou—15, p—o<15
0, m<pu—o
PriC<m[A) =5 +1/2, p—o<m<pu+o
1, m> pu+o

Assumption 3 is satisfied because m = 24 > w.

B. The Deviation Upper Bound

Next, we introduce some notations and properties that will
be used in the main result of the deviation upper bound in
Theorem 3.

Definition 5. For any € > 0, we define a compact set
Tle)={AeT|ImA) >m—¢€}

Since our mechanism selects agents with large m, the
types of selected customers are mostly in set I'(e) when the
number of customers N is large. The next lemma gives a



characterization on Pr(C(X) < m|A) when A € I'(e) and
m—e<m<m.

Lemma 4. We have 0 < p™~¢ < Pr(C(X) < mJX) < p™~ ¢
for any 0 < € < m —w, any X with m(\) > m — ¢ and
m € [m €, 1], where p™~¢ := minyep(o) Pr(C < m—e|X)
and p™~°¢ := maxyer(e) Pr(C < m|A)

Given an € > 0, we define d(e) as
d(€) :== max Pr(C < m|X) — Pr(C <m—e€lX). (6)
A€l (e)
In the following, we present the upper bound of the
deviation R1.

Theorem 3. For any 0 < e < m — w, we have

RV < /e + [N/4+ M2 — ] Pr(A) (7)
where
=K 5( P p™ ) + (Ked(e) +1/2)°
_ —1/2
K. = (Tﬁl,e 1

A= {mKE_H <m—€}

Pr(A) = G(m - €)N§o (sz> (1_(;(%”:)6)>
= Pr(m < m —€)

and
Bm—e(l _ Bm—e) If% < Bﬁl—e
T — n—e\ 7 — 7 — 7 — 1
é—(pm E’Bm 6) — pm 5(1 _pm e) ]fpm € < 3
1/4, otherwise

A key lemma to the proof of this theorem is given below
and the complete proof is saved for Appendix. The lemma
states it is of high probability that the number of customers
selected is bounded and the difference is small between real
penalty 1 (;y and estimated penalty 7.

Lemma 5. V0 < e < m — w, event A° being {Thl >

MK, +1 > M — €}, andeventB—{k<K67k ) < K.

-I-\\/

1,Vi < k}, we have A° C B. Pr(A) = > ;25 ( 7:,
G(m —€)iG(m — )Nl K, = H}{ml{ﬁ

C. Effects of N, e and M on the Upper Bound in (7)

Now we use the upper bound in (7) to discuss the effects
of N, ¢, and M on the deviation. Because 7). is independent
of N, the number of customers only affects the part [N/4 +
M? — n]Pr(A). The following lemma shows that this part
vanishes when N becomes very large. Therefore, R~! can
roughly be bounded by /7. when N is large.

Lemma 6. When € > 0,
lim [N/4 + M? —n]Pr(A) =0 (8)
N —o00
The upper bound in (7) holds for all € € (0, m—w), which

gives much flexibility in choosing e. When choosing a very
small €, I'(¢€) shrinks, resulting in a large p™~° and a small

Pp™ €. Moreover, d(¢) becomes very small as shown in the
following Lemma.

Lemma 7. We have lim._,q d(e) = 0.

As aresult, £(p™ ¢, p™ ) and K. become very small too,
which leads to a very small 7. Therefore, when N is very
large, a small ¢ provides a tighter upper bound. However,
tiny € make G(m — €) closer to 1 resulting in a slower
vanishing rate of (8). Hence, when N is not very large,
choosing bigger € may provide better bounds by making
[N/4 + M? — n.]Pr(A) smaller.

Finally, we present a bound for infinite N and discuss
about M’s effect.

Corollary 1. When the number of agents is infinite,

M—-1/2 o
Gl R < \/(pm/ +1E@E™p™) +1/4 )

The upper bound in (9) is O(v/M), thus the relative
deviation R~!/M is O(—%). This indicates that larger
numerical value of M will produce a lower relative deviation
when N is large.

In section VI, we will use numerical studies to further
confirm the effects of N and M on the reliability.

V. OTHER MECHANISMS FOR COMPARISON

For the purpose of comparison, this section introduces two
other mechanisms: public-info mechanism and (M + 1)st
price auction. Public-info mechanism assumes that the cus-
tomer cost distribution types are public knowledge. Though
this assumption is unrealistic, the mechanism provides a
near-optimal solution for reliability and thus will be a good
benchmark when accessing reliability. Comparison with this
mechanism demonstrates the reliability loss of our mecha-
nism due to the private costs. (M -+ 1)st price auction is
a commonly used mechanism in the case with determinant
costs. Applying this to a system with random costs will
show the consequence of neglecting cost uncertainties. The
numerical comparisons are provided in the next section VI.

A. Public-info mechanism

In the public-info mechanism, it is assumed that the DR
aggregator knows the cost distributions of all customers.
For each customer ¢, the DR aggregator calculates the
maximum penalty m; and probability of load shedding with
the maximum penalty Pr(C; < m;|\;). Customers are re-
indexed in the decreasing order of Pr(C; < m;|\;).

o (Allocation/Selection rule): The DR aggregator selects
first k& customers such that the total expected load
reduction reaches M —1/2 for the first time. Let k = N
if k is not found before termination.

o (Payment rule): Customer ¢ that is selected receives a
base reward w and needs to pay a penalty m; if he does
not respond at stage II when DR is needed.

Intuitively speaking, the maximum penalty forces all cus-

tomers to perform load shedding to the largest extent without
violating IR, and the allocation rule priorly selects customers
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with the highest probabilities of response in order to ensure
high reliability. Thus the public-info mechanism provides a
near-optimal DR plan, which is unrealistic to implement in
practice due to private costs.

B. (M + 1)st price auction

Most of the current DR plans assume costs are deter-
minant. This setting is analogous to the classic multi-item
auction scenario where N customers bid for M units. It is
assumed that the cost C; is a fixed and determinant value. We
apply the (M +1)st price auction, which is a generalization of
second-priced auction, to this setting. In the (M + 1)st price
auction, the DR aggregator collects C; from all customers.
Customers are re-indexed with an increasing order of reports
C;. (Ties are broken randomly and N > M is assumed for
simplicity.)

o (Allocation/Selection rule): The DR aggregator selects

first M customers.

o (Payment rule): Customers that are selected receives a

payment that is equal to Cjs41, i.e. the report of the
(M + 1)st customer if he reduces one unit of load and
zero otherwise.

This auction is IC and IR when C; is determinant for all 3
[17]. Moreover, all M customers will shed loads at stage II
due to utility maximization. Thus the auction provides good
reliability in a world without random costs.

When applying this auction to reality, cost uncertainties
will results in the following bidding strategy equilibrium:

Theorem 4. Suppose C is the largest lower bound such that
Pr(C; > C,) = 1 for each i. It is a DSE when customer i
bids C; for each i.

The theorem shows that customers tend to report their
minimal possible cost in order to be selected. This leads to
a low payment as well. As a result, there are not enough
incentives for customers to shed loads, resulting in poor
reliability as shown in Section VL.

VI. NUMERICAL RESULTS

In this section, we provide numerical results to demon-
strate the high reliability achieved by our mechanism. We
also compare the mechanism with the public-info mechanism
and the (M + 1)st price auction introduced in the previous
section. In addition, we study the total budget that is used
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in the proposed DR mechanism and discuss how to improve
the reliability.

We assume each customer ¢ has a nonnegative cost C; =
i +0; X. Two cost distribution classes for X are considered
here, exponential distribution and uniform distribution. In the
exponential case, X ~ Exp(l) — 1. u; is uniformly random
from [15,20] and o; is uniformly random from [5, 10]. The
base reward w = 14. In the uniform case, X ~ U[-1,1].
w; is uniformly random from [16,20] and o; is uniformly
random from [12,16]. The base reward w = 15. For each
class, we repeat the MD for 800 times in order to obtain a
good approximation on the expectation that is used in the
reliability assessment (Definition 1).

A. Reliability Analysis and Comparison with Public-Info
mechanism and (M + 1)st Price Auction

In Figure 2, the targeted DR value M is 100 units, N
is from 260 to 960 in exponential-cost case and from 220
to 920 in uniform-cost case. Simulation results show how
the deviation between the true value of reduced loads and
the targeted value (i.e. the inverse of the reliability, R~1)
changes when the number of customers N increases. The
simulation results are similar for the two distribution cases.
Thus, we will only focus on the exponential case to discuss
the implication of the simulation results.

Figure 2 shows that when N = 260, R~! of our mech-
anism is large. This is due to the fact that customers are
insufficient when N is small. When N > 310, there are
sufficient customers and R~! of our mechanism drops to a
low level (less than 7). This means our mechanism provides
good reliability as long as customers are enough. In addition,
the ratio of sufficient N to M is less than 4 in this case,
meaning that a relatively small number of customers are
sufficient to ensure high reliability. Furthermore, we see
that R~! decreases with N, which means that the system
reliability can be improved by recruiting more customers
in DR. Moreover, we see that when N is sufficient, the
reliability of outcome-contingent mechanism and public-info
mechanism are almost the same. This indicates that the
reliability loss caused by private cost is almost negligible
in our designed mechanism. Lastly, Figure 2 tells that the
(M + 1)st price auction performs poorly when applied to
the DR with random uncertain costs. This further confirms
the importance of considering random costs when designing
DR mechanisms.
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In Figure 3, we see that the average difference is very
small between the real penalty ;. (;) exerted to customers
and the estimated one 7, used in allocation rule. In addition,
the difference is even less when N increases from 260 to 310.
This demonstrates the claim in Section III that 772 (;) and
my, are very similar when N is large.

B. Budget Concerns

To incentivize customers to participate in the DR, the DR
aggregator needs to pay customers. If the total payment is
too high, it may be not worthwhile to clear the supply deficit

through DR programs. Thus here we discuss the budget used
in our proposed mechanism. As the mechanism fixes the base
reward w, one important factor for the budget is the number
of customers selected by our mechanism. Figure 4 shows
the number of customers selected by our mechanism with
different N. We see that less customers will be selected when
N is larger. This is because when N is large, the number of
“good-quality” customers that have a higher probability of
load shedding will also be large. In this case our mechanism
can select fewer “good-quality” customers instead of more
“poor-quality” ones to cover the deficit. Consequently, the
expected payment (rewards minus penalties) decreases with
increasing N as well. This may look surprising and coun-
terintuitive because a system designer might worry about a
higher DR budget when recruiting more customers. However,
as long as the mechanism is able to select the right customers,
the budget indeed decreases with larger V.

C. How to improve reliability?

In Figure 2 of section VI-A, we have shown that reliability
can be improved by recruiting more customers in DR. In
addition, we will show that higher w and larger numerical
value of M also raise reliability. In Figure 6, we fix N = 600
and M = 100. w changes from 12 to 15 for exponential costs
and from 14 to 16 for uniform costs. We see that increasing
base reward will reduce R~! thus improving reliability. In
Figure 7, we let M varies from 100 to 300 but fix N = 2000.
We see that the relative deviation R~} /M, which is the ratio
between deviation and M, decreases with increasing M. This
suggests one way to improve the reliability for a targeted
supply deficit is to divide the deficit into smaller units. For
instance, if M = 100 KW, setting one unit of loads to be
0.5KW will have higher reliability than setting one unit to
be 1IKW.

VII. CONCLUSION

In this paper, we present a two-stage DR mechanism
to handle cost uncertainties of self-interested customers.
We define reliability as the inverse of deviation between
the total reduced loads and the targeted value. Besides
being IC and IR, we show that our mechanism achieves
high reliability. Moreover, we show that the reliability can
be improved by recruiting more customers, increasing the
budget, and dividing deficit into smaller units when adopting
our mechanism. Future work includes investigating other
possible mechanisms and generalizing the assumption on the
cost uncertainties.
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APPENDIX

Lemma 2. m has maximum m and minimum m.

Proof. This is because m(A) is continuous on a compact set
T. O

Lemma 3. m > w is equivalent to P > 0.

Proof. (=): Consider A* such that m(A*) = m. By defini-
tion,

w :/ Pr(C > tA")dt
0

Since w < m, we have Pr(C > m|A*) < 1, otherwise
Pr(C > t|A*) =1 for 0 < t < m leading to m = w.
Therefore,
max Pr(C(X) <m|X) > Pr(C > m|x*) >0
c

(<): If P > 0, there must exist AT s.t.
m+
w :/ Pr(C > t|AT)dt
0

and Pr(C > m™|AT) < 1 where m™ = m(AT). Since
Pr(C > t|A") is continuous on ¢,
+

mt > / Pr(C > t{A")dt = w,
0

som>mT > w.
O

Lemma 4. We have 0 < p™~¢ < Pr(C(X) < mJX) < p™ ¢
for any 0 < € < m —w, any X with m(\) > m — ¢ and
m € [m—e,m|, where p™~° := minxcp() Pr(C < m—el)
and P ~¢ := maxxer(e) Pr(C < m|X)

Proof. According to Lemma 3, there exists e such that 0 <
e<m—w.

By Assumption 1 and 2, Pr(C' < m|A) is continuous on
the compact set 7' X [m — €,m], so it must have maximum
p™~ ¢ and minimum p™~¢. In addition, Pr(C'(A) < m|A)
monotonically increases with m. Hence the maximum is
reached with m = m and the minimum at m = m — €.

We only need to prove p™ ¢ > 0. Assume there exists an
X such that Pr(C' < m — €|A) = 0, then by definition,

m

w =

m—

1-— P?”(Cl S tl)\l)dt

AV
3 S— 5—

Y

— €

This conflicts with 0 < ¢ < m — w. Therefore, p™~¢

>
0. O
Lemma 7. We have lim._,od(e) = 0.
Proof. For any A, lime_,q Pr(C < m|A) — Pr(C < m —
€|A) = 0 by Assumption 2. In addition, Pr(C < m|\) —

Pr(C < m—¢€|) is continuous and decreasing with respect
to €. A is in a compact set. By Dini’s Theorem, Pr(C <



m|A) — Pr(C < m — ¢|A) absolutely converges to 0, thus
giving Lemma 7. O

Remark 4. If the probability distribution function of cost C
is locally differentiable in T'(€), d(€) can be bounded by:

max iPr(C’ < m|A)

d(e) <
(€) < eAeF(e),me[ﬁke,m] dm

This bound may be easier determined in some cases. It is
easy to see that this bound goes to 0 too when ¢ — 0.

Theorem 3. For any 0 < € < m — w, we have

R < \/775

FINATMZ —p]Pr(A) ()
where

Ne = Keg(ﬁm_e7gm_e) +
M—1/2

KE = |
[ |

(Ked(e) +1/2)?

A= (g1 < —c)

Pr(A) = G(m — )N i (JZI) (W)l

=0

G(m —¢€) = Pr(m <m —e€)
and
) ) Bm—e(l _ Bm—e) If% < Bm—e
EETPM ) =P (A=) TP < S
1/4, otherwise

We will provide the proof of Lemma 5, with the help of
which we will prove Theorem 3.

Lemma 5. V0 < € < m — w, event A°® being {my > -
MK, +1 > M — €}, and event B = {k <K6,k:1$ gKE
1,Vi < k}, we have A° C B. Pr(A) = 10(7)(
G(m —€)iG(m— )N K, = (Ll/ﬁ

pm—e

|—|—\\/

Proof. By the definition of order statistics, Pr(A) =
YK (M)A = G(m — €)'G(m — €)N %, so we only need
to show A°¢ C B. From Lemma 4 we have :

Ke>M-1/2

Ke
> Pr(Ci(ni) <k X)) =p
=1

Since k is the first one to reach M —1/2, the above inequality
leads to k < K..
In addition,

Ke
Z P?“(Cl<}\j) S ’ﬁlKe

j=1,j#i

so k'(i) < K.+ 1 for all 4. Therefore, A° C B.

X)>p_

Ke>M-1/2

The proof of Theorem 3 is given as follows.

Proof.
k —
Errorl < M?Pr(A) + Pr(A°)E[(M = Pr(C; < m;|X))?|A°]
A i=1

noticing that m; = my(;). From Lemma 4

k
M +1/2> 3 Pr(Ci(Ai) < i \s)
=1
k
>3 " Pr(Ci(Ai) < iy [ A)
i=1
k

> M —1/2 — K.d(e)

=
k

(M — ZPT(C (Ns) < iy [Ai)?

< (Kcd(e) +1/2)°

Then the bound of the first term is:

Errorl < (M? — (K.d(e) +1/2)?)Pr(A) + (K.d(e) + 1/2)?

(10)
For the second part,
Error2
k
< Pr(A°) 152 r(C; < milX)(1 = Pr(C; < mg|X))|AC
+ N/4Pr(A )F
In event A°, p™~¢ < Pr(C(A) < m—¢€|X) < p™ ¢, thus
Pr(C; < mi|A)(1 = Pr(C; <mi|X)) < €(p™ ™)
Thus, the bound for the second term will be:
Error < K.£(p™ %, p™ ) +

Combining the two terms together we shall get the bound
for the expected error.

O
Lemma 6. When ¢ > 0,
Jim [N/4+ M? —n]Pr(A) =0 (8)
Proof.
K /N\ [1-G(m—e)\
_ _ AN
Prid)=Glm =< E()( Gona)

Since ¢ > 0, G(m —¢€) < 1, so G(m — )N goes
to zero exponentially. The other part [N/4 + M? —

ned Sk () (%) only grows polynomially, so the
whole term goes to 0 at a fast speed. O

(N/4— K£(p™ <, p™ ) Pr(A)



Corollary 1. When the number of agents is infinite,

N—+o0 pm

lim R-lswwﬂmm,pmmm ©)

Proof. For any fixed € € [0,m — w], let N — oo on both
sides of bound 7, according to Lemma 6.
lim R™!' < min( lim /5 + [N/4+ M2 —n]Pr(A), M)
N—o00 N—00
= min(y/ne, M)

Let € — 0, since lim¢_,o p"~

€ € m

= ﬁﬁz, hme%O pﬁz—
monotonically decreases with ¢, and K. is left-continuous,
so lim._,g K. < Ky + 1. Together with Lemma 7, we have
Me — To- O



