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Detailed proof of Lemma 1: Denote the set of saddle
points of f by S. Given any (y∗, z∗) ∈ S, define a candidate
Lyapunov function as

V(4) =
1

2
(y − y∗)TK−1y (y − y∗) +

1

2
(z − z∗)TK−1z (z − z∗)

which is radially unbounded and positive definite with re-
spect to (y∗, z∗). The derivative of V(4) with respect to time
along the trajectory of system (4) in the paper is given by

V̇(4) =−
(
∂f

∂y

)T
(y − y∗) +

(
∂f

∂z

)T
(z − z∗)

≤− f(y, z) + f(y∗, z) + f(y, z)− f(y, z∗)

=f(y∗, z)− f(y∗, z∗) + f(y∗, z∗)− f(y, z∗)

≤0

where the first inequality comes from the fact that f is
convex in y and concave in z, and the last inequality follows
that (y∗, z∗) is a saddle point of f . When V̇(4) = 0, we
have f(y∗, z) = f(y∗, z∗) and f(y∗, z∗) = f(y, z∗). Based
on LaSalle’s invariance principle [1], we conclude that the
trajectories of (4) converge to a compact subset of the
invariant set given by

I = {(y, z)|V̇(4)(y, z, y∗, z∗) = 0}

which indicates that the trajectories of (4) are bounded.
We next show that if f is either strictly convex in y or

strictly concave in z, then each trajectory of (4) asymptoti-
cally converges to a saddle point of f . Firstly, if (ỹ, z̃) ∈
I, then f(y∗, z̃) = f(y∗, z∗) and f(y∗, z∗) = f(ỹ, z∗).
Since f is either strictly convex in y or strictly concave
in z, either ỹ = y∗ or z̃ = z∗ holds. Let us assume
ỹ = y∗, which means ẏ|y=ỹ = 0. Then ∂f

∂y |y=ỹ = 0, i.e., ỹ
satisfies the first order optimality condition for f(y, z). On
the other hand, since f(ỹ, z∗) = f(y∗, z∗) = f(y∗, z̃), z̃
is a maximizer of f(y∗, z), i.e., ∂f

∂z |y=y∗=ỹ,z=z̃ = 0. Thus,
we have ∇y,zf |y=ỹ,z=z̃ = 0, i.e., (ỹ, z̃) ∈ S . Similarly, if
z̃ = z∗, we can still derive (ỹ, z̃) ∈ S . To conclude, under
the condition that f is either strictly convex in y or strictly
concave in z, I ⊆ S is true.
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To show the pointwise convergence, since (y(t), z(t))
converges to a compact subset of I ⊆ S, there exists
a subsequence {(yk, zk)} where yk = y(tk), zk = z(tk)
that converges to a point (y∞, z∞). This means that vk =
V(4)(yk, zk, y

∞, z∞) asymptotically converges to 0. On the
other hand, we have

lim
t→∞

V(4)(y(t), z(t), y∞, z∞) = lim
t→∞

v(t) = v∞

where v∞ is constant. Since vk is a subsequence of v(t)
and converges to 0, v∞ = 0 holds. Therefore, we conclude
that (y(t), z(t)) converges to (y∞, z∞). �

Detailed proof of Lemma 2: Due to ∇2
y,u,x(2)Lau =

∇2
y,u,x(2)Lsys + γ∇2

y,u,x(2)Lop, ∇2
y,u,x(2)Lsys � 0 and

∇2
y,u,x(2)Lop � 0, we have ∇2

y,u,x(2)Lau � 0. Similarly,
∇2
ζi,λi,µi,x(1)Lau � 0 holds. Based on the KKT conditions [2]

(saddle points of a function satisfy the KKT conditions), any
saddle point of Lau satisfies∑
j∈N (i)

Aijxj +Biui + Ciwi = 0 (1a)

∑
j∈N (i)

Dijxj +
∑

j∈N (i)

Eijuj + Fiwi − γPui

(
∂gi
∂ui
−BTi ζi

−
∑

j∈N (i)

ETjiλj + µi
∂hi
∂ui

 = 0 (1b)

∂fi
∂yi
−
∑

j∈N (i)

ATjiζj −
∑

j∈N (i)

DT
jiλj + µi

∂hi
∂yi

= 0 (1c)

∑
j∈N (i)

Aijyj +Biui + Ciwi = 0 (1d)

∑
j∈N (i)

Dijyj +
∑

j∈N (i)

Eijuj + Fiwi = 0 (1e)

µihi(yi, ui) = 0, µi ≥ 0, hi(yi, ui) ≤ 0 (1f)

where i = 1, · · · , N . If A is invertible in system (1) in the
paper, from (1a), (1d)-(1e) in the above equations, y = x
and

∑
j∈N (i)Dijxj +

∑
j∈N (i)Eijuj +Fiwi = 0 hold. On

the other hand, any saddle point of Lsys satisfies∑
j∈N (i)

Aijxj +Biui + Ciwi = 0

∑
j∈N (i)

Dijxj +
∑

j∈N (i)

Eijuj + Fiwi = 0

where i = 1, · · · , N , and any saddle point of Lop satisfies



∂gi
∂ui
−BTi ζi −

∑
j∈N (i)

ETjiλj + µi
∂hi
∂ui

= 0

∂fi
∂yi
−
∑

j∈N (i)

ATjiζj −
∑

j∈N (i)

DT
jiλj + µi

∂hi
∂yi

= 0

∑
j∈N (i)

Aijyj +Biui + Ciwi = 0

∑
j∈N (i)

Dijyj +
∑

j∈N (i)

Eijuj + Fiwi = 0

µihi(yi, ui) = 0, µi ≥ 0, hi(yi, ui) ≤ 0

where i = 1, · · · , N . Therefore, the following two sets are
equivalent:

{(y, u, x, ζi, λi, µi)|(y, u, x, ζi, λi, µi) is a saddle point of
Lau} ⇔ {(y, u, x, ζi, λi, µi)|(x, u) is a saddle point of Lsys,

(y, u, ζi, λi, µi) is a saddle point of Lop}

and furthermore, y = x holds. Thus, (y, u, x, ζi, λi, µi) is
a saddle point of Lau if and only if (y, u, ζi, λi, µi) is a
saddle point of Lop and (x, u) is a saddle point of Lsys. �

Detailed proof of Lemma 3: Let (y∗, z∗) be a saddle
point of f . Define a candidate Lyapunov function for sys-
tem (9) in the paper as

V(9) =
1

2

(
(y − y∗)TK−1y (y − y∗) + (z − z∗)TK−1z (z − z∗)

+(ŷ − y∗)TKeyK̂
−1
ey (ŷ − y∗) + (ẑ − z∗)TKezK̂

−1
ez (ẑ − z∗)

)
which is radially unbounded and positive definite with re-
spect to (y∗, z∗, y∗, z∗) (note that at any equilibrium of (9),
y∗ = ŷ∗, z∗ = ẑ∗ hold). The derivative of V(9) with respect
to time along the trajectory of system (9) is given by

V̇(9) =−
(
∂f

∂y

)T
(y − y∗) +

(
∂f

∂z

)T
(z − z∗)

− (y − ŷ)TKey(y − ŷ)− (z − ẑ)TKez(z − ẑ)
≤− f(y, z) + f(y∗, z) + f(y, z)− f(y, z∗)

− (y − ŷ)TKey(y − ŷ)− (z − ẑ)TKez(z − ẑ)
=f(y∗, z)− f(y∗, z∗) + f(y∗, z∗)− f(y, z∗)

− (y − ŷ)TKey(y − ŷ)− (z − ẑ)TKez(z − ẑ)
≤0

where the first inequality comes from the fact that f is convex
in y and concave in z, and the last inequality follows that
(y∗, z∗) is a saddle point of f . When V̇(9) = 0, we have
y = ŷ, z = ẑ, leading to ˙̂y = ẏ = 0, ˙̂z = ż = 0, ∂f∂y = 0

and ∂f
∂z = 0. From LaSalle’s invariance principle [1], we

conclude that each trajectory of system (9) converges to a
compact subset of the invariant set

I = {(y, z, ŷ, ẑ)|V̇(9)(y, z, ŷ, ẑ, y∗, z∗) = 0}

which is a subset of

S = {(y, z, ŷ, ẑ)|(y, z) is a saddle point of f, ŷ = y, ẑ = z}.

Following the proof of Lemma 1, pointwise convergence
holds. Thus, we conclude that each trajectory of system (9)
asymptotically converges to an equilibrium point at which
(y, z) is a saddle point of f . �

Detailed proof of Theorem 1: Since A is Hurwitz in
system (1) in the paper, thus invertible, based on Lemma 2,
at any equilibrium point of system (8) in the paper which
is also a saddle point of Lau, (x, u) (x = y holds) is an
optimal solution of problem (3) in the paper. We next prove
convergence. Let (y∗, u∗, x∗, ζ∗i , λ

∗
i , µ
∗
i ) be a saddle point of

Lau where µ∗i ≥ 0. Define a candidate Lyapunov function as

V(8) =
1

2

N∑
i=1

(
γ(yi − y∗i )TK−1yi (yi − y∗i ) + γ(ŷi − y∗i )TKeyi

× K̂−1eyi(ŷi − y
∗
i ) + (ui − u∗i )TP−1ui

(ui − u∗i ) + γ(ûi − u∗i )T

×KeuiK̂
−1
eui

(ûi − u∗i ) + γ(ζi − ζ∗i )TK−1ζi (ζi − ζ∗i ) + γ(ζ̂i

− ζ∗i )TKeζiK̂
−1
eζi

(ζ̂i − ζ∗i ) + γ(λi − λ∗i )TK−1λi
(λi − λ∗i )

+ γ(λ̂i − λ∗i )TKeλiK̂
−1
eλi

(λ̂i − λ∗i ) + γk−1µi
(µi − µ∗i )2

)
+

1

2
(x− x∗)T diag{Px(1) , Px(2)}−1(x− x∗)

which is positive definite with respect to (y∗, u∗, x∗, ζ∗i , λ
∗
i ,

µ∗i , y
∗, u∗, ζ∗i , λ

∗
i ) (note that at any equilibrium of (8), y∗ =

ŷ∗, u∗ = û∗, ζ∗i = ζ̂∗i , λ
∗
i = λ̂∗i hold). The derivative of V(8)

with respect to time along the trajectory of (8) is given by

V̇(8) =

N∑
i=1

(
−
(
∂Lau

∂yi

)T
(yi − y∗i )−

(
∂Lau

∂ui

)T
(ui − u∗i )

+

(
∂Lau

∂ζi

)T
(ζi − ζ∗i ) +

(
∂Lau

∂λi

)T
(λi − λ∗i ) + γ(µi − µ∗i )

× (hi(yi, ui))
+
µi
− γ(yi − ŷi)TKeyi(yi − ŷi)− γ(ui − ûi)T

×Keui
(ui − ûi)− γ(ζi − ζ̂i)TKeζi(ζi − ζ̂i)− γ(λi − λ̂i)T

×Keλi
(λi − λ̂i)

)
+

(
∂Lau

∂x(1)

)T
(x(1) − x(1)∗)−

(
∂Lau

∂x(2)

)T
× (x(2) − x(2)∗).

Note that

γ(µi − µ∗i )(hi(yi, ui))+µi
≤γ(µi − µ∗i )hi(yi, ui)

=

(
∂Lau

∂µi

)T
(µi − µ∗i )

because when (hi(yi, ui))
+
µi

is inactive, hi(yi, ui) is non-
positive (otherwise, it is positive and then (hi(yi, ui))

+
µi

would be active which indicates the equality case), and (µi−
µ∗i ) is also non-positive so that (µi − µ∗i )(hi(yi, ui))

+
µi
≤

(µi − µ∗i )hi(yi, ui) is always true. Therefore, we have

V̇(8) ≤
N∑
i=1

(
−
(
∂Lau

∂yi

)T
(yi − y∗i )−

(
∂Lau

∂ui

)T
(ui − u∗i )

+

(
∂Lau

∂ζi

)T
(ζi − ζ∗i ) +

(
∂Lau

∂λi

)T
(λi − λ∗i ) +

(
∂Lau

∂µi

)T
× (µi − µ∗i )− γ(yi − ŷi)TKeyi(yi − ŷi)− γ(ui − ûi)T



×Keui
(ui − ûi)− γ(ζi − ζ̂i)TKeζi(ζi − ζ̂i)− γ(λi − λ̂i)T

×Keλi
(λi − λ̂i)

)
+

(
∂Lau

∂x(1)

)T
(x(1) − x(1)∗)−

(
∂Lau

∂x(2)

)T
× (x(2) − x(2)∗)

which has the same structure as V̇(9) in the proof of Lemma
3. So V̇(8) ≤ 0 is true. If V̇(8) = 0, ui = ûi, yi = ŷi, ζi = ζ̂i,

λi = λ̂i hold, which lead to ˙̂ui = u̇i = 0, ˙̂yi = ẏi = 0,
˙̂
ζi =

ζ̇i = 0,
˙̂
λi = λ̇i = 0. Under constant u and w, system (1)

eventually converges to an equilibrium point at which x = y
since A is Hurwitz. In addition, each µi is constant due to the
fact that u̇i = 0,

∑
j∈N (i)Dijxj +

∑
j∈N (i)Eijuj +Fiwi =

0, ẏi = 0. So µ̇i = 0, i = 1, · · · , N are true. From LaSalle’s
invariance principle [1], we conclude that each trajectory of
system (8) converges to a compact subset of the invariant set

I ={(y, u, x, ζi, λi, µi, ŷ, û, ζ̂i, λ̂i)|V̇(8)(y, u, x, ζi, λi, µi, ŷ,
û, ζ̂i, λ̂i, y

∗, u∗, x∗, ζ∗i , λ
∗
i , µ
∗
i ) = 0}

which is a subset of

S ={(y, u, x, ζi, λi, µi, ŷ, û, ζ̂i, λ̂i)|(y, u, x, ζi, λi, µi) is a

saddle point of Lau, ŷ = y, û = u, ζ̂i = ζi, λ̂i = λi}.

Finally, pointwise convergence can be shown following the
proof of Lemma 1. �

Note that if the optimization problem (3) in the paper is
feasible and satisfies Slater’s constraint qualification [2] (this
is stated after problem (3) in the paper), the equilibrium
set of system (8) in the paper is always nonempty (points
in this set satisfy the KKT conditions of problem (3)).
The uniqueness of the equilibrium results from the strict
convexity of the objective function of problem (3). If it
is strictly convex, the optimal solution of (3) is unique.
According to Theorem 1, all trajectories of (8) converge to
an equilibrium point where (x, u) is the optimal solution
of (3). Otherwise, (3) could have multiple optimal solutions
and each trajectory of (8) converges to one equilibrium point
in the equilibrium set depending on the initial condition.

Detailed proof of Corollary 1: Necessity. Suppose that
system (20) in the paper belongs to Class-S ′ and is a primal-
dual gradient algorithm to solve maxx(1) minx(2),u Lsys,

Lsys =
1

2
x̃T
[
Q11 Q12

QT12 Q22

]
︸ ︷︷ ︸

Q

x̃+ x̃TP−1C̃w

where Q11 ∈ Rn1×n1 satisfies Q11 = QT11 � 0 (i.e.,
Lsys is concave in x(1)), Q22 ∈ R(n2+m)×(n2+m) satis-
fies Q22 = QT22 � 0 (i.e., Lsys is convex in (x(2), u)),
Q12 ∈ Rn1×(n2+m) and P ∈ R(n1+n2+m)×(n1+n2+m). Then
the trajectories of (20) are bounded under Lemma 1, and
there exist matrices Px(1) ∈ Rn1×n1 , Px(2) ∈ Rn2×n2 and
Pui

∈ Rmi×mi satisfying Px(1) = PT
x(1) � 0, Px(2) =

PT
x(2) � 0 and Pui = PTui

� 0, i = 1, · · · , N , so that
the equality Q = diag{Px(1) ,−Px(2) ,−diag{Pui}}−1A =

AT diag{Px(1) ,−Px(2) ,−diag{Pui
}}−1 holds (also let P =

diag{Px(1) ,−Px(2) ,−diag{Pui}}). This leads to

P−1
x(1)A11 = AT11P

−1
x(1) = Q11 � 0[

P−1
x(2) 0
0 diag{P−1ui

}

] [
A22 B2

D2 E

]
=

[
AT22 DT

2

BT2 ET

]
×
[
P−1
x(2) 0
0 diag{P−1ui

}

]
= −Q22 � 0

P−1
x(1)

[
A12 B1

]
= −

[
AT21 DT

1

] [ P−1
x(2) 0
0 diag{P−1ui

}

]
which can be further rearranged as

P−1
x(1)A11 = AT11P

−1
x(1) � 0

P−1
x(2)A22 = AT22P

−1
x(2) � 0

P−1
x(2)B2 = DT

2 diag{P−1ui
}

diag{P−1ui
}

 E11 · · · E1N

· · · · · · · · ·
EN1 · · · ENN

 =

 ET11 · · · ETN1

· · · · · · · · ·
ET1N · · · ETNN


× diag{P−1ui

} � 0

P−1
x(1)A12 +AT21P

−1
x(2) = 0

P−1
x(1)B1 +DT

1 diag{P−1ui
} = 0.

Based on Lemma 4, the above equations are equivalent to
conditions (ii) and (iii) by defining V1 = JT1 P

−1
x(1)J1, V2 =

JT2 P
−1
x(2)J2, VEi

= JTEi
P−1ui

JEi
, i = 1, · · · , N .

Sufficiency. Let conditions (i)-(iii) be true. Consider the
following unconstrained quadratic saddle point problem:

max
x(1)∈Rn1

min
x(2)∈Rn2 ,u∈Rm

Lsys =
1

2
x̃TP−1Ãx̃+ x̃TP−1C̃w

where P−1 = diag{(J−11 )TV1J
−1
1 ,−(J−12 )TV2J

−1
2 ,

−diag{(J−1Ei
)TVEi

J−1Ei
}}. Due to V1Λ1 � 0 and[

(J−12 )TV2J
−1
2 0

0 diag{J−1Ei
)TVEi

J−1Ei
}

] [
A22 B2

D2 E

]
=[

AT22 DT
2

BT2 ET

] [
(J−12 )TV2J

−1
2 0

0 diag{J−1Ei
)TVEi

J−1Ei
}

]
� 0 (2)

Lsys is concave in x(1) and convex in (x(2), u). Equation (2)

is derived as follow. Let Ã22 =

[
A22 B2

D2 E

]
and P̃−12 =[

(J−12 )TV2J
−1
2 0

0 diag{J−1Ei
)TVEiJ

−1
Ei
}

]
. Since the eigen-

values of Ã22 are non-positive real and Ã22 is diagonalizable,
Ã22 can be written as Ã22 = J̃Λ̃J̃−1 where Λ̃ � 0 is a diag-
onal matrix. Due to P̃−12 J̃Λ̃J̃−1 = (J̃−1)T Λ̃J̃T P̃−12 , based
on Lemma 1 in [3], J̃T P̃−12 J̃Λ̃ = Λ̃J̃T P̃−12 J̃ � 0 holds.
For any given vector v ∈ Rn2+m, (J̃v)T P̃−12 J̃Λ̃J̃−1(J̃v) =
vT J̃T P̃−12 J̃Λ̃v ≤ 0, which leads to P̃−12 J̃Λ̃J̃−1 � 0, i.e.,
Equation (2) holds.

Now define matrices Px(1) = J1V
−1
1 JT1 � 0, Px(2) =

J2V
−1
2 JT2 � 0 and Pui = JEiV

−1
Ei
JTEi
� 0, i = 1, · · · , N .

Under Lemma 1, the trajectories of the primal-dual gradient
algorithm given by ẋ = diag {Px(1) ,−Px(2)} ∂Lsys

∂x and



u̇i = −Pui

∂Lsys

∂ui
, i = 1, · · · , N are bounded, which is the

same as (20). So we conclude that system (20) belongs to
Class-S ′. �

Detailed case study: Here we provide some details of
the practical example given in Section V in the paper. The
network configuration is presented in [4]. For conciseness,
we directly present the system model with a decentralized
integral controller in state-space form:

Power network dynamics:
Mω̇g +Dgωg = PM − dg − Γ1ATA

Tα (3a)

α̇ = ΓT1 ωg + ΓT2 ωl (3b)

ωl = D−1l (−PL − dl − Γ2ATA
Tα) (3c)

ṖM = T−1TG(PC − PM −R−1ωg) (3d)
Control input dynamics:

ṖC = KPC
(R(PM − PC)) (3e)

ṖL = KPL
ωl (3f)

where α = [α1, · · · , α|G⋃
L|−1]T , αi = δi − δ|G⋃

L|, i.e.,
one of the buses with number |G

⋃
L| is regarded as a

reference bus, and KPC
,KPL

are positive diagonal matrices
representing the controller gains.

The optimization problem corresponding to problem (3)
in the paper is:

min
PM ,PL,α

∑
i∈G

Ci(PMi)−
∑
i∈L

Ui(PLi) (4a)

subject to PM − dg − Γ1ATA
Tα = 0 (4b)

− PL − dl − Γ2ATA
Tα = 0 (4c)

Pmin
C � PM � Pmax

C (4d)

Pmin
L � PL � Pmax

L (4e)

Pmin
TC � TATα � Pmax

TC (4f)

where Ci(PMi) is the cost function for each generator and is
a strictly convex function in PMi , Ui(PLi) is the utility func-
tion for each controllable load and is a strictly concave func-
tion in PLi

, Equations (4b)-(4c) represent power flow balance
at each bus, Equations (4d)-(4f) are capacity constraints for
generators, loads, and transmission lines respectively, and
Pmin
C , Pmax

C , Pmin
L , Pmax

L , Pmin
TC , P

max
TC are corresponding capac-

ity vectors. Note that by setting Pmax
TCij

= Pmin
TCij

, the
scheduled power flow in line (i, j) can be maintained.

Since the dynamics of PM and α are constrained by (3)
during the transient, they therefore cannot be instantaneously
set to the solution of problem (4). Note that Equations (4b)-
(4c) require the frequency to be restored when system (3)
reaches steady state, i.e., ω∗i = 0, i ∈ G

⋃
L. This results in

PM = PC in steady state. So we can reformulate problem (4)
as one that can be used to design PC and PL, given by

min
PC ,PL,θ

∑
i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) (5a)

subject to PC − dg − Γ1ATA
T
0 θ = 0 (5b)

− PL − dl − Γ2ATA
T
0 θ = 0 (5c)

Pmin
C � PC � Pmax

C (5d)

Pmin
L � PL � Pmax

L (5e)

Pmin
TC � TAT0 θ � Pmax

TC (5f)

where θ = [θ1, · · · , θm+n]T is the vector of ancillary
decision variables. In fact, we have replaced PM , α in (4)
by PC , θ to derive (5).

It can be shown that the optimality of problem (4) is
preserved after the reformulation. Finally, the real-time eco-
nomic dispatch problem is described as: design PC and
PL so that for given constant dg, dl, system (3) is driven
to an equilibrium point where the steady-state optimization
problem (4)/(5) is solved.

Using Corollary 1, we can reverse-engineer system (3) as
one with primal-dual gradient dynamics to solve a saddle
point problem

min
α,PM ,PC ,PL

max
ωg

L(3) (6)

and L(3) is given by

L(3) = −1

2
(Dgωg − PM + dg + Γ1ATA

Tα)TD−1g (Dgωg

− PM + dg + Γ1ATA
Tα) +

1

2
(PM − dg − Γ1ATA

Tα)TD−1g

× (PM − dg − Γ1ATA
Tα) +

1

2
(PL + dl + Γ2ATA

Tα)TD−1l

× (PL + dl + Γ2ATA
Tα) +

1

2
(PM − PC)TR(PM − PC)

where α ∈ R|G
⋃
L|−1, PM ∈ R|G|, ωg ∈ R|G|, PC ∈

R|G|, PL ∈ R|L| are decision variables, and dg ∈ R|G|, dl ∈
R|L| are constant. Note that for simplicity, we have used the
same notation as in the dynamics (3). Through straightfor-
ward derivation, we can show that system dynamics (3) can
be rewritten as

∂L(3)

∂ωg
= Mω̇g (ω̇g is given in (3a))

∂L(3)

∂α
= −ATAT α̇ ( α̇ is given in (3b))

∂L(3)

∂PM
= −TTGRṖM (ṖM is given in (3d))

∂L(3)

∂PC
= −K−1PC

ṖC (ṖC is given in (3e))

∂L(3)

∂PL
= −K−1PL

ṖL (ṖL is given in (3f)).

Now for problem (5), formulate its Lagrangian as

L(5)(PC , PL, θ, ζ, λ, µ
+, µ−, ν+, ν−, l+, l−) =

∑
i∈G

Ci(PCi)

−
∑
i∈L

Ui(PLi
) + ζT (PC − dg − Γ1ATA

T
0 θ) + λT (−PL − dl

− Γ2ATA
T
0 θ) + µ+T (PC − Pmax

C ) + µ−T (Pmin
C − PC) + ν+T

× (PL − Pmax
L ) + ν−T (Pmin

L − PL) + l+T (TAT0 θ − Pmax
TC )

+ l−T (Pmin
TC − TAT0 θ)



where ζ, µ+, µ−, λ, ν+, ν−, l+, l− are Lagrange multipliers
(dual vectors) for the constraints in (5). Then we obtain the
following saddle point problem:

min
PC ,PL,θ

max
µ+,µ−,ν+,ν−,l+,l−�0,ζ,λ

L(5). (7)

As a result, solving problem (5) is equivalent to solving
problem (7). Consider the augmented saddle point problem
given by

min
α,PM ,PC ,PL,θ

max
µ+,µ−,ν+,ν−,l+,l−�0,ζ,λ,ωg

Lau = L(3) + γL(5)

(8)

where γ > 0 is constant. A distributed dynamic feedback
controller to solve the real-time economic dispatch problem
can then be derived using Lau and Lemma 1, given by

Power network dynamics:
Mω̇g +Dgωg = PM − dg − Γ1ATA

Tα (9a)

α̇ = ΓT1 ωg + ΓT2D
−1
l (−PL − dl − Γ2ATA

Tα) (9b)

ṖM = T−1TG(PC − PM −R−1ωg) (9c)
Control input dynamics:
ṖC = KPC

(R(PM − PC)− γ(C ′(PC) + ζ + µ+ − µ−))
(9d)

ṖL = KPL
(D−1l (−PL − dl − Γ2ATA

Tα) + γ(U ′(PL) + λ

−ν+ + ν−)) (9e)
Ancillary variable dynamics:

θ̇ = KθA0T (ATΓT1 ζ +ATΓT2 λ− l+ + l−) (9f)

ζ̇ = Kζ(PC − dg − Γ1ATA
T
0 θ) (9g)

λ̇ = Kλ(−PL − dl − Γ2ATA
T
0 θ) (9h)

µ̇+ = Kµ+(PC − Pmax
C )+µ+ (9i)

µ̇− = Kµ−(Pmin
C − PC)+µ− (9j)

ν̇+ = Kν+(PL − Pmax
L )+ν+ (9k)

ν̇− = Kν−(Pmin
L − PL)+ν− (9l)

l̇+ = Kl+(TAT0 θ − Pmax
TC )+l+ (9m)

l̇− = Kl−(Pmin
TC − TAT0 θ)+l− (9n)

where KPC
,Kζ ,Kµ+ ,Kµ− ,KPL

,Kλ,Kν+ ,Kν− ,Kθ,Kl+ ,
Kl− are positive diagonal matrices, all representing the
controller gains. Also for simplicity, we have used vector
forms of positive projection in (9i)-(9n).

In Equations (9g)-(9h), the information of dg, dl is needed.
Since the disturbance injection is usually uncertain and/or
hard to measure, we modify these two equations so that
the implementation of the above controller is independent
of dg, dl:

ζ̇ = Kζ(Mω̇g +Dgωg + PC − PM + Γ1ATA
Tα

−Γ1ATA
T
0 θ) (10a)

λ̇ = Kλ(Dlωl + Γ2ATA
Tα− Γ2ATA

T
0 θ) (10b)

where we have substituted system dynamics (3) into (9g)-
(9h). It is important to note that controller (9d)-(9n) is

completely distributed, i.e., states are updated using only
local information and signals from their neighborhood.

An alternative way is to use Lemma 3 in the control mod-
ification, in which ancillary decision vectors P̂C , P̂L, θ̂, ζ̂, λ̂
will be introduced. The corresponding extra dynamics can
improve the performance and robustness of the closed-loop
system, as illustrated in [5], [6].

REFERENCES

[1] H. K. Khalil, Nonlinear Systems, 3rd ed. Prentice Hall, Upper Saddle
River, New Jersey, 2002.

[2] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge
University Press, 2004.

[3] G. Vinnicombe, “On the stability of end-to-end congestion control for
the internet,” in Technical Report, University of Cambridge, CUED/F-
INFENG/TR.398, 2000.

[4] X. Zhang, N. Li, and A. Papachristodoulou, “Achieving real-time eco-
nomic dispatch in power networks via a saddle point design approach,”
in Proc. IEEE PES Power and Energy Society General Meeting, 2015,
to appear.

[5] X. Zhang and A. Papachristodoulou, “A distributed pid controller for
network congestion control problems,” in Proc. of 2014 American
Control Conference, 2014, pp. 5453–5458.

[6] ——, “Improving the performance of network congestion control
algorithms,” IEEE Transactions on Automatic Control, vol. 60, no. 2,
pp. 522–527, 2015.


