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Detailed proof of Lemma 1: Denote the set of saddle
points of f by S. Given any (y*, z*) € S, define a candidate
Lyapunov function as

- 27)

which is radially unbounded and positive definite with re-
spect to (y*, z*). The derivative of V{4) with respect to time
along the trajectory of system (4) in the paper is given by

Viy =— (gi)T(yy*H <Z£>T(ZZ*)
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=f(y"2) = fW"2") + fy", 2") = [y, 27)
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where the first inequality comes from the fact that f is
convex in y and concave in z, and the last inequality follows
that (y*,2*) is a saddle point of f. When V(4) = 0, we
have f(y*,z) = f(y*,2*) and f(y*,2*) = f(y,2"). Based
on LaSalle’s invariance principle [1], we conclude that the
trajectories of (4) converge to a compact subset of the
invariant set given by

= {(y7z)|V(4)(y7z,y*,z*) = 0}

which indicates that the trajectories of (4) are bounded.

We next show that if f is either strictly convex in y or
strictly concave in z, then each trajectory of (4) asymptoti-
cally converges to a saddle point of f. Firstly, if (g,2) €
Z, then f(y*,2) = f(y*,2") and f(y*,2*) = f(§,2").
Since f is either strictly convex in y or strictly concave
in z, either y = y* or Z = z* holds. Let us assume
g = y*, which means g|,—; = 0. Then af|y -5 =0,1e, 7
satisfies the first order optimality condltlon for f(y,z). On
the other hand, since f(7,2*) = f(y*,2%) = f(y*,2), Z
is a maximizer of f(y*, z), i.e., gsz‘|y:y*:g’2,:5 = 0. Thus,
we have V. fly—j.—: = 0, i.e., (§,2) € S. Similarly, if
Z = z*, we can still derive (7,2) € S. To conclude, under
the condition that f is either strictly convex in y or strictly
concave in z, Z C S is true.
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To show the pointwise convergence, since (y(t),z(t))
converges to a compact subset of Z C S, there exists
a subsequence {(yx,zr)} where yr = y(tg),zr = z(tx)
that converges to a point (y>°, 2°°). This means that v, =
Viay(Yr, 2, ¥, 2°°) asymptotically converges to 0. On the
other hand, we have

lim Vi (y(t),

t—o0
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2(1),y>,2%) = lim o(t) = v
where v>° is constant. Since vy is a subsequence of v(t)
and converges to 0, v>° = 0 holds. Therefore, we conclude
that (y(t), z(t)) converges to (y*°, z°). [ |

Detailed proof of Lemma 2: Due to V?,um(mLau =
Lgys + 'yVyUZ(2>L0p, V;ux@)qug > 0 and
Lo, = 0, we have Vi £(2)Lau > 0. Similarly,

i T(I)Ldu =< 0 holds. Based on the KKT conditions [2]
(saddlé points of a function satisfy the KKT conditions), any

saddle point of L,, satisfies
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where ¢ = 1,--- , N. If A is invertible in system (1) in the
paper, from (la), (1d)-(le) in the above equations, y =
and ZjGN(i) Dijl’j + Zjej\/'(i) Eijuj + F;w; = 0 hold. On
the other hand, any saddle point of Ly satisfies

Z AijIj + Bﬂlz + OL‘U),' =0
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where i = 1,---, N, and any saddle point of L, satisfies
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pihi(yiui) =0, py >0, hi(ys,u;) <0

where i = 1,---
equivalent:

, N. Therefore, the following two sets are

{(y,u,x, G, Niy 113)|(y, w, @, Gy Agy 117) is a saddle point of
Ly} < {(y,u, z, G, Ai, )| (2, w) is a saddle point of Ly,
(y,u, Cis Ais i) is a saddle point of Loy}

and furthermore, y = x holds. Thus, (y,u,x, (;, Ai, i) 1S

a saddle point of L,, if and only if (y,u,(;, As, ;) is a
saddle point of Lo, and (x,u) is a saddle point of Lg. W

Detailed proof of Lemma 3: Let (y*,2*) be a saddle
point of f. Define a candidate Lyapunov function for sys-
tem (9) in the paper as

1 * — * * — *
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which is radially unbounded and positive definite with re-
spect to (y*, z*,y*, z*) (note that at any equilibrium of (9),
y* = g*,2" = 2" hold). The derivative of V(q) with respect
to time along the trajectory of system (9) is given by

o =—(2) w4 () -

— (=0 Keyly —9) — (2= 2) " Kez(z — 2)
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where the first inequality comes from the fact that f is convex
in y and concave in z, and the last inequality follows that
(y*,2*) is a saddle point of f. When V(g) = 0, we have
Yy =192z2=2, leadmgtoy—y—Oz—z—O,%zo
and % = 0. From LaSalle’s invariance principle [1], we
conclude that each trajectory of system (9) converges to a
compact subset of the invariant set

I={(y,29 2)Viey(y, 2,9 2y, 2%) = 0}

which is a subset of

S ={(y,2,79,%)|(y, 2) is a saddle point of f,§ =y, 2 = z}.

Following the proof of Lemma 1, pointwise convergence
holds. Thus, we conclude that each trajectory of system (9)
asymptotically converges to an equilibrium point at which
(y, z) is a saddle point of f. [ |

Detailed proof of Theorem 1: Since A is Hurwitz in
system (1) in the paper, thus invertible, based on Lemma 2,
at any equilibrium point of system (8) in the paper which
is also a saddle point of L,,, (z,u) (x = y holds) is an
optimal solution of problem (3) in the paper. We next prove
convergence. Let (y*, u*,x*, (, A, u¥) be a saddle point of
Ly, where 117 > 0. Define a candidate Lyapunov function as

N
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which is positive definite with respect to (y*,u*, z*, (F, A
wiy*, u, CF, AT (note that at any equilibrium of (8), y* =
g, u* = 4%, ¢ = AF = A! hold). The derivative of Vg
with respect to time along the trajectory of (8) is given by
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because when (h;(y;,u;))}, is inactive, h;(yi,u;) is non-
positive (otherwise, it is positive and then (h;(yi,us))},
would be active which indicates the equality case), and (u; —
py) is also non-positive so that (p1; — ;) (hi(ys, ui))f, <
(i — pf)hi(yi, w;) is always true. Therefore, we have
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which has the same structure as V(g) in the proof of Lemma
3. So V(g) < 0is true. If V(g) =0, u; = U, yi = Gir GG = Q,
AN = )\i hold, which lead to ui =u; = O,yi =9; =0, Q =
éi = 0,5\1» = )\i = 0. Under constant v and w, system (1)
eventually converges to an equilibrium point at which z =y
since A is Hurwitz. In addition, each p; is constant due to the
fact that 7; = 0 Zje/v( )Dwxj +Z]6N( )E”uj + Fw; =
0,9, =0.S0 1; =0,71 = , N are true. From LaSalle’s
invariance principle [1], we conclude that each trajectory of
system (8) converges to a compact subset of the invariant set

I {<y7u x C’u)\lalu’hyau Cﬂ )‘VS)(%U .'L' CZ) ’L7MZay)
u Cm “y ’LL y L 7Cz7>‘z7/‘z>_0}

which is a subset of

S ={(y,u, 2, Ci, Nis 1125 U5 @, Ciy M) (45w, 2, Giy iy 1) is @

saddle point of Ly, y =y, 4 = u, =G = Ai}
Finally, pointwise convergence can be shown following the
proof of Lemma 1. ]

Note that if the optimization problem (3) in the paper is
feasible and satisfies Slater’s constraint qualification [2] (this
is stated after problem (3) in the paper), the equilibrium
set of system (8) in the paper is always nonempty (points
in this set satisfy the KKT conditions of problem (3)).
The uniqueness of the equilibrium results from the strict
convexity of the objective function of problem (3). If it
is strictly convex, the optimal solution of (3) is unique.
According to Theorem 1, all trajectories of (8) converge to
an equilibrium point where (z,u) is the optimal solution
of (3). Otherwise, (3) could have multiple optimal solutions
and each trajectory of (8) converges to one equilibrium point
in the equilibrium set depending on the initial condition.

Detailed proof of Corollary 1: Necessity. Suppose that
system (20) in the paper belongs to Class-S’ and is a primal-

dual gradient algorithm to solve max, ) ming) , Lsys,

1. Qll Q12 T 1
Lgys = 3" +z'piC
Sys 2x [ Q1T2 Oss T+ T w
Q

where Q1 € R™M>™ gatisfies Q11 = QF, < 0 (e,
Ly is concave in M), Qqy € R(m2tm)x(n2tm) gatig.
fies Qa2 = Q% = 0 (e, Ly is convex in (z(?) u)),
Q12 cR™ X (ng+m) and P € R(n1+n2+m)><(n1 +n2+m). Then
the trajectories of (20) are bounded under Lemma 1, and
there exist matrices P,y € R™*™, Pgﬂ(g) € R™*"2 and
P,, € R™*™i gatisfying P P(l) = 0, P,y =
PX, > 0 and P,

—PT>-O’L—1 ,N, so that
the equality Q = diag{P (1),—P @, dlag{Pui}}*lA =

x

— (A = \)F

. OLw \ " OLuw \ "
. w )" () _ gy _ (9L
X Kea s AZ)>+<ax<1>> (@ =) <5:c(2)>

ATdiag{P,¢), — P, , —diag{ P,,}}~! holds (also let P =
diag{ P,1), — P2y, —diag{ P,, } }). This leads to

P_<11)A11fA Pgl) =Q11 =20

P_<2> 0 Ap By | _ A3, D3
0 diag{P;'} || D» E Bl ET
P 0

— Qg <
x { 0 diag{P; 1} } Q22 20
P 0

(1) [ A B ] = —[ A3 DY ] [ 0 diag{P,;.l}

which can be further rearranged as
P (1)A11 - A (11) = 0
P <2)A22 = AQTQP é) =0

Pz(2)B2 =D, dlag{Putl}

E Ein ET ENl
diag{Pu_ll} P I — e

Eny Enn EL, E%N

x diag{P, '} < 0
P A+ Af P 5 =0
P4 By + D{ diag{P,'} = 0.
Based on Lemma 4, the above equations are equivalent to
conditions (ii) and (iii) by defining V1 =JIP (1)J1, Vo =
JQTP@)JQ,VE —JEP g, i=1,--- N.

Sufficiency. Let conditions (i)-(iii) be true. Consider the
following unconstrained quadratic saddle point problem:

1 _ -
max min Leys = = TP YAz + TP Cw
z(MeR™ z(2) eR"2 yeR™ 2
where P~! = dlag{( DIt (I DT Ve,
—diag{(J5") Vg, J5 }}. Due to V1A; <0 and
(Jy DT Vg5t 0 Ay By ]
0 diag{J;") TV, J5'} Dy E |
A}, Dy (Js ) TVady 0
BT ET 0 diag{J5" )"V, J '}
=0 (2
Lyys is concave in 1) and convex in (#(), u). Equation (2)
. . < A B ~_
is derived as follow. Let Agy = { D222 E2 ] and P, =

(J3 1) Vady 0
[ 0 diag{J;") Vi, J5
values of AQQ are non- posmve real and Agg is dlagonahzable
Aoy can be written as A22 = JAJ! where A=<0isa diag-
onal matrix. Due to Py ' JAJ~! = (J-H)TAJT P, !, based
on Lemma 1 in [3], JTP VA = AJTP; YT <0 holds.
For any given vector v € R"2+m (Ju)T Py 1JAJ YJv) =
v JT Pyt JAv < 0, which leads to Py 'JAJ ™! < 0, ie.,
Equation (2) holds.

Now define matrices P, = J1V171J1 = 0, Pa(z) =
JoVy I = 0 and P, —JEV1JT>OZ_1 ,N.
Under Lemma 1, the trajectories of the primal-dual gradlent
algorithm given by & = diag{P, P>} asys and

_ } } . Since the eigen-

z(1)y —

|



Uy = —Py, aaLu‘“:s,i = 1,---, N are bounded, which is the — Pr —d; — FQATAOTO =0 (5¢)
same as (20). So we conclude that system (20) belongs to Pg}in < Pc < P (5d)

Class-S’. | . -
o prin < py < ppx (5¢)
Ppg < TAG0 X PR& (50)

Detailed case study: Here we provide some details of
the practical example given in Section V in the paper. The
network configuration is presented in [4]. For conciseness,
we directly present the system model with a decentralized
integral controller in state-space form:

where § = [01, -+ ,0min|’ is the vector of ancillary
decision variables. In fact, we have replaced P,;,« in (4)
by Pc, 0 to derive (5).

It can be shown that the optimality of problem (4) is
preserved after the reformulation. Finally, the real-time eco-
Power network dynamics: nomic dispatch problem is described as: design Pc and

Msy + Dywy = Pas — dy — I AT AT (3a) Py, so thé.lt. fqr given constant dg,d;, system (3) is .drl\./en
to an equilibrium point where the steady-state optimization

. T T
a=T1wy+15w (3b) " problem (4)/(5) is solved.
w =D, 1(—PL —d; — PQATATa) 3¢) Using Corollary 1, we can reverse-engineer system (3) as
Py = T:Fcl;( Py — Py — R} wy) (3d) ©ne with primal-dual gradient dynamics to solve a saddle
) . point problem
Control input dynamics:
Py = Kp.(R(Py — Pc)) (3e) ap i max L (6)
P = Kp,w GH  and Ls) is given by
where a = [041, tee 7a‘gU£|,1]T, a; = 51' — 6|QU~’3\’ i.e.,

one of the buses with number |G|JL| is regarded as a Ly = —%(Dgwg — Py +dg + FIATATQ)TDQI(Dgwg
reference bus, and Kp,, Kp, are positive diagonal matrices
representing the controller gains.

The optimization problem corresponding to problem (3)
in the paper is:

1
— Py +d, +T1ATAT @) + i(PM —dy —T1ATAT )" D!

1
x (Pyy —dy —T1AT AT @) + §(PL +d + T2 AT AT )" D

1
,min ZQ‘(PM) — Z Ui(Py,) (4a) X (PL+di+T2ATA ) + §(PM — Pc)"R(Py — Pc)
ML g ieL
subject to Py —dy — T1ATATa =0 (4py Where a € RIFUETL Py € RI9%w, € R, Po e

R'g‘,PL € RI£l are decision variables, and dg € R|g|,dl €

T,
—Pp—d—I2ATA a=0 (40)  RILI are constant. Note that for simplicity, we have used the

Pe™ X Py 2 Pg™ (4d)  same notation as in the dynamics (3). Through straightfor-
P]Eniﬂ < P, < pp> (4e) ~ ward derivation, we can show that system dynamics (3) can
Pjn%q <7 AT o < ppx (4f) be rewritten (;12

where C;(Pyy,) is the cost function for each generator and is &53) = Muwy (wy is given in (3a))

a strictly convex function in Pay,, U;(Py,) is the utility func- OL)

tion for each controllable load and is a strictly concave func- 3 = —ATAT& ( & is given in (3b))

tion in Py,,, Equations (4b)-(4c) represent power flow balance ) L(g ) )

at each bus, Equations (4d)-(4f) are capacity constraints for = —TrgRPy (Pyy is given in (3d))

generators, loads, and transmission lines respectively, and 8ép£4

PEt, Pe™, P, P, Ppe, Ppe’ are corresponding capac- @) K;cl' Pe (P is given in (3e))

ity vectors. Note that by setting P:‘an‘J = Pj@‘é‘“ , the 9Pc

scheduled power flow in line (7, j) can be maintained. IL(s) — _K3'P; (Py is given in (3)).

Since the dynamics of P,; and « are constrained by (3) Py Pu
during the transient, they therefore cannot be instantaneously Now for problem (5), formulate its Lagrangian as

set to the solution of problem (4). Note that Equations (4b)-
(4c) require the frequency to be restored when system (3)  Ls)(Po, Pr, 6, ¢ A p,pn= vt v 0717) = Zci(PCi)

reaches steady state, i.e., wf = 0,7 € G|J L. This results in i€g
Py; = Pe in steady state. So we can reformulate problem (4)  — Z Us(Pp,) +¢T(Po — dy — FlATAgG) + \(=Pp, — 4
as one that can be used to design Po and Pp, given by el

) -T ATATQ + +TP _ pmax + -7 Pmin_P +V+T
PmIIDHQ ZCZ(PCZ) - ZUi(PL’) (Sa) ’ 0ma?( 8 —’1E Cmin c ) M-Q—T( CT C?nax
TR eg €L X (P — Pp™) v (PL" = Pp) + 17 (T'Ag 0 — PreY)
subject to Pc —d, —T1ATALY0 =0 (5b)y  + 17T (PR —TALG)



where ¢, ut, u=, A\, v, v, 1T, 1~ are Lagrange multipliers
(dual vectors) for the constraints in (5). Then we obtain the
following saddle point problem:
i Lsy. 7
Pg}}’rLlﬂ u*,uilﬁ,rvnjﬁ,l*tQC,)\ ®) @)
As a result, solving problem (5) is equivalent to solving
problem (7). Consider the augmented saddle point problem
given by

max

min Law = L3y +vL5
a,Pr,Po,Pr,0 pt,p= vt v=,1+,0720,¢,A\wy © ®)

®)

where v > 0 is constant. A distributed dynamic feedback
controller to solve the real-time economic dispatch problem
can then be derived using L,, and Lemma 1, given by

Power network dynamics:

My + Dywy = Pyy — dg —T1ATAT (9a)
& =TT{w, +T3D; (=P —d; —T2ATATa)  (9b)
Py = Tph(Po — Par — R wy) (9¢)

Control input dynamics:

Po = Kp.(R(Py — Po) —v(C'(Pe) + ¢+ pt — 7))
(9d)

Pr, = Kp, (D, (=P — d; — ToAT AT ) + ~(U'(Pr) + X
vt +v7)) (%)

Ancillary variable dynamics:
0= KgAgT(ATTT¢ + ATDIN 1t +17) (9D

(= K¢(Po —d, — T1AT AL ) g)
A= K\(—Pp —d; — T, ATAL9) (9h)
it =K+ (Pc — P&, (91)
7 =K, (P& = Pe)l ©j)
vt = K, (P — PM)F, (9k)

vo =K, (Pf™ - Pr);}_ oD

[T = K+ (TAY 0 — PPyt (9m)
i~ = K- (PR - TAT0)) ©9n)

where Kpc,Kc,KM+7KM—,KPL,K)\7KV+,KV—,K97K[+,
K- are positive diagonal matrices, all representing the
controller gains. Also for simplicity, we have used vector
forms of positive projection in (91)-(9n).

In Equations (9g)-(%h), the information of dg, d; is needed.
Since the disturbance injection is usually uncertain and/or
hard to measure, we modify these two equations so that
the implementation of the above controller is independent
of dg, d;:

¢ = K¢(Mdy 4 Dyw, + Po — Py +T1ATA o
~T,ATAL9)
A = K\(Dwy, + T2 AT AT o — T, AT AT9)

(10a)
(10b)

where we have substituted system dynamics (3) into (9g)-
(%h). It is important to note that controller (9d)-(9n) is

completely distributed, i.e., states are updated using only
local information and signals from their neighborhood.

An alternative way is to use Lemma 3 in the control mod-
ification, in which ancillary decision vectors ]50, 15L, é, é , A
will be introduced. The corresponding extra dynamics can
improve the performance and robustness of the closed-loop
system, as illustrated in [5], [6].
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