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Abstract
This paper considers multi-agent reinforcement learning (MARL) where the rewards are received
after delays and the delay time varies among agents. Based on the V-learning framework, this paper
proposes MARL algorithms that efficiently deal with reward delays. When the delays are finite, our
algorithm reaches a coarse correlated equilibrium (CCE) with rate Õ(H

3√STK

K + H3
√
SA√
K

) where
K is the number of episodes, H is the planning horizon, S is the size of the state space, A is the size
of the largest action space, and TK is the measure of the total delay defined in the paper. Moreover,
our algorithm can be extended to cases with infinite delays through a reward skipping scheme. It
achieves convergence rate similar to the finite delay case.
Keywords: Reward Delays, Markov Games, Multi-Agent Reinforcement Learning

1. Introduction

Multi-agent reinforcement learning (MARL) finds extensive applications such as recommendation
systems (Zhao et al., 2020), medical treatments (Li et al., 2022; Martinho et al., 2021), multi-agent
robotics systems (Brambilla et al., 2013; Malus et al., 2020; Choi and Ahn, 2010), autonomous
driving (Kiran et al., 2021), etc. In these multi-agent problems, individuals aim to learn to interact
with the environment under the influence of other agents.

Motivated by the empirical success of MARL, there is a surge of recent studies focusing on de-
signing MARL algorithms with theoretical convergence guarantees such as V-learning, V-learning
OMD, SPoCMAR, etc (Jin et al., 2021; Song et al., 2021; Daskalakis et al., 2022; Mao and Başar,
2022). In these algorithms, agents rely on real-time observations of the reward values to update their
policies or value functions. However, in reality, rewards generally come with delays. For example,
in multi-agent robotics systems (Duan et al., 2022), it takes time for the robots to communicate
and gather the information of other agents, leading to delays in rewards. Another example is the
medical treatment process (Li et al., 2022), where the effectiveness of a treatment strategy cannot
be observed immediately. It generally takes a long time for a patient to respond and recover. In
addition, the delays are typically heterogeneous, depending on factors such as the status of commu-
nication channels or thepatient’s physiological state. All these real-life examples suggest that it is
crucial to understand how delays affect the learning process and how to design RL algorithms that
could accommodate reward delays efficiently.

There has been extensive empirical work on MARL with reward delays. Different approaches
are proposed to handle delays, including but not restricted to evaluating curiosity (Shao et al., 2019),
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learning temporal structures (Hauwere et al., 2011), predicting strategic interactions between agents
(Tang et al., 2018), and predicting the environment (Firoiu et al., 2018) with neural networks. How-
ever, from the theoretical perspective, few results are known for MARL. Other related settings
include single-agent reinforcement learning (SARL) and multi-arm bandit (MAB). For SARL, two
recent work (Lancewicki et al., 2022; Jin et al., 2022) studies adversarial reward delays. Unfor-
tunately, their methods suffer from the curse of dimensionality when directly extended to MARL.
Other previous work (Walsh et al., 2009; Katsikopoulos and Engelbrecht, 2003) only focuses on
constant reward delays. For MAB, Gyorgy and Joulani (2021); Zimmert and Seldin (2020); Gael
et al. (2020) tackle adversarial reward delays while Cesa-Bianchi et al. (2016); Neu et al. (2010) fo-
cus on constant reward delays. In the MARL setting, there also exist lines of work studying state or
action delays in multi-agent settings (Agarwal and Aggarwal, 2021; Bouteiller et al., 2020b; Chen
et al., 2020), but the settings studied in these papers are different from the reward delay considered
in our paper and thus are out of scope of this paper.

Our Contributions. In this paper, we focus on a specific type of MARL model, the general-sum
Markov games (Shapley, 1953; Littman et al., 2001). We propose the delay-adaptive multi-agent
V-learning (DA-MAVL) to learn coarse-correlated equilibria (CCEs) under reward delays, in which
the learning of the agents can be finished in a fully decentralized manner. Namely, every agent runs
its own learning algorithm without communicating with others. Note that this is nontrivial because
different agents may receive reward for the same visit at different episodes due to the heterogeneous
delays among agents which might lead to misalignment and divergent behavior. Our DA-MAVL
algorithm circumvents this problem by carefully selecting proper reward information for learning
and aligning the behaviour of the agents, leading the algorithm to converge to CCEs.

In the case of finite delays, our algorithm achieves the CCE-gap as small as Õ(H
3
√
STK

K +
H3

√
SA√
K

) with K episode-samples (Theorem 1). Here H is the planning horizon, S is the size of
the state space, A = maxm |Am| is the largest size of one agent’ action space, and TK can be seen
as a measure of the total delay. In the worst case,

√
TK is the order of O(

√
K), which implies the

CCE-gap is as small as Õ( 1√
K
). This dependence of K matches the original result of V-learning

(Jin et al., 2021; Song et al., 2021), indicating that DA-MAVL successfully aligns the behaviour of
the agents. Moreover, both terms are independent of the number of agents, meaning that DA-MAVL
scales nicely with the system size. Our proposed DA-MAVL algorithm can be easily extended to
cases with infinite delays. With a novel skipping metric inspired by Zimmert and Seldin (2020),
our algorithm can skip the infinite delays without previous knowledge of the delay sequence and
achieve the CCE-gap similarly to the finite delay case (Theorem 1). To the best of our knowledge,
our results give the first convergence rate guarantee for general-sum MGs under adversarial reward
delays.

Due to the space limit, we defer “related work”, detailed algorithms, proofs, and simulation
settings in the appendix of the online report (Zhang et al., 2022) of this submission.

2. Problem Setup & Preliminary

2.1. Markov Games with Reward Delays

We study general-sum Markov games (MGs, also called stochastic games in Shapley (1953)) with
reward delays. In its episodic and tabular form, an MG can be defined by the following tuple:

MG
(
H,S,{Am}m∈[M ], {Ph}h∈[H], {rm,h}m∈[M ],h∈[H], {dnm,h(s)}m∈[M ],h∈[H],s∈S,n∈[K]

)
. (1)
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Here we use [m] to denote the set of {1, . . . ,m}, and in the subscripts, m ∈ [M ] stands for the
agents, k ∈ [K] stands for the episode, h ∈ [H] stands for the time step over the finite horizon.
S is a global state space with cardinality S = |S|. Am is the action space of agent m. Define
A = maxm∈[M ] |Am|. The joint action space is given by A = A1× · · · ×AM , and the joint action
is given as a = (a1, . . . , aM ). Ph(s

′|s,a) with s, s′ ∈ S,a ∈ A is the transition function for step h.
rm,h(s,a) is a deterministic reward for agent m at step h when the current state and joint action are
s and a. The sequence {dnm,h(s)}m∈[M ],h∈[H],s∈S,n∈N represents the delays of the rewards which
will be introduced in detail in later paragraphs. Without loss of generality, we assume that every
episode k starts from a fixed initial state s1.1 At every step h, every agent observes the current state
skh, takes action akm,h. The environment then transits to the next state skh+1 according to Ph until
step H + 1 is reached.

Visits and happening order: When the agents visit state s at step h for the n-th time, we say that
the n-th visit of (h, s) happens, and n is the happening order of this visit.

Delays: In this paper, we allow the delays of the rewards to be heterogeneous among different
agents m, different visits (h, s) and different happening orders n. In specific, for the n-th visit of
(h, s) which happens at episode k, agent m will receive its reward rm,h(s,a) by the end of episode
k + dnm,h(s). When dnm,h(s) = 0, our model is the classical MG where the reward rm,h(s,a) is
received by the end of k.

(Un)received visits, (un)usable visits: When the reward of a visit has been received, we call the
visit a received visit; otherwise, we call it an unreceived visit. It is worth mentioning that visits that
happen early are not necessarily received early.

We denote the episode in which the n-th visit of (h, s) happens as knh(s). At the beginning of
episode knh(s),

2 for agent m, because of the reward delays, some of the first n − 1 visits of (h, s)
may not be received. In this case, we define index enm,h(s) as the earliest unreceived visit:

enm,h(s) := min
{
j : djm,h(s) + kjh(s) > knh(s)− 1, j ∈ [n− 1]

}
. (2)

If all of the first n− 1 visits have been received, we define

enm,h(s) = n. (3)

It means that all the visits of (h, s) that happen earlier than the enm,h(s)-th visit have been received
before episode knh(s) starts; but the enm,h(s)-th visit has not been received yet.

We call a received visit as usable if and only if all visits happening earlier have all been received.
Before episode knh(s) starts, the usable visits of (h, s) would be the visits that happen before the
enm,h(s)-th visit, i.e., visits with happening order 1, 2, . . . , enm,h(s)− 1.

In our algorithm, to ensure that the agents are aligned, we only use some of the usable visits at
every episode. Consequently, the performance of our algorithm strongly relates to the number of
unusable and unreceived visits. We define a counting sequence {T n

m,h(s)}m∈[M ],h∈[H],s∈S,n∈[K] as:

T n
m,h(s) :=

n∑
i=1

(
i− eim,h(s)

)
=

n∑
i=1

(
i−min

{
j : djm,h(s) + kjh(s) > kih(s)− 1

})
, (4)

where T n
m,h(s) counts the accumulated number of unusable and unreceived visits of (h, s) till the

n-th visit. Note that in the classical MG setting without reward delays, we have T n
m,h(s) = 0.

1. For any MG with initial distribution µ, one can always add a step with only one state ahead and let the transition
function be µ for all actions, leading to an equivalent MG with a fixed initial state.

2. Without causing any confusion, we will use “at the beginning of episode k” and “by the end of episode k − 1”
interchangeably.
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2.2. Objectives - Coarse Correlated Equilibrium

Agent m’s policy is denoted as πm = {πm,h}h∈[H]. The policy at step h is πm,h : Ω × (S ×
A)h−1 × S → ∆Am , where πm,h maps a random sample ωh from probability space Ω and a
trajectory (s1,a1, . . . , sh) to a point in probability simplex ∆Am . An important subclass of policy
is the independent Markov policy, with πm,h : S → ∆Am maps the current state to a point in
probability simplex ∆Am .

A joint policy π is a set of policies {πm}m∈[M ] of all agents. If the random samples {ωh ∈
Ω}h∈[H] are shared among all agents, policies of all agents are correlated. In this case, we denote
the joint policy π as π = π1⊙π2⊙ . . .⊙πM , and call π as a correlated policy. We also use
π−m = π1⊙. . .πm−1 ⊙πm+1 . . .⊙πM to denote the policy excluding agent m. If the randomness
of πm is independent of other policies π−m, i.e., the random samples {ωh ∈ Ω}h∈[H] are shared
among agents except agent m, we denote the joint policy as π = πm × π−m.

For a joint policy π, we define its value function for agent m as:

V π
m,h(sh) := Eπ

[ H∑
h′=h

rm,h′(sh′ ,ah′)|sh
]
, ∀m ∈ [M ]. (5)

Given policy π−m, the best response for agent m is defined as the best policy that maximizes the
value function for agent m, i.e., π†

m = argmaxπm
V

πm×π−m

m,1 . For notation simplicity, we denote

the value function of the best response as V †,π−m

m,h = V
π†
m,π−m

m,h . Our objective is to find a joint policy
π that is an ϵ-coarse correlated equilibrium (CCE) defined as follows:

Definition 1 (Coarse Correlated Equilibrium (CCE (Young, 2004))) We define the CCE-gap of
a joint policy π as:

CCE-gap(π) := max
m∈[M ]

(V
†,π−m

m,1 − V π
m,1)(s1). (6)

A joint policy π is a CCE if the CCE-gap is zero:

CCE-gap(π) = 0. (7)

A joint policy π is an ϵ-CCE if the CCE-gap satisfies:

CCE-gap(π) ≤ ϵ. (8)

When agents reach a CCE, they have no incentive to deviate to any independent policies.

3. Delay-Adaptive Multi-Agent V-Learning

In this section, we present our main algorithm: Delay-Adaptive Multi-Agent V-Learning (DA-
MAVL). Similar to V-learning in Jin et al. (2021); Song et al. (2021), DA-MAVL contains two
consecutive algorithms - i) the training algorithm (Algorithm 1), where agents learn and store a set
of independent Markov policies {π̂k

m,h}m∈[M ],h∈[H],k∈[K], and ii) the output algorithm (Algorithm
2), which constructs the final output policies (which can be correlated and non-Markov) {πm}m∈[M ]

from the set of independent Markov policies {π̂k
m,h}m∈[M ],h∈[H],k∈[K]. The training algorithm is

decentralized, i.e., agents update their own policies with their own delayed rewards and without
communication between agents. The algorithm framework resembles the V-learning algorithm but
comes with a mechanism that carefully chooses usable visits for learning. This mechanism enables
agents to align their behaviour under the influence of heterogeneous reward delays and leads the
algorithm toward convergence (see more discussions at the end of next subsection).
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Recall that knh(s) is the episode when the agents visit (h, s) for the n-th time. For agent m,
we also define nk

m,h(s) as the count of happened visits of (h, s) and define nk
m,h(s) as the count of

usable visits of (h, s) at the beginning of episode k.

3.1. The Training Algorithm

We now present the training algorithm for DA-MAVL (Algorithm 1). The algorithm contains three
major processes, which we name as ‘Preparation’, ‘Learning’ and ‘Sampling’. At each episode k,
for every agent m and (h, s), the three processes are carried out iteratively through episodes:

• In the ‘Preparation’ process, we keep track of three important sets, namely the set of visits to be
used Fm,h(s) (including all usable visits that have not been used previously), the set of unusable
visitsM+

m,h(s) and the set of unreceived visitsM−
m,h(s). Usable Visits in Fm,h(s) will be fed

into later processes and will no longer be used again in future episodes. Unusable and unreceived
visits inMm,h(s) =M

+
m,h(s) ∪M

−
m,h(s) are stored in memory until they become usable.

Note that for setM =Mm,h(s) (orM =M−
m,h(s)), whose entries are tuples (i, a, π̂, V ′

, V ′, r)

(or (i, a, π̂, V ′
, V ′)) indexed by the first element i, we define arg{M} := {i} as the set of indices.

• In the ‘Learning’ process, visits in Fm,h(s) are fed into subroutines ‘VALUE UPDATE’ and
‘POLICY OPT’ (Algorithm 3 and Algorithm 4 in Appendix C.1 in Zhang et al. (2022)) con-
secutively in their happening orders. Subroutine ‘VALUE UPDATE’ keeps track of an “opti-
mistic” value estimate V m,h(s) by using all visits in Fm,h(s) with parameters αi and β

i
m,h(s).

Note that αi can be viewed as the learning rate and β
i
m,h(s) is a bonus term. Subroutine ‘POL-

ICY OPT’ runs an adversarial-bandit-type algorithm (similar to the algorithm in Zimmert and
Seldin (2020)) to update the policy, where the bandit loss is calculated using the optimistic value
estimates V m,h(s).

Note that in Algorithm 1 and Subroutine ‘VALUE UPDATE’, we also introduce a pessimistic
value estimate, V m,h(s). This pessimistic estimate is an auxiliary variable that is not needed for
running the algorithm but is used in the proof.

• In the ‘Sampling’ process, every agent chooses its action based on the updated policy, and the
next state is sampled. Finally, every agent stores related information, receives delayed rewards
and moves on to the next step h+ 1.

Discussions - The role of usable visits. As previously mentioned, one key challenge for the decen-
tralized learning algorithm is to avoid misalignment under heterogeneous reward delays of different
agents. Our algorithm addresses this challenge by only using usable visits for learning in subrou-
tines ‘VALUE UPDATE’ and ‘POLICY OPT’. The main intuition is to ensure that the happening
order of the visits is also the order in which they are used in the subroutines. Consequently, although
the reward of a visit might be received and used in different episodes for different agents, the orders
in which the visits are used remain the same among agents. This enables agents to keep aligned
without any communication during the training algorithm and leads to better performance.

To better understand the role of usable visits, we also compare our algorithm numerically with
the naive algorithm, where visits are immediately fed into subroutines once they are received (see
Appendix C.2 in Zhang et al. (2022) for details). Notice that in the naive algorithm, the reward
of the same visit may be used in different orders among agents, which causes misalignment of the
agents. The numerical results are discussed in Section 6, where we indeed observe that with the
notion of usable visits, our algorithm outperforms the naive algorithm. Additionally, we also tried
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to analyze the performance of the naive method, yet failed to give a rigorous bound due to the
misalignment caused by the heterogeneity of the delay. However, it remains an open question to
prove or to disapprove whether the naive method would converge to a CCE.

Algorithm 1: DA-MAVL Training for Agent m
Init: ∀(h, s), n0

m,h(s)← 0, n0
m,h(s)← 0, T 0

m,h(s)← 0, Fm,h(s)← ∅,Mm,h(s)← ∅;
1 for Episode k = 1, . . . ,K do
2 Receive initial state sk1;
3 for Step h = 1, . . . ,H do
4 // Preparation
5 s← skh;
6 for (i, a, π̂, V

′
, V ′, r) ∈M+

m,h(s) do
7 if ∀j < i, j /∈ arg{M−

m,h(s)} then
8 Save (i, a, π̂, V

′
, V ′, r) to Fm,h(s); Remove (i, a, π̂, V

′
, V ′, r) fromM+

m,h(s);
9 n ← nk

m,h(s) = nk−1
m,h(s) + 1; n ← nk

m,h(s) = nk−1
m,h(s) + |Fm,h(s)|;

10 T n
m,h(s)← T

n−1
m,h (s) + |Mm,h(s)|;

11 // Learning

12 V
k
m,h(s), V

k
m,h(s)← VALUE UPDATEm,h,s

(
Fm,h(s), n

)
;

13 π̂k
m,h(·|s)← POLICY OPTm,h,s

(
Fm,h(s), n

)
;

14 // Sampling
15 Take action akm,h ∼ π̂k

m,h(·|s); Observe next state skh+1;
16 for s′ ∈ S\s do
17 nk

m,h(s
′)← nk−1

m,h(s
′); nk

m,h(s
′)← nk−1

m,h(s
′);

18 V
k
m,h(s

′)← V
k−1
m,h(s

′); V k
m,h(s

′)← V k−1
m,h(s

′); π̂k
m,h(·|s′)← π̂k−1

m,h (·|s
′);

19 for Step h = 1, . . . ,H do
20 Save

(
nk
m,h(s

k
h), a

k
m,h, π̂

k
h(a

k
m,h|skh), V

k
m,h+1(s

k
h+1), V

k
m,h+1(s

k
h+1)

)
toM−

m,h(s
k
h);

21 Receive delayed rewards for all states s;
22 for Delayed Reward (m,h, s, i, r) do
23 Extract and remove

(
i, a, π̂, V

′
, V ′) fromM−

m,h(s);

24 Save
(
i, a, π̂, V

′
, V ′, r

)
toM+

m,h(s);

3.2. Execution of the Output Policy

Algorithm 1 outputs a set of independent Markov policies {π̂k
m,h}m∈[M ],h∈[H],k∈[K]. Based on this

policy set, we now construct joint policy π = {πm}m∈[M ] as the output of DA-MAVL. The policy
is defined by its execution in Algorithm 2. Notice that all random samples (line 1 and line 4) are
shared across all agents. This algorithm mainly follows V-learning in Jin et al. (2021); Song et al.
(2021) except for the modification in line 3. It ensures the estimated value functions in Algorithm 1
upper bound the policy performance. We refer readers to the original work for more intuitions.

4. Performance Guarantee and Proof Sketches

Recall that the counting sequence {T n
m,h(s)}m∈[M ],h∈[H],s∈S,n∈[K] (Equation (4)) is agent m’s accu-

mulated count of unusable and unreceived visits till the n-th visit of (h, s). Also, recall that nk
m,h(s)

6
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Algorithm 2: DA-MAVL Output for πm
1 Sample k ∼ Uniform([K]);
2 for step h = 1, . . . ,H do
3 Observe current state sh; n← maxm nk

m,h(sh);
4 Sample i from [n] with probability αi

n; k ← kih(sh);
5 Take action am,h ∼ π̂k

m,h(·|sh);

is the count of usable visits of (h, s) at the beginning of episode k. Using the two notations, we

define TK := maxm,h
∑

s∈S T
nK
m,h(s)

m,h (s) which will be used in bounding the CCE-gap after K
episodes. We will assume that the reward delays of the MG are upper bounded by some constant.

Assumption 1 The delays are bounded by dmax, that is, max
m∈[M ],h∈[H],s∈S,n∈[K]

dnm,h(s) ≤ dmax.

Now we are ready to present the performance guarantee for DA-MAVL:

Theorem 1 Under Assumption 1, for any δ ∈ (0, 1),K ≥ d2maxSι
3 where ι = log(4MHSAK/δ),

suppose Algorithm 1 is run for K episodes, then the following equation holds for the output policy
π of Algorithm 2 with probability at least 1− δ

CCE-gap(π) = max
m∈[M ]

(
V

†,π−m

m,1 − V π
m,1

)
(s1) ≲ H3

√
STK/K2ι2 +H3

√
SAι/K. (9)

Under Assumption 1, it can be shown (with Lemma 38 in Appendix E.1 in Zhang et al. (2022)):

TK =max
m,h

∑
s∈S
T

nK
m,h(s)

m,h (s) ≤ max
m,h

∑
s∈S

nK
m,h(s)∑
n=1

(
n− enm,h(s)

)
≤ dmax

∑
s∈S

nK
m,h(s) ≤ Kdmax.

Substituting it into Theorem 1 gives the CCE-gap of order Õ(H
3
√
Sdmax+H3

√
SA√

K
). In other words,

in the worst case where the delays are always dmax and every (h, s) is visited for K times, at most
K = Õ

(H6S(dmax+A)
ϵ2

)
episodes are needed for an ϵ-CCE. The influence of the reward delays is

linearly bounded by term Õ(H6Sdmax
ϵ2

) and tends to 0 when dmax goes to 0. Note that our result
bears an extra factor H compared with V-learning (Jin et al., 2021; Song et al., 2021), even when all
delays are zero. This is because we have to choose the parameters generously so that our algorithm
is adaptive to potential delays.

4.1. Proof Sketch of Theorem 1

The proof can be broken down into the following three steps.

STEP 1: Bound the ‘Policy Optimization Regret’. For notation simplicity, we let kn denote
knh(s). For every pair (m,h, s, n), we first define the policy optimization regret Rn

m,h(s):

Rn
m,h(s)= max

am∈Am

n∑
i=1

αi
n

[
E
(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
−
(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)]
, (10)

7
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where a = (am,a−m), αi
n is the weight which we define in Equation (22) in Appendix D in Zhang

et al. (2022), and the expectation is taken over a−m ∼ π̂ki
−m,h(·|s) and s′ ∼ Ph(·|s,a). Intuitively, it

measures the performance of the first n outputs of subroutine ‘POLICY OPTm,h,s’ in Algorithm 1,
i.e. Markov policies {π̂ki

m,h(s)}i∈[n]. Under Assumption 1, we give the following upper bound:

Lemma 1 Suppose Assumption 1 holds. For ∀(m,h, s, k) ∈ [M ]× [H]× S × [K], the following
inequality holds with probability at least 1− δ/2

Rn
m,h(s) ≤ 12H2

√
nA+ T n

m,h(s)

n2
ι+ 2H2dmax

n
ι. (11)

In this lemma, the key difference from V-learning is that the subroutine needs to learn the n-th
output, i.e. π̂kn

m,h(s), without access to all reward information of the first n − 1 visits of (h, s) due
to the reward delays. We have to measure the influence of the delays on outputs. By comparing it
with the no-delay versions, we can show that the influence of the delays can be reflected by term√
T n
m,h(s)/n

2 and dmax/n in Equation (11).

STEP 2: Optimism and Pessimism. Utilizing the regret defined above, we carefully design
bonuses β

n
m,h(s) and β

n
in subroutine ‘VALUE UPDATE’ as follows:

β
n
m,h(s) = Rn

m,h(s) + 2H2dmax

n
ι, β

n
= 2

√
H3

n
ι+ 2H2dmax

n
ι. (12)

With the bonuses, we can show that the value estimates V k
m,h(s) and V k

m,h(s) in Algorithm 1 upper
and lower bound the performance of policy πk

m,h.
Lemma 2 Suppose Assumption 1 holds. For ∀(m,h, s, k) ∈ [M ]× [H]× S × [K], the following
inequality holds with probability at least 1− δ

V
k
m,h(s) ≥ V

†,πk
−m,h

m,h (s), V k
m,h(s) ≤ V

πk
h

m,h(s). (13)

In this lemma, policy πk
h(s) can be seen as part of the output policy π in Algorithm 2, which is used

at steps from h to H . It is formally defined in Algorithm 12 in Appendix D in Zhang et al. (2022).
We note that it is nontrivial to ensure optimism and pessimism under the influence of heteroge-

neous reward delays among agents. Notice that V k
m,h(s) and V k

m,h(s) are calculated only with in-

formation of agent m. However, the output policy πk
h, as in V

†,πk
−m,h

m,h (s) and V
πk
h

m,h(s), is a correlated
policy that takes information of all agents into consideration. Therefore, under heterogeneous de-

lays, it is challenging for V k
m,h(s) and V k

m,h(s) to upper or lower bound V
†,πk

−m,h

m,h (s) and V
πk
h

m,h(s),
breaking the original optimism and pessimism results in V-learning (Jin et al., 2021; Song et al.,
2021). We carefully design bonuses as in Equation 13 to solve this difficulty and ensure optimism
and pessimism.

STEP 3: Bound the CCE-gap. Finally, given Lemma 2, it suffices to bound the gap between the

optimistic and pessimistic value estimates
K∑
k=1

(V
k
m,1 − V k

m,1)(s
k
h).

As is mentioned in Step 2, the value estimates V
k
m,h(s) and V k

m,h(s) are calculated without
access to all information due to the reward delays. This fact increases the variance of the value
estimates. In the proof of this lemma, we carefully consider the number of unreceived and unusable
visits for every episode and analyze its cumulative influence across all episodes.

8
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5. Extension to Infinite Delays

5.1. The Skipping Scheme

The performance of the DA-MAVL algorithm in Section 3 heavily relies on the assumption that
delays are finite. One single infinite delay could prevent the algorithm from convergence because
all visits that happen later are unusable. In this case, it is worth skipping some of the rewards for
better performance. Following the intuitions of Zimmert and Seldin (2020), we extend DA-MAVL
and design a new skipping metric to deal with infinite delays in MARL. Details for the extended
algorithm (DA-MAVL with Reward Skipping) are presented in Appendix C.3 in Zhang et al. (2022).

The critical part of the ‘Skipping’ process is to determine when to skip a visit. When the n-
th visit of (h, s) happens, we maintain the skipping metric ϕi,n

m,h(s) =
∑n

j=i+1(j − i) if the i-th

visit of (h, s) is unreceived. Intuitively speaking, ϕi,n
m,h(s) upper bounds the contribution of the i-th

visit to T n
m,h(s). It is beneficial to skip the i-th visit if ϕi,n

m,h(s) becomes large enough. Following
the intuition of previous reward skipping method in Zimmert and Seldin (2020) in the adversarial
bandit setting, we skip the i-th visit if ϕi,n

m,h(s) exceeds threshold
√
T n
m,h(s). However, we would

like to point out that our design of the skipping metric ϕi,n
m,h(s) is not a direct generalization of

previous skipping method. Unlike the multi-agent setting considered in this paper, the adversarial
bandit setting does not need to consider the heterogeneity of reward delays among agents, thus their
algorithm update does not need to wait for visits to become usable. Correspondingly, the skipping
metric n − i in previous method would fail in our setting, because it no longer upper-bounds the
contribution of the i-th visit to T n

m,h(s).

5.2. Performance Guarantee for DA-MAVL with Reward Skipping

Recall the notation knh(s) stands for the episode when n-th visit of (h, s) happens. With the skipping
scheme, we can also relax Assumption 1 to the following:

Assumption 2 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], there exists a constant C satisfying:
|{i ≤ n : dim,h(s) + kih(s) ≥ knh(s)}| ≤ C. (14)

Intuitively, Assumption 2 requires that for every pair (m,h, s, n), there are at most C unreceived
visits before the n-th visit of (h, s)for agent m. This implies that either large delays do not appear
too many times or delays are not large enough to influence performance. It is worth noting that the
finite delay Assumption 1 implies Assumption 2 with C = dmax. But Assumption 2 is more general
than Assumption 1 because Assumption 2 holds even if there are less than C infinite delays.

Given a subset of visit indices L ⊂ [K], at episode knh(s) when the n-th visit of (h, s) happens,
we define variable en,Lm,h(s) as the earliest unreceived visit outside of L:

en,Lm,h(s) := min
{
j : djm,h(s) + kjh(s) > knh(s)− 1, j ∈ [n− 1]\L

}
. (15)

If all of the first n− 1 visits are received, we let en,Lm,h(s) = n. Now we define T n,L
m,h (s) as follows:

T n,L
m,h (s) :=

n∑
i=1

i− ei,Lm,h(s). (16)

It counts the accumulated number of unusable and unreceived visits outside of L for the first n
visits of (h, s). Finally, we also define T K,L

m,h :=
∑

s∈S T
nK
m,h(s),L

m,h (s). Intuitively, it counts the
accumulated number of unusable and unreceived visits outside of L during the K episodes.

Now we are ready to present the performance guarantee for DA-MAVL with Reward Skipping:

9
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Theorem 2 Under Assumption 2, for any δ ∈ (0, 1), K ≥ C6S3ι3 where ι = log(4MHSAK/δ),
suppose Algorithm 9 is run for K episodes, then the following equation holds for the output policy
π of Algorithm 2 with probability at least 1− δ

CCE-gap(π) ≲ CH3max
m,h

min
L

{
S|L|
K

+

√
ST K,L

m,h

K2

}
ι2 +H3

√
SA

K
ι. (17)

Theorem 2 implies that DA-MAVL with Reward Skipping can still obtain convergence to CCE
when there are infinite delays. Consider the case where all delays are upper bounded by constant
dmax, except for C infinite delays for every (h, s). Let Lm,h = {n : ∃s, dnm,h(s) = ∞} denote
all visit indices where the delay is infinite for some state s and fixed pair (m,h). We then have
|Lm,h| ≤ CS and T K,Lm,h

m,h ≤ Kdmax. Substituting into Theorem 2 gives CCE-gap of order

Õ(H
3
√
Sdmax+H3

√
SA√

K
), which is exactly the same as the result of Theorem 1.

6. Simulations

We simulate our algorithms in a simple single-state MG with M = 3, S = 1, A = 2, H = 1. Due
to the space limit, the simulation settings are introduced in Appendix B in Zhang et al. (2022). We
only present the simulation results in Figure 1. We can see that our algorithm outperforms the naive
algorithm (mentioned in Section 3) when delays are finite. Moreover, our novel skipping metric
outperforms previous skipping method (mentioned in Section 5.1) when delays are infinitely large.

Figure 1: Left: CCE-gap for Output Policy of DA-MAVL (Our Method) and the Naive Algorithm (Naive
Method); Center: CCE-gap for Output Policy of DA-MAVL under Different Delay Sequences;
Right: CCE-gap for Skipping Metrics in DA-MAVL with Reward Skipping (Our Method), in
Previous Work (Zimmert and Seldin, 2020) (Previous Method) and No Skipping (Naive Method).

7. Conclusion

This paper studies MARL with reward delays. For finite delays, we propose MARL algorithms
with a novel mechanism to choose proper visits for learning, so that agents can reach a CCE even
when facing heterogeneous delays. We also adapt our algorithm to cases with infinite delays using a
novel reward skipping metric. High probability bounds are given on the CCE-gap of our algorithms.
There are many interesting future directions, such as proving or disproving the convergence of the
naive algorithm (Appendix C.2 in Zhang et al. (2022)), providing lower bounds on the CCE-gap for
MARL with reward delays, relaxing Assumption 2 for infinite delays, extending current results to
MGs with function approximation, etc.

10
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Appendix A. Related Work

MARL algorithms with theoretical guarantees. In MARL, it is a standard objective to find CCEs
of the underlying MG (Jin et al., 2021). There is a recent line of work providing non-asymptotic
guarantees for learning CCEs of general-sum MGs. Generally speaking, existing model-based al-
gorithms (Subramanian et al., 2021; Liu et al., 2021) suffer from the curse of dimensionality in
finding CCEs (Jin et al., 2021; Song et al., 2021). They require samples exponentially related to the
number of agents to achieve the learning objective. Recent model-free algorithms (Jin et al., 2021;
Song et al., 2021; Daskalakis et al., 2022; Mao and Başar, 2022) have successfully broken the curse,
providing sample complexity not directly related to the number of agents. V-Learning in Jin et al.
(2021); Song et al. (2021) is one of the algorithms that achieve this breakthrough.

Another common objective in this setting is the Nash Equilibrium. However, it is proven PPAD-
hard by previous work (Daskalakis et al., 2009).

Delays in MARL. Different kinds of delays may occur in MARL, including but not restricted to
state delays (or observation delays), action delays and reward delays (or feedback delays) (Agarwal
and Aggarwal, 2021). We acknowledge that there exist lines of work on state and action delays
(Agarwal and Aggarwal, 2021; Bouteiller et al., 2020b; Chen et al., 2020), but they are beyond the
scope of this paper. In MARL with state delays, the major challenge is how to predict the current
state from previous information. In MARL with action delays, the challenge is to predict when
the actions will take effect. However, the focus of our paper is to better evaluate the current state
and action with available information instead of predicting what they are. Most paper concerning
reward delays in MARL is empirical (Shao et al., 2019; Tang et al., 2018; Hauwere et al., 2011).
As discussed previously, they resort to alternative mechanisms to guide the agents instead of using
rewards directly. Currently, the mechanisms are formed using deep neural networks that are hard to
explain theoretically.

Reward delays in MDP. Recently, empirical single-agent RL algorithms have achieved great progress
in handling reward delays (Bouteiller et al., 2020a; Arjona-Medina et al., 2019; Yin et al., 2018). In
contrast, theoretical aspect of the problem is relatively unexplored. The two available previous work
(Lancewicki et al., 2022; Jin et al., 2022) studies adversarial reward delays. Take the latter as an ex-
ample. For an adversarial MDP with state space size S, action space size A, planning horizon H and
total delay D, their algorithm achieves the optimal gap Õ(H2S

√
A/K +H5/4(SA)1/4

√
D/K2)

with high probability after K episodes. This result matches ours (Theorem 1) in terms of episode
number K and total delay D. However, as mentioned before, these model-based methods maintain
exponentially many parameters that prohibit them from being tractable in the multi-agent setting.
Our algorithm, based on V-Learning, is a completely different model-free algorithm that success-
fully breaks the curse.

Reward delays in multi-arm bandit (MAB). There exist extensive theoretic work in MAB that
deals with delays. Gyorgy and Joulani (2021); Zimmert and Seldin (2020); Joulani et al. (2017);
Gael et al. (2020) tackle delays chosen by adversarial while Cesa-Bianchi et al. (2016); Neu et al.
(2010) concern constant delays. Typically, their algorithms gives optimal gap Õ

√
A/K +D/K2,

where A is the number of actions, D is the total delay, and K is the number of episodes. All
the above literature provides precious insights for this paper. But the MAB setting is completely
different from MARL, since there are no state transitions and cooperation between agents.
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Appendix B. Simulation Settings

We simulate a simple single-state MG with M = 3, S = 1, A = 2, H = 1. The agents visit state
s1. Reward r = 1 is given if all agents choose action one, and r = 0.5 is given if all agents choose
action two. Otherwise, reward r = 0.

Finite Delays. We first simulate DA-MAVL (Section 3) with respect to the naive algorithm (Ap-
pendix C.2) under delay sequence 1 as follows:

dn1,1(s1) = 20− 2 · (i mod 10), dn2,1(s1) = 5, dn3,1(s1) = 5. (18)

We plot the CCE-gap maxm∈[M ](V
†,πk

−m,1

m,1 − V
πk
1

m,1)(s1) of every episode k in Figure 1 (left). DA-
MAVL (Our Method) achieves satisfying convergence results, which aligns with our intuition in
section 3.1. Contrarily, the naive algorithm (Naive Method) fails to converge in limited episodes.

We then show the influence of the delays on DA-MAVL in Figure 1 (center). Delay sequence
2 and delay sequence 3 are four and nine times the value of delay sequence 1. The numeric result
matches Theorem 1 in two ways: i). The CCE-gap of our output policy converges to 0; ii). The
CCE-gap of our output policy is positively related to dmax.

Infinite Delays. For the simulations of infinite delays, we set the delays as follows:

dn1,1(s1) =

{
∞ , n mod 10 ≤ 5
0 , else

, dn2,1(s1) = 5, dn3,1(s1) = 5. (19)

Namely, for agent 1, there will be five infinite delays every ten visits of s1. The numerical results for
skipping metric in DA-MAVL with Reward Skipping (Algorithm 9) (Our Method), skipping metric
in previous work (Zimmert and Seldin, 2020) (Previous Method) and no skipping scheme in DA-
MAVL (Algorithm 1)(Naive Method) is shown in Figure 1 (right). As is suggested in the figure,
the algorithm without delay skipping will not converge because of the infinite delays. However,
our algorithm with method skips all infinite delays and behaves as if they do not exist, and enjoys
superiority over previous skipping methods in the setting of this paper.

Appendix C. Algorithms and Subroutines

C.1. Subroutines for DA-MAVL Training (Algorithm 1)

Algorithm 3: Subroutine VALUE UPDATEm,h,s for agent m for Algorithm 1

Init: n← 0, Ṽm,h(s)← H + 1− h, V˜m,h(s)← 0; V m,h(s)← H + 1− h; V m,h(s)← 0;
1 Receive F , n;
2 Ṽm,h(s)← Ṽm,h(s)− β

n
m,h(s); V˜m,h(s)← V˜m,h(s) + β

n
; n← n;

3 for (i, a, π̂, V
′
, V ′, r) ∈ F do

4 Ṽm,h(s)← (1− αi)Ṽm,h(s) + αi(r + V
′
);

5 V˜m,h(s)← (1− αi)V˜m,h(s) + αi(r + V ′);
6 Ṽm,h(s)← Ṽm,h(s) + β

n
m,h(s); V˜m,h(s)← V˜m,h(s)− β

n
;

7 V m,h(s)← min
{
H + 1− h, Ṽm,h(s), V m,h(s)

}
;V m,h(s)← max

{
0, V˜m,h(s), V m,h(s)

}
;
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Algorithm 4: Subroutine POLICY OPTm,h,s for agent m for Algorithm 1

Init: ∀a ∈ A, L̂m,h(s, a)← 0;
1 Receive F , n;
2 for (i, a, π̂, V

′
, V ′, r) ∈ F do

3 for a′ ∈ A do
4 l̂im,h(s, a

′) = I(a′ = a)
[
H−r−V

′

H

]/[
π̂ + γim,h(s)

]
;

5 L̂m,h(s, a
′) = L̂m,h(s, a

′) + wi l̂
i
m,h(s, a

′);
6 π̂h(·|s) ∝ exp

(
− (ηnm,h(s)/wn)L̂m,h(s, ·)

)
;

7 Empty F ;

Parameters for the above subroutines are defined as follows:

αn =
H + 1

H + n
, n ≥ 1, γnm,h(s) = ηnm,h(s) =

√
ι

nA+ T n
m,h(s)

, n ≥ 1,

β
n
m,h(s) =

 12H2

√
nA+ T n

m,h(s)

n2
ι+ 4H2dmax

n
ι, n ≥ 1

0, n = 0
,

β
n
=

 2

√
H3

n
ι+ 2H2dmax

n
ι, n ≥ 1

0, n = 0
, wn =

{
αn

∏n
i=2(1− αi)

−1, n ≥ 2
1, n = 1

,

(20)

where log(4MHSAK/δ), and T n
m,h(s) is a parameter maintained by Algorithm 1. Note that here

β
n

does not depend on (m,h, s).

C.2. Naive Multi-Agent V-Learning (Naive-MAVL)

Algorithm 5: Naive-MAVL Training for Agent m

Init: ∀(s, h), n0
m,h(s)← 0; n0

m,h(s)← 0; T 0
m,h(s)← 0; Fm,h(s)← ∅;M−

m,h(s)← ∅;
1 for Episode k = 1, . . . ,K do
2 Receive initial state sk1;
3 for Step h = 1, . . . ,H do
4 //Preparation
5 s← skh; n ← nk

m,h(s) = nk−1
m,h(s) + 1; n ← nk

m,h(s) = nk−1
m,h(s) + |Fm,h(s)|;

6 T n
m,h(s)← T

n−1
m,h (s) + |Mm,h(s)|;

7 // Learning

8 V
k
m,h(s), V

k
m,h(s)← VALUE UPDATEm,h,s

(
Fm,h(s), n

)
;

9 π̂k
h(·|s)← POLICY OPTm,h,s

(
Fm,h(s), n, n

)
;

10 // Sampling
11 Take action akh ∼ π̂k

h(·|s); Observe next state skh+1;
12 for s′ ∈ S\s do
13 nk

m,h(s
′)← nk−1

m,h(s
′); nk

m,h(s
′)← nk−1

m,h(s
′);

14 V
k
m,h(s)← V

k−1
m,h(s); V k

m,h(s)← V k−1
m,h(s); π̂k

m,h(·|s)← π̂k−1
m,h (·|s);
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15
16 for Step h = 1, . . . ,H do
17 Save

(
nk
m,h(s

k
h), a

k
h, π̂

k
h(a

k
h|skh), V

k
m,h+1(s

k
h+1), V

k
m,h+1(s

k
h+1)

)
toM−

m,h(s
k
h);

18 Receive delayed reward for all states s;
19 for Delayed Reward (m,h, s, i, r) do
20 Extract and remove

(
i, a, π̂, V

′
, V ′) fromM−

m,h(s);

21 Save
(
i, a, π̂, V

′
, V ′, r

)
to Fm,h(s);

Algorithm 6: Execution of Output Policy πm for Naive-MAVL
1 Sample k ∼ Uniform([K]);
2 for step h = 1, . . . ,H do
3 Observe current state sh; n← nk

m,h(sh);
4 Sample i from [n] with probability αi

n; k ← kim,h(sh);
5 Take action am,h ∼ π̂k

m,h(·|sh);

Notice that the random samples can not be shared across all agents, because the visits are used in
different orders for different agents in the subroutines.

Algorithm 7: Subroutine VALUE UPDATEm,h,s for agent m for Algorithm 5

Init: n← 0; Ṽm,h(s)← H + 1− h; V˜m,h(s)← 0; V m,h(s)← H + 1− h; V m,h(s)← 0;
1 Receive F , n, n;
2 Ṽm,h(s)← Ṽm,h(s)− β

n
m,h(s); V˜m,h(s)← V˜m,h(s) + β

n
; n← n − |F|;

3 for (j, a, π̂, V
′
, V ′, r) ∈ F do

4 n← n+ 1;

5 Ṽm,h(s)← (1− αn)Ṽm,h(s) + αn

(
r + V

′
)

;

6 V˜m,h(s)← (1− αn)V˜m,h(s) + αn

(
r + V ′

)
;

7 Ṽm,h(s)← Ṽm,h(s) + β
n
m,h(s); V˜m,h(s)← V˜m,h(s)− β

n
;

8 V m,h(s)← min
{
H + 1− h, Ṽm,h(s), V m,h(s)

}
;V m,h(s)← max

{
0, V˜m,h(s), V m,h(s)

}
;

Algorithm 8: Subroutine POLICY OPTm,h,s for agent m for Algorithm 5

Init: ∀a ∈ A, L̂m,h(s, a)← 0;
1 Receive F , n, n; n← n − |F|;
2 for (j, a, π̂, V

′
, V ′, r) ∈ F do

3 n← n+ 1;
4 for a′ ∈ A do
5 l̂nm,h(s, a

′) = I(a′ = a)
[
H−r−V

′

H

]/[
π̂ + γjm,h(s)

]
;

6 L̂m,h(s, a
′) = L̂m,h(s, a

′) + wn l̂
n
m,h(s, a

′);
7 π̂h(·|s) ∝ exp

(
− (ηnm,h(s)/wn)L̂m,h(s, ·)

)
;

8 Empty F ;

All parameters share the same definition with those in previous subsection.
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C.3. DA-MAVL with Reward Skipping

Algorithm 9: DA-MAVL Training with Reward Skipping for Agent m
Init: ∀(s, h), n0

m,h(s)← 0, n0
m,h(s)← 0, T 0

m,h(s)← 0, Fm,h(s)← ∅,Mm,h(s)← ∅;
1 for Episode k = 1, . . . ,K do
2 Receive initial state sk1;
3 for Step h = 1, . . . ,H do
4 s← skh;
5 // Skipping
6 n ← nk

m,h(s) = nk−1
m,h(s) + 1; n ← nk

m,h(s) = nk−1
m,h(s);

7 for (i, a, π̂, V
′
, V ′, r) ∈M−

m,h(s) do
8 ϕi,n

m,h(s)← ϕi,n
m,h(s) + n − i;

9 if ϕi,n
m,h(s) >

√
T n
m,h(s) then

10 Save (i, a, π̂,H, 0, 0) to Fm,h(s); Remove (i, a, π̂, V
′
, V ′) fromM−

m,h(s);
11 n ← n + 1;
12 // Preparation
13 for (i, a, π̂, V

′
, V ′, r) ∈M+

m,h(s) do
14 if ∀j < i, j /∈ arg{M−

m,h(s)} then
15 Save (i, a, π̂, V

′
, V ′, r) to Fm,h(s); Remove (i, a, π̂, V

′
, V ′) fromM+

m,h(s);
16 T n

m,h(s)← T
n−1
m,h (s) + |Mm,h(s)|;

17 // Learning

18 V
k
m,h(s), V

k
m,h(s)← VALUE UPDATEm,h,s

(
Fm,h(s), n, n

)
;

19 π̂k
h(·|s)← POLICY OPTm,h,s

(
Fm,h(s), n, n

)
;

20 // Execution
21 Take action akh ∼ π̂k

h(·|s); Observe next state skh+1;
22 for s′ ∈ S\s do
23 nk

m,h(s
′)← nk−1

m,h(s
′); nk

m,h(s
′)← nk−1

m,h(s
′);

24 V
k
m,h(s

′)← V
k−1
m,h(s

′); V k
m,h(s

′)← V k−1
m,h(s

′); π̂k
m,h(·|s′)← π̂k−1

m,h (·|s
′);

25 for Step h = 1, . . . ,H do
26 Save

(
nk
m,h(s

k
h), a

k
h, π̂

k
h(a

k
h|skh), V

k
m,h+1(s

k
h+1), V

k
m,h+1(s

k
h+1)

)
toM−

m,h(s
k
h);

27 Receive delayed reward for all states s;
28 for Delayed Reward (m,h, s, i, r) do
29 if

(
i, a, π̂, V

′
, V ′) /∈M−

m,h(s) then
30 continue;
31 Extract and remove

(
i, a, π̂, V

′
, V ′) fromM−

m,h(s);

32 Save
(
i, a, π̂, V

′
, V ′, r

)
toM+

m,h(s);

18
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Algorithm 10: Subroutine VALUE UPDATEm,h,s for agent m for Algorithm 9

Init: n← 0, n′ ← 0, Ṽm,h(s)← 0, V˜m,h(s)← 0; V m,h(s)← 0; V m,h(s)← 0;
1 for Episode k = 1, . . . ,K do
2 Receive F , n, n;

3 Ṽm,h(s)← Ṽm,h(s)− β
n,n′

m,h(s); V˜m,h(s)← V˜m,h(s) + βn,n′

m,h
(s); n← n; n′ ← n;

4 for (i, a, π̂, V
′
, V ′, r) ∈ F do

5 Ṽm,h(s)← (1− αi)Ṽm,h(s) + αi

(
r + V

′
)

;

6 V˜m,h(s)← (1− αi)V˜m,h(s) + αi

(
r + V ′

)
;

7 Ṽm,h(s)← Ṽm,h(s) + β
n,n′

m,h(s);V˜m,h(s)← V˜m,h(s)− βn,n′

m,h
(s);

8 V m,h(s)← min
{
H+1−h, Ṽm,h(s), V m,h(s)

}
;V m,h(s)← max

{
0, V˜m,h(s), V m,h(s)

}
;

Algorithm 9 shares the same subroutine ‘POLICY OPTm,h,s’ with Algorithm 1. The definition of
‘VALUE UPDATEm,h,s’ is presented in Subroutine 10. Parameters for Subroutine 10 share the
same definitions with those in Subroutine 3 except:

β
n,n′

m,h(s) =

 24H2C

√
T n′
m,h(s)

n2
ι+ 18H2

√
A

n
ι, n ≥ 1

0, n = 0

,

βn,n′

m,h
(s) =

 2H2

4

√
4T n′

m,h(s) + 2

n
+ 2

√
H3

n
ι, n ≥ 1

0, n = 0

,

γnm,h(s) = ηnm,h(s) =

√
ι

nA+ T n
m,h(s)

, n ≥ 1.

(21)

where T n
m,h(s) is a parameter maintained by Algorithm 9.

Appendix D. Notations

In this section, we summarize and introduce the important notations.
Recall log(4MHSAK/δ). Recall {αn}n∈N and {wn}n∈N as defined in Equation (20). We also

define an auxiliary sequence {αi
n}i∈[n],n∈N as follows:

αi
n =

{
αi

∏n
j=i+1(1− αj), n > i ≥ 1

αi, n = i ≥ 1
, α0

n =

{
0, n > 0
1, n = 0

. (22)

We summarize the important properties of this sequence in Lemma 6.
Consider agent m and (h, s). nk

m,h(s) denotes the count of usable visits, nk
m,h(s) denotes the

count of happened visits at episode k. πk
m,h(·|s), akm,h and rkm,h denote the policy, action and

reward at episode k. M−,k
m,h(s), M

+,k
m,h(s) and Fk

m,h(s) denote the set of unreceived visits, un-
usable visits and visits to be used at the beginning of episode k. In other words, they refer to
sets M−

m,h(s), M
+
m,h(s) and Fm,h(s) before the ‘Learning’ process of episode k. We also let

Mk
m,h(s) =M

−,k
m,h(s) ∪M

+,k
m,h(s). When (m,h, s) is fixed in the context, the above notations will

be abbreviated as nk, nk, πk(·), ak, rk,Mk =M−
k ∪M

+
k and Fk.
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Consider agent m and the n-th visit of (h, s). knh(s) denotes the episode when it happens.
enm,h(s) denotes the earliest unreceived visit when it happens. For this visit, parameters ηnm,h(s),
γnm,h(s), β

n
m,h(s), βn

are maintained by Algorithm 1 and its subroutines (Algorithm 3 and 4). Pa-

rameters ηnm,h(s), γ
n
m,h(s), {β

i,n
m,h(s)}i∈[n], {βi,n

m,h
(s)}i∈[n] and {ϕi,n

m,h(s)}i∈[n] are maintained by
the Algorithm 9 and its subroutines (Algorithm 10 and 4). It is worth notice that the skipping metric
ϕi,n
m,h(s) in Algorithm 9 can be written as:

ϕi,n
m,h(s) =

n∑
j=i+1

(j − i) · I{i ∈ argMkj
m,h(s)} (23)

When (m,h, s) is fixed in the context, the above notations are abbreviated as kn, en ηn, γn,
{βi,n}i∈[n], {βi,n

}i∈[n] and {ϕi,n}i∈[n].
For pair (m,h, s, n), we also define three bandit losses l̂nm,h(s, a), l

n
m,h(s, a) and l̄nm,h(s, a):

l̂nm,h(s, a) =
1

H
I(a = aknm,h)

[
H − rknm,h − V

kn
m,h+1(s

kn
h+1)

]/[
π̂kn
m,h(a|s) + γnm,h(s)

]
,

lnm,h(s, a) =
1

H

[
H − rm,h(s,a)− V

kn
m,h+1(s

kn
h+1)

]
,where a = (a, akn−m,h),

l̄nm,h(s, a) =
1

H
E

a=(a,a−m,h)

a−m,h∼π̂kn
−m,h, s

′∼Ph(s,a)

[
H − rm,h(s,a)− V

kn
m,h+1(s

′)
]
.

(24)

Here the first loss l̂nm,h(s, a) is the bandit loss used in Subroutine 4, while the other two are its
variants. When (m,h, s) is fixed in the context, they can be abbreviated l̂n(a), ln(a) and l̄n(a).

Consider agent m and the first n visits of (h, s). Recall Rn
m,h(s) denotes the policy optimization

regret. Recall T n
m,h(s) denotes the count of unusable and unreceived visits. In Algorithm 1, it can

be written as:

T n
m,h(s) =

n∑
i=1

i− argmin
j

[
djm,h(s) + kj ≥ ki

]
=

n∑
i=1

i− enm,h(s) =
n∑

i=1

|Mki
m,h(s)|, (25)

where enm,h(s) andMki
m,h(s) refer to the variable and set related Algorithm 1. In Algorithm 9 with

reward skipping, we define the set of skipped visits of (h, s) during the first n visits of (h, s) as
On

m,h(s). Then T n
m,h(s) can be written as:

T n
m,h(s) =

n∑
i=1

i− argmin
j /∈Oi

m,h(s)

[
djm,h(s) + kj ≥ ki

]
=

n∑
i=1

i− enm,h(s) =

n∑
i=1

|Mki
m,h(s)|, (26)

where enm,h(s) and Mki
m,h(s) refer to the variable and set related Algorithm 9. We also define

T n,L
m,h (s) to denote the count of unreceived and unusable visits during the first n visits of (h, s), if

the delays of visits in L are set to 0:

T n
m,h(s) =

n∑
i=1

i− argmin
j /∈L

[
djm,h(s) + kj ≥ ki

]
. (27)
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When (m,h, s) is fixed in the context, the above notations are abbreviated as Rn, On, Tn, Tn,L.
Finally, we introduce policies {πk

m,h}m∈[M ],h∈[H],k∈[K] defined by their execution procedures:

Algorithm 11: Policy Certification for πk
m,h

1 for Episode h′ = h, . . . ,H do
2 Observe current state sh′ ; n← maxm nk

m,h′(sh′);
3 Sample i from [n] with probability αi

n; k ← kih′(sh′);
4 Take action am,h′ ∼ π̂k

m,h′(·|sh′);

While definitions of {πk
m,h}m∈[M ],h∈[H],k∈[K] and {πm}m∈[M ] are similar, their differences are two-

fold: (1) πk
m,h begins from a given k while πm begins by sampling a k from [K]; (2) πk

m,h is for
steps from h to H while πm is for steps from 1 to H . This definition mainly follows the certification
process in Jin et al. (2021); Song et al. (2021). We refer the readers to their work for further details.

Appendix E. Performance Guarantee for DA-MAVL

As is stated in Section 4.1, proof of Theorem 1 is under assumption 1 and can be broken down into
three steps. In step one, we bound the policy optimization regret for Subroutine 4 (Lemma 1).
In step two, we establish the optimism and pessimism of our value estimates in Subroutine 3
(Lemma 2). In step three, we bound the gap between the optimistic and pessimistic value esti-
mates and prove the main theorem (Theorem 1).

E.1. Step One: Proof of Lemma 1

Consider any fixed pair (m,h, s, n). Let Rn denote Rn
m,h(s), and let a∗ denote the optimal action

for the first n visit of (h, s). Utilizing notations li(a), l̄i(a), regret Rn can be rewritten as:

Rn = max
a∈Am

n∑
i=1

αi
n

[
E

a=(a,a−m,h)

a−m,h∼π̂
ki
−m,h, s

′∼Ph(s,a)

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
−
(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)]

=H
n∑

i=1

αi
n

[
li(aki)− l̄i(a

∗)
]
.

(28)

We then decompose the regret as follows:

Rn = H

n∑
i=1

αi
n

[
li(aki)− l̄i(a

∗)
]

= H

n∏
i=2

(1− αi) ·
n∑

i=1

wi

[
li(aki)− l̄i(a

∗)
]

= H

n∏
i=2

(1− αi) ·R′
n.

(29)
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Recall that Mki denotes the set of unusable or unreceived visits of (h, s) for agent m at the
beginning of the i-th visit. We then define two cumulative losses for i:

L̂i(a) =
∑

j∈[i−1]\Mki

wj l̂j(a),

L̃i+1(a) =
∑
j∈[i]

wj l̂j(a) = L̂i(a) + wi l̂i(a) +
∑

j∈Mki

wj l̂j(a).
(30)

Cumulative loss L̂i(a) generates policy π̂ki in algorithm 1. Cumulative loss L̃i+1(a) is the cheating
version of L̂i(a), which includes all information of the first i visits. Then we have two corresponding
policies:

π̂ki(·) ∝ exp
[
− (ηi/wi)L̂i(·)

]
,

π̃ki+1
(·) ∝ exp

[
− (ηi/wi)L̃i+1(·)

]
.

(31)

Then the weighted regret R′
n can be further decomposed as follows:

R′
n =

n∑
i=1

wi

[
li(aki)− l̄i(a

∗)
]

=
n∑

i=1

wi

[
li(aki)− l̂i(aki)π̂ki(aki)

]
︸ ︷︷ ︸

I1,1

+
n∑

i=1

wi

[
l̂i(aki)π̂ki(aki)− l̂i(aki)π̃ki+1

(aki)
]

︸ ︷︷ ︸
I1,2

+
n∑

i=1

wi

[
l̂i(aki)π̃ki+1

(aki)− l̂i(a
∗)
]

︸ ︷︷ ︸
I1,3

+
n∑

i=1

wi

[
l̂i(a

∗)− l̄i(a
∗)
]

︸ ︷︷ ︸
I1,4

.

(32)

We then give the upper bounds for I1,1, I1,2, I1,3, I1,4 in the following lemmas.

Lemma 3 (The upper bound of I1,1 + I1,2) For ∀(m,h, s, n) ∈ [M ] × [H] × S × [K], the fol-
lowing equation holds with probability at least 1− δ/4:

I1,1 + I1,2 ≤ wndmaxι+
n∑

i=1

wiγ
i
m,h(s)

(
2A+ |Mkih(s)

m,h (s)|
)
. (33)

Lemma 4 (The upper bound of I1,3) For ∀(m,h, s, n) ∈ [M ] × [H] × S × [K], the following
equation holds:

I1,3 ≤
wn

ηnm,h(s)
ι. (34)

Lemma 5 (The upper bound of I1,4) For ∀(m,h, s, n) ∈ [M ] × [H] × S × [K], the following
equation holds with probability at least 1− δ/4:

I1,4 ≤
wn

ηnm,h(s)
ι. (35)
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Combining the three lemmas and by union bound, the following equations hold for ∀(m,h, s, n) ∈
[M ]× [H]× S × [K] with probability at least 1− δ/2:

Rn =H ·
n∏

i=2

(1− αi) ·
(
I1,1 + I1,2 + I1,3 + I1,4

)
≤Hαndmaxι+H

n∑
i=1

αi
nγi

(
2A+ |Mki |

)
+ 2H

αn

ηn
ι

≤4H2

n

n∑
i=1

(
A+ |Mki |

)√ ι

iA+ Ti
+ 4H2

√
nA+ Tn

n2
ι+

2dmaxH
2

n
ι

≤12H2

√
nA+ Tn

n2
ι+

2dmaxH
2

n
ι.

(36)

Here the third line comes from Lemma 6, the last line utilizes Lemma 1 in Streeter and McMahan
(2010), and the fact that Ti =

∑i
j=1 |Mkj |.

E.1.1. SUPPORTING DETAILS

Lemma 6 The following properties hold for ∀n ≥ i ≥ 1:

• 1√
n
≤

∑n
i=1

αi
n√
n
≤ 2√

n
and 1

n ≤
∑n

i=1
αi
n
n ≤

2
n ,

• maxi∈[n] α
i
n ≤ 2H

n ,

•
∑∞

n=1 α
i
n = 1 + 1

H ,

• αi
n = wi

∏n
j=2(1− αj).

Proof Here the first three lines is from Lemma 4.1 in Jin et al. (2021), while the last line is from
Proof of Corollary 19 in Jin et al. (2021).

Lemma 7 The following property hold for ∀(m,h, s, n) ∈ [M ]× [H]× S × [K]:

|Mknh(s)

m,h (s)| = n− enm,h(s) ≤ dmax. (37)

Similar property hold for ∀(m,h, s, k) ∈ [M ]× [H]× S × [K]:

|Mk
m,h(s)| = nk

m,h(s)− nk
m,h(s)− 1 ≤ dmax. (38)

Proof We first proof Equation (37). Consider any fixed pair (m,h, s, n). Recall that kn denotes the
episode when the n-th visit of (h, s) happens, en is from Equation (2) and (3).

If |Mkn | = 0, all first n− 1 visits are received, which gives en = n. The lemma clearly holds:

|Mkn | = n− en = 0. (39)

If |Mkn | > 0, en is the first unreceived visit. According to the definitions of unusable and
unrecieved visits, all visits with happening order en, . . . , n − 1 are unusable and unreceived visits.
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Consequently the count of unusable and unreceived visits are n−en. On the other hand, Algorithm 1
ensures all unusable and unreceived visits are included in setMkn . Therefore,

|Mkn | = n− en − 1. (40)

We prove the other half of the equation by contradiction. Suppose en ≤ n − dmax − 1, then
the en-th visit has been delayed for at least dmax + 1 episodes. This contradict with Assumption 1.
Therefore en ≥ n− dmax, which completes the proof.

We now prove Equation (38). At episode k, visits with happening order 1, . . . , nk are usuable
visits, while visits with happening order nk + 1, . . . , nk − 1 are unusable or unreceived visits. This
directly implies:

|Mk| = nk − nk. (41)

The other half of the equation follows directly from Equation (37).

Lemma 8 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], the following inequality holds:

I1,1 ≤
n∑

i=1

∑
a∈Am

wiγ
i
m,h(s)l̂

i
m,h(s, a). (42)

Proof [Proof of Lemma 8] Consider any fixed pair of (m,h, s, n).

I1,1 =

n∑
i=1

wi

[
li(aki)− l̂i(aki)π̂ki(aki)

]
=

n∑
i=1

wi

[
π̂ki(aki) + γi − π̂ki(aki)

]
l̂i(aki)

=

n∑
i=1

wiγi l̂i(aki)

=

n∑
i=1

∑
a∈Am

wiγi l̂i(a).

(43)

Here the second and the last line follows directly from the definitions of li(a) and l̂i(a).

Lemma 9 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], the following equation holds:

I1,2 ≤
n∑

j=1

∑
a∈Am

l̂jm,h(s, a)
(
ηjm,h(s)wj +

∑
i:j∈Mki

m,h(s)

ηim,h(s)wiI
{
aki = a

})
. (44)

Proof [Proof of Lemma 9] Consider any fixed pari (m,h, s, n).

I1,2 =
n∑

i=1

wi

[
l̂i(aki)π̂ki(aki)− l̂i(aki)π̃ki+1

(aki)
]

=
n∑

i=1

wi l̂i(aki)π̂ki(aki) ·
[
1−

π̃ki+1
(aki)

π̂ki(aki)

]
.

(45)
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By the definition of π̃ki+1
(aki) and π̂ki(aki), we have:

π̃ki+1
(aki)

π̂ki(aki)
=

exp
{
− (ηi/wi)L̃i+1(aki)

}
exp

{
− (ηi/wi)L̂i(aki)

} ·

∑
a exp

{
− (ηi/wi)L̂i(a)

}
∑

a exp
{
− (ηi/wi)L̃i+1(a)

}
≥

exp
{
− (ηi/wi)L̂i(aki)− (ηi/wi)

∑
j∈Mki

wj l̂j(aki)− (ηiwi/wi)l̂i(aki)
}

exp
{
− (ηi/wi)L̂i(aki)

}
= exp

{
− ηi

wi

∑
j∈Mki

wj l̂j(aki)− ηi l̂i(ak)
}

≥ 1− ηi
wi

∑
j∈Mki

wj l̂j(aki)− ηi l̂i(aki).

(46)

Here the second line is due to the fact L̃i+1(a) ≥ L̂i(a). Substituting into Equation (45), we get:

I1,2 ≤
n∑

i=1

wi l̂i(aki)π̂ki(aki) ·
( ηi
wi

∑
j∈Mki

wj l̂j(aki) + ηi l̂i(aki)
)

=
n∑

i=1

ηi
∑

j∈Mki

wj l̂j(aki) +
n∑

i=1

ηiwi l̂i(aki)

=

n∑
i=1

ηi
∑

j∈Mki

∑
a∈Am

wj l̂j(a)I
{
aki = a

}
+

n∑
i=1

∑
a∈Am

ηiwi l̂i(a)

=
n∑

j=1

∑
a∈Am

l̂j(a)
∑

i:j∈Mki

ηiwjI
{
aki = a

}
+

n∑
i=1

∑
a∈Am

ηiwi l̂i(a)

=
n∑

j=1

∑
a∈Am

l̂j(a)
∑

i:j∈Mki

ηiwiI
{
aki = a

}
+

n∑
i=1

∑
a∈Am

ηiwi l̂i(a)

≤
n∑

j=1

∑
a∈Am

l̂j(a)
(
ηjwj +

∑
i:j∈Mki

ηiwiI
{
aki = a

})
.

(47)

Here the first line is due to the following fact:

l̂i(aki)π̂ki(aki) ≤
π̂ki(aki)

π̂ki(aki) + γi
≤ 1. (48)

and the last inequality is because j ≤ i and because wi monotonically increases with i.
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Proof [Proof of Lemma 3] Consider any fixed pair of (m,h, s, n). With results of Lemma 8,
Lemma 9, we directly have:

I1,1 + I1,2 ≤
n∑

i=1

∑
a∈Am

l̂i(a)
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
akj = a

}]

≤
n∑

i=1

∑
a∈Am

l̄i(a)
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
akj = a

}]

+

n∑
i=1

∑
a∈Am

[
l̂i(a)− l̄i(a)

]
·
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
akj = a

}]

≤
n∑

i=1

2wiγiA+

n∑
i=1

∑
j:i∈Mkj

ηjwj

+

n∑
i=1

∑
a∈Am

[
l̂i(a)− l̄i(a)

]
·
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
akj = a

}]
.

(49)

Here the last line is because l̄i(a) ≤ 1.
For the second term of the last line, switching the summation gives:

n∑
i=1

∑
j:i∈Mkj

ηjwj =
n∑

j=1

ηjwj

∑
i:i∈Mkj

1 =
n∑

j=1

ηjwj |Mkj |. (50)

Therefore

I1,1 + I1,2 ≤
n∑

i=1

wiγi(2A+ |Mki |)

+
n∑

i=1

∑
a∈Am

[
l̂i(a)− l̄i(a)

]
·
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
aki = a

}]
.

(51)

Notice that

2wiγi +
∑

j:i∈Mkj

ηjwjI
{
aki = a

}
≤ wn

(
2γi + ηidmax

)
≤ 2wndmaxγi. (52)

where the first inequality is because i ≥ j and i can be delayed for at most dmax episodes. Then
by Lemma 4.3 in Gyorgy and Joulani (2021), the following equation holds for any fixed pair
(m,h, s, n) ∈ [M ]× [H]× S × [K] with probability at least 1− δ/(4MHSK):

n∑
i=1

∑
a∈Am

[
l̂i(a)− l̄i(a)

]
·
[
2wiγi +

∑
j:i∈Mkj

ηjwjI
{
aj = a

}]
≤ wndmaxι. (53)

By union bound, the above equation holds for all (m,h, s, n) ∈ [M ]×[H]×S×[K] with probability
at least 1 − δ/4. Substituting the above results into Equation (49), we have the following equation
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holds with probability at least 1− δ/4:

I1,1 + I1,2 ≤
n∑

i=1

wiγi

(
2A+ |Mki |

)
+ wndmaxι. (54)

Proof [Proof of Lemma 4] Consider any fixed pair of (m,h, s, n).

I1,3 =

n∑
i=1

wi

[
l̂i(aki)π̃ki+1

(aki)− l̂i(a
∗)
]
. (55)

To bound the term, we apply Theorem 3 in Joulani et al. (2017) with:

pi(π) = 0, ∀i ∈ [n],

q0(π) =
w0

η0

∑
a∈Am

π(a) log π(a),

qi(π) = (
wi

ηi
− wi−1

ηi−1
)
∑

a∈Am

π(a) log π(a), ∀i ∈ [n].

(56)

Here we define w0 = η0 = 1. Finally, we have:

I1,3 ≤ −
n∑

i=1

qi(π̃ki+1
) ≤ logA

n∑
i=1

(
wi

ηi
− wi−1

ηi−1
) ≤ wn

ηn
ι. (57)

Proof [Proof of Lemma 5] The lemma follows directly from Lemma 4.3 in Gyorgy and Joulani
(2021).

E.2. Step Two: Proof of Lemma 2

Proof [Proof of lemma 2] We first prove the optimism part of the lemma for any fixed pair (m,h, s, k).
Conditioned on the successful event of Lemma 1, which holds for probability at least 1 − δ/2, we
prove the lemma by induction. For k = 0, it is clear that:

V
0
m,h(s) = H + 1− h ≥ V

†,π1
−m,h

m,h (s). (58)
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Recall that βnk
= 12

√
nkA+ Tnk

n2
k

ι +
4H2dmax

nk

ι. Let Nk = maxm nk
m,h(s). Suppose the

optimism part holds for all k′ < k. Then for episode k and any (m,h, s):

V
k
m,h(s) = α0

nk
·H +

nk∑
i=1

αi
nk

(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)
+ βnk

= α0
nk
·H +H

nk∑
i=1

αi
nk

[
1− li(a

ki
m,h)

]
+ βnk

≥ α0
nk
·H +H

nk∑
i=1

αi
nk

[
1− l̄i(a

∗)
]
+
(
βnk
−Rnk

)
= α0

nk
·H +

2dmaxH
2

nk

ι+

nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a−m,h∼π̂
ki
−m,h, s

′∼Ph(s,a)

[
rm,h(s,a) + V

ki
m,h+1(s

′)
]
.

(59)
Here the third line is becuase of Lemma 1.

On the other hand,

V
†,πk

−m,h

m,h (s) =max
µh

max
µh+1:H

Nk∑
i=1

αi
Nk

E
a=(a,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

µh+1:H ,π
ki
−m,h+1

m,h+1 (s′)
)

≤max
µh

Nk∑
i=1

αi
Nk

E
a=(a,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

†,πki
−m,h+1

m,h+1 (s′)
)

≤max
µh

nk∑
i=1

αi
Nk

E
a=(a,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

†,πki
−m,h+1

m,h+1 (s′)
)

+max
µh

Nk∑
i=nk+1

αi
Nk

E
a=(a,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

†,πki
−m,h+1

m,h+1 (s′)
)

≤max
µh

nk∑
i=1

αi
nk

E
a=(a,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

†,πki
−m,h+1

m,h+1 (s′)
)
+

Nk∑
i=nk+1

αNk
H

≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 2H2Nk − nk

Nk

≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a−m,h∼π̂
ki
−m,h,s

′∼Ph(s,a)

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 2H2dmax

Nk
.

(60)
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Here the second line is because of the convexity of the maximum, the last line is due to the fact that
Nk − nk ≤ (nk − 1) − nk = |Mk| ≤ dmax, where the first equation is because nk which is the
direct result of Lemma 7.

Finally, combining equations 59 and 60, we finish the proof of the induction and prove the
optimism part of the lemma.

Now we prove the pessimism part. For a fixed pair (m,h, s, k), the following hold with proba-
bility at least 1− δ/(2MHSK):

V k
m,h(s) =

nk∑
i=1

αi
nk

(
rkim,h + V ki

m,h+1(s
ki
h+1)

)
− β

nk

≤
nk∑
i=1

αi
nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)
+ 2

√
H3

nk

ι− β
nk

≤
nk∑
i=1

αi
nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)
− 2H2dmax

nk

ι

=

nk∑
i=1

αi
Nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)
− 2H2dmax

nk

ι

+
(
1−

Nk∏
j=nk+1

(1− αj)
) nk∑

i=1

αi
nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)

≤
nk∑
i=1

αi
Nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)
− 2H2dmax

nk

ι+ (Nk − nk)αnk

nk∑
i=1

αi
nk
H

≤
nk∑
i=1

αi
Nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)
− 2H2dmax

nk

ι+ 2H2dmax

nk

≤
Nk∑
i=1

αi
Nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)

= V
πk
h

m,h(s).

(61)

Here the second line follows Azuma’s inequality with propbability at least 1 − δ/(2MHSK).

While the last line is the definition of V
πk
h

m,h(s). Finally, by union bound over all (m,h, s, k) ∈
[M ]× [H]× S × [K], we finish the proof.

E.3. Proof of Theorem 1

Proof [Proof of theorem 1] Consider any fixed pair (m,h). We start by upper bounding the term
K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h). For any episode k, we slightly overload notations nk = nk

m,h(s
k
h), ki =

kih(s
k
h), βn = β

n
m,h(s

k
h). Then we have:
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(V
k
m,h − V k

m,h)(s
k
h)

≤α0
nk
·H +

nk∑
i=1

αi
nk

[
rkim,h + V

ki
m,h+1(s

ki
h+1)

]
+ βnk

−
nk∑
i=1

αi
nk

[
rkim,h + V ki

m,h+1(s
ki
h+1)

]
− β

nk

≤α0
nk
·H +

nk∑
i=1

αi
nk
(V

ki
m,h+1 − V ki

m,h+1)(s
ki
h+1) + βnk

− β
nk
.

(62)

Taking the summation over episode k gives:

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h)

=

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h) · I

{
nk < dmax

}
+

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h) · I

{
nk ≥ dmax

}
≤H

K∑
k=1

I
{
nk < dmax

}
+

K∑
k=1

nk∑
i=1

αi
nk
(V

ki
m,h+1 − V ki

m,h+1)(s
ki
h+1)︸ ︷︷ ︸

I2,1

+
K∑
k=1

(βnk
+ β

nk
) · I

{
nk ≥ dmax

}
︸ ︷︷ ︸

I2,2

.

(63)

We then give the upper bounds for I2,1 and I2,2 in the following lemmas.

Lemma 10 (The upper bound of I2,1) For ∀(m,h) ∈ [M ]× [H],

I2,1 ≤ (1 +
1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 4dmaxH

2Sι. (64)

Lemma 11 (The upper bound of I2,2) For ∀(m,h) ∈ [M ]× [H],

I2,2 ≤ 12dmaxH
2Sι2 + 56H2

√
SAKι+ 24H2

√
STKι2. (65)
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Substituting into previous equations, we get:

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h)

≤H
K∑
k=1

I
{
nk < dmax

}
+ (1 +

1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

+ 4dmaxH
2Sι+ 12dmaxH

2Sι2 + 56H2
√
SAKι+ 24H2

√
STKι2

≤2dmaxHS + (1 +
1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

+ 16dmaxH
2Sι2 + 56H2

√
SAKι+ 24H2

√
STKι2

.

(66)

To see why the last line holds, we notice that the (dmax − 1)-th visit of any (h, s) will be received
when the 2dmax-th visit of (h, s) happens. This leads to

H
K∑
k=1

I
{
nk < dmax

}
≤ H

∑
s∈S

2dmax ≤ 2dmaxHS. (67)

Iterating over h, we get:

K∑
k=1

(V
k
m,1 − V k

m,1)(s1)

≤18dmaxH
3Sι2 + 56H3

√
SAKι+ 24H3

√
STKι2

+ (1 +
1

H
)H

K∑
k=1

(
V

k
m,H+1 − V k

m,H+1

)
(skH+1)

≲dmaxH
3Sι2 +H3

√
SAKι+H3

√
STKι2.

(68)

Following from Lemma 2, the following inequality holds with probability at least 1− δ:

max
m∈[M ]

K∑
k=1

(
V

†,π−m,k

m,1 − V πk
m,1

)
(s1) ≲ dmaxH

3Sι2 +H3
√
SAKι+H3

√
STKι2. (69)

By the definition of policy π, we have the following equation when K ≥ d2maxSι
3:

max
m∈[M ]

(
V

†,π−m

m,1 − V π
m,1

)
(s1) ≲ H3

√
STK/K2ι2 +H3

√
SAι/K. (70)
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E.3.1. SUPPORTING DETAILS

Proof [Proof of Lemma 10.] Consider any fixed pair (m,h), we define the following set Xn(s):

Xn(s) =
{
x : sxh = s, nx

m,h(s) ≥ n
}
. (71)

Intuitively speaking, it collects episodes where (h, s) is visited and the n-th visit of (h, s) is usuable.
Rearranging the summation gives:

K∑
k=1

nk∑
i=1

αi
nk

(
V

ki
m,h+1 − V ki

m,h+1

)
(skih+1)

=
K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

∑
x∈Xnk

(skh)

αnk
nx
.

(72)

For any episode x ∈ Xnk
(skh), there are at most dmax unreceived and unusable visits of (h, skh)

according to Lemma 7. So we have nx ≥ nx − dmax + 1. On the other hand, according to the
definition of Xnk

(skh), nx ≥ nk. This gives:

nx ≥ nx ≥ max{nk, nx − dmax + 1}. (73)

Notice here nx strictly increases with x.
Based on the above observations, we conclude that for the i-th episode (i ≤ dmax) in Xnk

(skh),
if denoted as x, we have:

nx ≥ nk. (74)

For the i-th element (i > dmax) in Xnk
(skh), if denoted as x, we have:

nx ≥ nx − dmax + 1 ≥ nk + (i− 1)− dmax + 1

= nk + (i− dmax).
(75)
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Substituting the above two inequalities on nx into Equation (72), then:

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

∑
x∈Xnk

(skh)

αnk
nx

≤
K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

[
dmaxαnk

+
∞∑

i=dmax+1

αnk
nk+i−dmax

]

≤
K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

[
dmaxαnk

+ (1 +
1

H
)
]

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + dmaxH

K∑
k=1

αnk

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 2dmaxH

2
∑
s∈S

nK
m,h(s)∑
i=1

1

i

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 2dmaxH

2S(lnK + 1)

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 4dmaxH

2Sι.

(76)

Here the second line follows the monotonicity of {αi
n}n∈[K], the third and fifth line follows Lemma 6,

and the last line is because nK
m,h(s).

Proof [Proof of Lemma 11.] Consider any fixed pair (m,h). We inherit the definition of Xn(s)

from the proof of Lemma 10. We first bound term
K∑
k=1

βnk
· I
{
nk ≥ dmax

}
K∑
k=1

βnk
· I
{
nk ≥ dmax

}

=4dmaxH
2

K∑
k=1

ι

nk

· I
{
nk ≥ dmax

}
+ 12H2

K∑
k=1

√
nkA+ T nk

m,h(s
k
h)

n2
k

ι · I
{
nk ≥ dmax

}
≤4dmaxH

2
K∑
k=1

ι

nk

· I
{
nk ≥ dmax

}
+ 12H2

K∑
k=1

√
A

nk

ι · I
{
nk ≥ dmax

}

+ 12H2 ·
K∑
k=1

√
T nk
m,h(s

k
h)

n2
k

ι · I
{
nk ≥ dmax

}
.

(77)

For the first term:

dmaxH
2

K∑
k=1

ι

nk

· I
{
nk ≥ dmax

}
= dmaxH

2ι
∑
s∈S

∑
x∈Xdmax (s)

1

nx

. (78)
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Here set Xdmax(s) collects all episodes when (h, s) is visited and the dmax-th visit of (h, s) is
usable. Following the analysis for Lemma 10, for the i-th element (i ≤ dmax) in set Xdmax(s), if
denoted as x, we have:

nx ≥ dmax. (79)

For the i-th element (i > dmax) in Xdmax(s), if denoted as x, we have:

nx ≥ (dmax + i)− dmax = i. (80)

These inequalities lead to:

∑
x∈Xdmax (s)

1

nx

≤ 1 +

nK
m,h(s)∑

i=dmax+1

1

i
≤ lnnK

m,h(s) + 2 ≤ 3ι, (81)

where the first inequality is due to the monotinicity of 1/n. So the first term is bounded as follows:

dmaxH
2

K∑
k=1

ι

nk

· I
{
nk ≥ dmax

}
≤ 3dmaxH

2Sι2. (82)

For the second term:

H2
K∑
k=1

√
A

nk

ι · I
{
nk ≥ dmax

}
≤H2

√
Aι ·

∑
s∈S

∑
x∈Xdmax (s)

√
1

nx

≤H2
√
Aι ·

∑
s∈S

[
1 +

nK
m,h(s)∑

i=dmax+1

1√
i

]
≤2H2

√
Aι

∑
s∈S

(
√
nK
m,h(s) + 1)

≤2H2
√
Aι

√
S
∑
s∈S

nK
m,h(s) + 2H2S

√
Aι

≤2H2
√
SAKι+ 2H2S

√
Aι

≤4H2
√
SAKι.

(83)

Here the second inequalities follows similar analysis of the first term, the fifth inequality holds
because

∑
s∈S nK

m,h(s) = K and the last inequality holds because K ≥ d2maxSι
3.
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For the third term:

H2
K∑
k=1

√
T nk
m,h(s

k
h)

n2
k

ι · I
{
nk > dmax

}
≤H2

∑
s∈S

∑
x∈Xdmax (s)

√
T nx
m,h(s)

n2
x

ι

≤H2
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι
∑

x∈Xdmax (s)

1

nx

≤H2
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι ·
[
1 +

nK
m,h(s)∑

i=dmax+1

1

i

]
≤2H2

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2

≤2H2
√

STKι2.

(84)

Here the last line utilizes the definition of TK .

Finally, we bound the term
K∑
k=1

β
nk
· I
{
nk > dmax

}
as follows:

K∑
k=1

β
nk
· I
{
nk > dmax

}
=2H2

K∑
k=1

√
ι

nk

I
{
nk > dmax

}
≤4H2√ι

∑
s∈S

(
√

nK
m,h(s) + 1)

≤8H2
√
SKι

(85)

Here the second inequality utilizes the analysis of Equation (83).
Combining all above four terms, we have:

K∑
k=1

(βnk
+ β

nk
) · I

{
nk ≥ dmax

}
≤12dmaxH

2Sι2 + 48H2
√
SAKι+ 8H2

√
SKι+ 24H2

√
STKι2

≤12dmaxH
2Sι2 + 56H2

√
SAKι+ 24H2

√
STKι2

(86)

Appendix F. Performance Guarantee for DA-MAVL with Reward Skipping

Proof of Theorem 2 is under assumption 2 and consists of four steps. We inherit all notations from
previous section, except that they refer to variables in DA-MAVL with reward skipping.

STEP ONE: Bound the ‘Policy Optimization Regret’. For any pair (m,h, s, n), upper bound of
Rn

m,h(s) is established:
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Lemma 12 Suppose assumption 2 holds. For ∀(m,h, s, n) ∈ [M ]× [H]×S × [K], the following
inequality holds with probability at least 1− δ/2:

Rn
m,h(s) ≤ 20H2C

√
Tn
n2

ι+ 14H2

√
A

n
ι. (87)

Lemma 12 extends Lemma 1 to cases with infinite delays. In the proof of this lemma, we have to
upper bound the regret by the largest possible delay and the number of reward skips instead of
the maximum delay dmax, since the delays may be infinite. We then highlight their upper bounds,
i.e. Lemma 16 and Lemma 17, which play significant roles in showing that the influence of the
delays can be bounded by term H2C

√
T n
m,h(s)/n

2.

STEP TWO: Optimism and Pessimism. Utilizing regret Rn
m,h(s), we carefully design the bonuses

(Equation (21)) and show that value estimates in Algorithm 9 are optimistic and pessimistic:

Lemma 13 For ∀(m,h, s, k) ∈ [M ]×[H]×S×[K], the following inequality holds with probability
at least 1− δ:

V
k
m,h(s) ≥ V

†,πk
−m,h

m,h (s), V k
m,h(s) ≤ V

πk
h

m,h(s). (88)

In the proof of this lemma, we separately consider the skipped and unskipped visits. Utilizing
the upper bounds on the largest possible delay, we can show the bonuses can make up for the
performance degradation of skipping visits and ensure optimism and pessimism.

STEP THREE: Next, we bound the gap between the optimistic and pessimistic value estimates:
K∑
k=1

(V
k
m,1 − V k

m,1)(s
k
h). (89)

The gap, together with Optimism and Pessimism, leads to the following bound:

Lemma 14 Suppose assumption 2 holds. For ∀δ ∈ (0, 1) and ∀K ∈ N, let ι = log
(
4HSAK/δ

)
.

Let policy π be the output of Algorithm 2 after running Algorithm 9 for K episodes. The following
equation holds with probability at least 1− δ:

K∑
k=1

(
V

†,π−m,k

m,1 − V πk
m,1

)
(s1) ≲ CH3max

h

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 +H3
√
SAKι. (90)

STEP FOUR: Bound the CCE-gap. Finally, we give an upper bound on
∑

s∈S

√
T

nK
m,h(s)

m,h (s).

Lemma 15 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], the following inequality hold:√
T n
m,h(s) ≤ 2 min

L∈[K]

{
|L|+

√
T n,L
m,h (s)

}
+ 64C2. (91)

Consequently, we can show that term
∑

s∈S

√
T

nK
m,h(s)

m,h (s) can be upper bounded :

∑
s∈S

√
T

nK
m,h(s)

m,h (s) ≤2 min
L∈[K]

{
S|L|+

√
ST K,L

m,h

}
+ 64C2S. (92)

Intuitively, this upper bound shows that the influence of the skipped large delays is only reflected
by some constant |L|. As a direct consequence, we complete the proof of Theorem 2.
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F.1. Step One: Proof of Lemma 12

Consider any fixed pair (m,h, s, n). Recall thatOn denote that set of skipped visits of (h, s) during
the first n visits of (h, s). We first decompose the policy optimization regret Rn as follows:

Rn = H
n∑

i=1

αi
n

[
li(aki)− l̄i(a

∗)
]

= H
∑

i∈[n]\On

αi
n

[
li(aki)− l̄i(a

∗)
]
+H

∑
i∈On

αi
n

[
li(aki)− l̄i(a

∗)
]

≤ αnH|On|+H
∑
i∈[n]

αi
n

[
li(aki)− l̄i(a

∗)
]
· I{i /∈ On}.

(93)

Here the last line holds because of the monotonicity of {αi
n}i∈[n].

Consider the delays and losses defined as follows:

d′
i
m,h(s) =

{
k
minj{i∈Oj}
h (s)− kih(s)− 1, i ∈ On

dim,h(s), i /∈ On
,

l′
i
m,h(s, a) =

{
0, i ∈ On

lim,h(s, a), i /∈ On
,

l̄′
i
m,h(s, a) = E[l′im,h(s, a)] =

{
0, i ∈ On

l̄im,h(s, a), i /∈ On
.

(94)

When a fixed (m,h, s) is considered in the context, the above notations are abbreviated as d′i, l′i(a)
and l̄′i(a).

Then the second term of Rn is exactly the policy optimization regret (without reward skip-
ping) with delays {d′i}i∈[n] and losses {l′i(a)}i∈[n],a∈Am

and {l̄′i(a)}i∈[n],a∈Am
. Let d′max =

maxi∈[n]min
{
d′i, n − i

}
be the maximum delay during the first n visits of (h, s). Then we di-

rectly apply results of Lemma 1 and get the following with probability at least 1− δ/2:

Rn = αnH|On|+H
∑
i∈[n]

αi
n

[
li(aki)− l̄i(a

∗)
]
· I{i /∈ On}

≤ 2H2 |On|
n

+ 12H2

√
nA+ Tn

n2
ι+ 2H2d

′
max

n
ι.

(95)

We then upper bound On and d′max:

Lemma 16 For ∀(m,h, s, n, i) ∈ [M ]× [H]×S× [K]× [n], let d′nmax,m,h(s) denote the maximal
delay of (h, s) during the first n visits of (h, s):

d′
n
max,m,h(s) = max

i∈[n]
min

{
d′

i
m,h(s), n− i

}
. (96)

the following equation holds:

d′
n
max,m,h(s) ≤ 4

√
4T n

m,h(s) + 1,

ϕi,n
m,h(s) ≤

√
T n
m,h(s) +

4

√
4T n

m,h(s) + 1.
(97)
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Lemma 17 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], the following equation holds:

|On
m,h(s)| ≤ 2C

√
T n
m,h(s). (98)

Finally, with Lemma 16 and Lemma 17, we have:

Rn ≤ 4H2C

√
Tn
n2

+ 12H2

√
A

n
ι+ 12H2

√
Tn
n2

ι+ 4H2 4

√
Tn
n4

ι+
2H2

n
ι

≤ 20H2C

√
Tn
n2

ι+ 12H2

√
A

n
ι+

2H2

n
ι.

≤ 20H2C

√
Tn
n2

ι+ 14H2

√
A

n
ι

(99)

F.1.1. SUPPORTING DETAILS

Proof [Proof of Lemma 16] Consider any fixed pair (m,h, s, n). Recall ϕi,n is the skipping metric
of the i-th visit when the n-th visit happens. It can be written as in Equation (23). Let d′max denote
d′nmax,m,h(s). Let i0 = argmaxi∈[n]min{d′i, n− i} denote the visit with the largest delay.

We first bound ϕi,n. Since ϕi,n grows monotonically with min{d′i, n − i}, we only need to
consider ϕio,n. If i0 /∈ On, namely the i0-th visit of (h, s) has not been skipped, then:

ϕi0,n ≤
√
Tn. (100)

On the other hand, from the definition of ϕi0,n,

ϕi0,n =

d′max∑
j=1

j ≥ d′2max

2
. (101)

This gives d′max ≤ 4
√
4Tn.

If i0 ∈ On, namely the i0-th visit of (h, s) has been skipped, suppose it is skipped during the
n0-th visit of (h, s). Then d′max = n0 − i0. Then:

ϕi0,n0−1 ≤
√
Tn0−1 ≤

√
Tn. (102)

On the other hand, from the definition of ϕi0,n0−1,

ϕi0,n0−1 =

n0−1−i0∑
j=1

j ≥ (n0 − 1− i0)
2

2
=

(d′max − 1)2

2
. (103)

This is equivalent to d′max ≤ 4
√
4Tn + 1. Combining Equation (102) and (103) we have:

ϕi0,n =ϕi0,n0 = ϕi0,n0−1 + d′max

≤
√
Tn + 4

√
4Tn + 1.

(104)

Here the equation is because ϕi0,n stops increasing after the i0-th visit is skipped.
Combining the above two cases finishes the proof.
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Proof [Proof of Lemma 17] Proof of this Lemma largely follows proof of Lemma 4 in Zimmert and
Seldin (2020). Consider any fixed pair (m,h, s, n). Denote all visits in On in order as i1, i2, . . . ,
i|On|. And suppose they are skipped during visits i′1, i′2, . . . , i′|On|. Then following the skipping
rule, we have:

ϕix,n ≥
√
Ti′x ≥

√√√√ ix∑
y=1

ϕy,i′x/C ≥

√√√√ x∑
y=1

ϕiy ,i′x/C =

√√√√ x∑
y=1

ϕiy ,n/C

≥

√
ϕix,n +

∑x−1
y=1 ϕiy ,n

√
C

.

(105)

Here the second inequality is because of Lemma 18, the first equation is because ϕi,n stops increas-
ing after the i-th visit is skipped.

Solve the inequality on ϕix,n gives:

ϕix,n ≥
1 +

√
1 + 4C

∑x−1
y=1 ϕiy ,n

2C
.

(106)

By induction, we can easily prove:

ϕix,n ≥
x

2C
. (107)

This directly gives:

|On|∑
x=1

ϕix,n ≥
|On|2

4C
. (108)

On the other hand, we have
∑|On|

x=1 ϕix,n ≤
∑n

x=1 ϕx,n ≤ CTn from Lemma 18. Combining the
two inequalities gives the desired result.

Lemma 18 For ∀(m,h, s, n) ∈ [M ]× [H]× S × [K], the following equation holds:

n∑
i=1

ϕi,n
m,h(s) ≤ CT n

m,h(s). (109)

Proof [Proof of Lemma 18] Consider any fixed pair (m,h, s, n). Recall that sequence {ϕi,n}i,n∈[K]

in algorithm 9 can be written:

ϕi,n =
n∑

j=i+1

(j − i) · I{i ∈ argMkj}. (110)
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Then simple algebra gives:

n−1∑
i=1

ϕi,n =
n−1∑
i=1

n∑
j=i+1

(j − i) · I{i ∈ argMkj}

=
n−1∑
i=1

n∑
j=i+1

I{i ∈ argMkj}
j∑

x=i+1

1

=

n−1∑
i=1

n∑
x=i+1

n∑
j=x

I{i ∈ argMkj}

=
n∑

x=2

x−1∑
i=1

n∑
j=x

I{i ∈ argMkj}.

(111)

Notice that i ∈ argMkj implies the i-th visit is not usuable when the j-th visit happens. Since
x ≥ i, we have:

x ∈ argMkj . (112)

This observation gives:

n−1∑
i=1

ϕi,n =

n∑
x=2

n∑
j=x

I
{
x ∈ argMkj

}
·
[ x−1∑

i=1

I
{
i ∈ argMkj

}]
. (113)

On the other hand, we have:

x−1∑
i=1

I{i ∈ argMkj} ≤
j−1∑
i=1

I{i ∈ argMkj} =
∣∣∣{i ≤ j − 1 : di + ki ≥ kj}

∣∣∣
≤
∣∣∣{i ≤ j : di + i ≥ j}

∣∣∣ ≤ C.

(114)

where the second inequality follows Assumption 2 and the fact that j − i ≤ kj − ki. Substituting
into Equation (113):

n∑
i=1

ϕi,n ≤ C

n∑
x=2

n∑
j=x

I
{
x ∈ argMkj

}

= C
n∑

j=2

j∑
x=2

I
{
x ∈ argMkj

}
= C

n∑
j=2

|Mkj |

≤ CTn.

(115)
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F.2. Step Two: Proof of Lemma 13

Proof [Proof of lemma 13] Consider any fixed pari (m,h, s). Conditioned on the successful event
of Lemma 12, which holds for probability at least 1 − δ/2, we first prove the optimism part by
induction. For k = 0, it clear that for any (m,h, s) :

V
0
m,h(s) = H + 1− h ≥ V

†,π1
−m,h

m,h (s). (116)

Let Nk = maxm nk
m,h(s). Suppose the lemma holds for all k′ < k. Then for episode k:

V
k
m,h(s) = α0

nk
·H +

nk∑
i=1

αi
nk

(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)
· I{i /∈ Onk

}

+

nk∑
i=1

αi
nk
H · I{i ∈ Onk

}+ β
nk,nk

m,h (s)

≥ α0
nk
·H +

nk∑
i=1

αi
nk

(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)
+ β

nk,nk

m,h (s)

= α0
nk
·H + 4H2C

√
T nk
m,h(s)

nk

ι+ 4H2

√
A

nk

ι

+

nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a−m,h∼π̂
ki
−m,h, s

′∼Ph(s,a)

[
rm,h(s,a) + V

ki
m,h+1(s

′)
]
.

(117)

Here the last line follows directly from proof of Lemma 12.
On the other hand, the following holds according to Lemma 2:

V
†,πk

−m,h

m,h (s) ≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+

2(Nk − nk)H
2

Nk

≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 2H2nk − nk

nk
.

(118)

Here the last line is because nk > Nk. From Lemma 7 and Lemma 16, we have:

nk − nk = |Mk|+ 1 ≤ d′
nk
max,m,h(s) + 1 ≤ 4

√
4T nk

m,h(s) + 2. (119)
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This leads to:

V
†,πk

−m,h

m,h (s) ≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 2H2

4

√
4T nk

m,h(s) + 2

nk

≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 4H2

√
T nk
m,h(s)

nk
+ 4H2 1

nk

≤
nk∑
i=1

αi
nk

E
a=(a∗,a−m,h)

a∼µh,a−m,h∼π̂
ki
−m,h

(
rm,h(s,a) + V

ki
m,h+1(s

′)
)
+ 4H2

√
T nk
m,h(s)

nk

+ 4H2

√
A

nk
ι.

(120)

which directly leads to V
k
m,h(s) ≥ V

†,πk
−m,h

m,h (s) and finishes the induction.
We now prove the pessimism part of the lemma. For ∀(m,h, s, k) ∈ [M ]× [H]×S × [K], the

following hold with probability at least 1− δ/(2MHSK):

V k
m,h(s) =

nk∑
i=1

αi
nk

(
rkim,h + V ki

m,h+1(s
ki
h+1)

)
· I{i /∈ Onk

} − β
nk,nk

≤
nk∑
i=1

αi
nk

(
rkim,h + V ki

m,h+1(s
ki
h+1)

)
− β

nk,nk

≤
nk∑
i=1

αi
nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)

+ 2H2nk − nk

nk

+ 2

√
H3

nk

ι− β
nk,nk

≤
nk∑
i=1

αi
nk

E
a∼π̂

ki
h ,s′∼Ph(·|s,a)

(
rm,h(s,a) + V ki

m,h+1(s
′)
)

+ 2H2

4

√
4T nk

m,h(s) + 2

nk

+ 2

√
H3

nk

ι− β
nk,nk

= V
πk
h

m,h(s).

(121)

Here the third line follows directly from the proof of Lemma 2, while the last line is from the
definition of β

nk,nk
and Equation (119). Finally by taking the union bound over all (m,h, s, k) ∈

[M ]× [H]× S × [K], we finish the proof.
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F.3. Step Three: Proof of Lemma 14

Consider any fixed pair (m,h). For episode k, we slightly overload the notations and let nk =

nk
m,h(s

k
h), nk = nk

m,h(s
k
h), ki = kih(s

k
h), d

′
max(s) = d′

nK
m,h(s)

max,m,h(s) ≤
4

√
4T

nK
m,h(s)

m,h (s) + 1. Then:

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h)

=
K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h) · I

{
nk < d′max(s

k
h)
}
+

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h) · I

{
nk ≥ d′max(s

k
h)
}

≤H
K∑
k=1

I
{
nk < d′max(s

k
h)
}
+

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h) · I

{
nk ≥ d′max(s

k
h)
}
.

(122)
To bound the second term, notice that:

(V
k
m,h − V k

m,h)(s
k
h)

≤α0
nk
H +

nk∑
i=1

αi
nk
H · I{i ∈ Onk

}+
nk∑
i=1

αi
nk

(
rkim,h + V

ki
m,h+1(s

ki
h+1)

)
· I{i /∈ Onk

}+ β
nk,nk

m,h (skh)

−
nk∑
i=1

αi
nk

(
rkim,h + V ki

m,h+1(s
ki
h+1)

)
· I{i /∈ Onk

}+ β
nk,nk

m,h (skh)

≤α0
nk
H + β

nk,nk

m,h (skh) + β
nk,nk

m,h (skh) +

nk∑
i=1

αi
nk
H · I{i ∈ Onk

}

+

nk∑
i=1

αi
nk

(
V

ki
m,h+1(s

ki
h+1)− V ki

m,h+1(s
ki
h+1)

)
· I{i /∈ Onk

}

≤α0
nk
H + β

nk,nk

m,h (skh) + β
nk,nk

m,h (skh) + 2αnk
CH

√
T nk
m,h(s

k
h)

+

nk∑
i=1

αi
nk

(
V

ki
m,h+1(s

ki
h+1)− V ki

m,h+1(s
ki
h+1)

)
.

(123)
Here the last line follows Lemma 17. Substituting into Equation (122), we get:

K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h)

≤H
K∑
k=1

I
{
nk < d′max(s

k
h)
}

︸ ︷︷ ︸
I3,1

+
K∑
k=1

nk∑
i=1

αi
nk
(V

ki
m,h+1 − V ki

m,h+1)(s
ki
h+1)︸ ︷︷ ︸

I3,2

+

K∑
k=1

(β
nk,nk

m,h (skh) + β
nk,nk

m,h (skh) + 4CH2

√
T nk
m,h(s

k
h)

nk

) · I
{
nk ≥ d′max(s

k
h)
}

︸ ︷︷ ︸
I3,3

.

(124)
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The three terms are bounded by the following Lemmas:

Lemma 19 For any fixed pair (m,h) ∈ [M ]× [H],

I3,1 ≤ 4H
∑
s∈S

4

√
T

nK
m,h(s)

m,h (s) + 2HS. (125)

Lemma 20 For any fixed pair (m,h) ∈ [M ]× [H],

I3,2 ≤ (1 +
1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 8H2

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι+ 4H2Sι. (126)

Lemma 21 For any fixed pair (m,h) ∈ [M ]× [H],

I3,3 ≤ 96CH2
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 + 96H2
√
SAKι. (127)

This Lemma leads to:
K∑
k=1

(V
k
m,h − V k

m,h)(s
k
h)

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

+ 108CH2
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 + 96H2
√
SAKι+ 6H2Sι

(128)

Iterating over h, we get:

K∑
k=1

(V
k
m,1 − V k

m,1)(s1)

≤108CH3max
h

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 + 96H3
√
SAKι+ 6H3Sι

≲CH3max
h

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 +H3
√
SAKι

(129)

Finally, conditioned on the successful event of Lemma 13, which has probability at least 1− δ, the
Lemma 14 holds.

F.3.1. SUPPORTING DETAILS

Proof [Proof of Lemma 19] Consider any fixed pair (m,h). We inherit the definition of Xn(s) from
the proof of Lemma 10 to denote all episodes where (h, s) is visited and the n-th visit of (h, s) is
received or been skipped. We then have:

I3,1 =H
K∑
k=1

I
{
nk < d′max(s

k
h)
}
= H

∑
s∈S

∑
x∈X0(s)

I
{
nx < d′max(s)

}
(130)
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Notice that the d′max(s)-th visit will be received or skipped when the (2d′max(s) + 1)-th visit hap-
pens. So we must have for every s ∈ S:∑

x∈X0(s)

I
{
nx < d′max(s)

}
≤ 2d′max(s) (131)

Consequently,

I3,1 ≤ H
∑
s∈S

2d′max(s) ≤ 4H
∑
s∈S

4

√
T

nK
m,h(s)

m,h (s) + 2HS (132)

The last line follows Lemma 16.

Proof [Proof of Lemma 20] Consider any fixed pair (m,h). We have:

I3,2 =

K∑
k=1

nk∑
i=1

αi
nk
(V

ki
m,h+1 − V ki

m,h+1)(s
ki
h+1)

≤
K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1)

[
d′max(s

k
h)αnk

+ (1 +
1

H
)
]

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 2H2

K∑
k=1

4

√
4T nK

m,h(s
k
h) + 1

nk

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 2H2

∑
s∈S

nK
m,h(s)∑
i=1

4

√
4T

nK
m,h(s)

m,h (s) + 1

i

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 2H2

∑
s∈S

(
4

√
4T

nK
m,h(s)

m,h (s) + 1
) nK

m,h(s)∑
i=1

1

i

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 4H2

∑
s∈S

(
4

√
4T

nK
m,h(s)

m,h (s) + 1
)
ι

≤(1 + 1

H
)

K∑
k=1

(
V

k
m,h+1 − V k

m,h+1

)
(skh+1) + 8H2

∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι+ 4H2Sι.

(133)

Here the second line follows directly from proof of Lemma 20, the third line follows the definition
of d′max(s

k
h).

Proof [Proof of Lemma 21] Consider any fixed pair of (m,h) ∈ [M ]×[H]. We inherit the definition
of Xn(s) from the proof of Lemma 10 to denote all episodes where (h, s) is visited and the n-th
visit of (h, s) is received or been skipped. We have:
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K∑
k=1

(
β
nk,nk

m,h (skh) + β
nk,nk

m,h (skh) + 4CH2

√
T nk
m,h(s

k
h)

nk

)
· I
{
nk ≥ d′max(s

k
h)
}

≤32H2C
K∑
k=1

√√√√T nk
m,h(s

k
h)

n2
k

ι · I
{
nk ≥ d′max(s

k
h)
}
+ 24H2

K∑
k=1

√
A

nk

ι · I
{
nk ≥ d′max(s

k
h)
} (134)

For the first term, we have:

H2C
K∑
k=1

√√√√T nk
m,h(s

k
h)

n2
k

ι · I
{
nk ≥ d′max(s

k
h)
}

≤H2Cι
∑
s∈S

√
T

nK
m,h(s)

m,h (s) ·
[ ∑
x∈Xd′max(s)(s)

1

nx

]

≤3H2C
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2

(135)

Here the last line is from results in Equation (82).
Then for the second,

H2
K∑
k=1

√
A

nk

ι · I
{
nk ≥ d′max(s

k
h)
}

≤H2
∑
s∈S

√
Aι

∑
x∈Xd′max(s)(s)

√
1

nx

≤2H2
∑
s∈S

√
AnK

m,h(s)ι+ 2H2S
√
Aι

≤4H2
√
SAKι

(136)

where the third line follows Equation (85).
Substituting the above results into Equation (134), we have:

K∑
k=1

(
β
nk,nk

m,h (skh) + β
nk,nk

m,h (skh) + 4CH2

√
T nk
m,h(s

k
h)

nk

)
· I
{
nk ≥ d′max(s

k
h)
}

≤96CH2
∑
s∈S

√
T

nK
m,h(s)

m,h (s)ι2 + 96H2
√
SAKι

(137)
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F.4. Step Four: Proof of Theorem 2

From Lemma 15, we can upper bound maxm,h
∑

s∈S

√
T

nK
m,h(s)

m,h (s) as follows:

max
m,h

∑
s∈S

√
T

nK
m,h(s)

m,h (s) ≤2max
m,h

∑
s∈S

min
L

{
|L|+

√
T

nK
m,h(s),L

m,h (s)

}
+ 64C2S

≤2max
m,h

min
L

{
S|L|+

∑
s∈S

√
T

nK
m,h(s),L

m,h (s)

}
+ 64C2S

=2max
m,h

min
L

{
S|L|+

√
ST K,L

m,h

}
+ 64C2S,

(138)

where L ⊂ [K]. Then from Lemma 14, we have:

max
m

(
V

†,π−m

m,1 − V π
m,1

)
(s1) = max

m

1

K

K∑
k=1

(
V

†,π−m,k

m,1 − V πk
m,1

)
(s1)

≲CH3max
m,h

∑
s∈S

√√√√T nK
m,h(s)

m,h (s)

K2
ι2 +H3

√
SA

K
ι

≲CH3max
m,h

min
L

{
S|L|+

√
ST K,L

m,h

}
ι2 +H3

√
SA

K
ι

(139)

F.5. Supporting Details

Proof [Proof of Lemma 15] Consider any fixed pair (m,h, s). When Tn ≤ (8C)4, the desired result
trivially holds. We now consider Tn ≥ (8C)4. Then for any set L ⊂ [K], we have:

Tn =

n∑
i=1

i− ei =

n∑
i=1

(i− ei) · I
{
ei /∈ L

}
+

n∑
i=1

(i− ei) · I
{
ei ∈ L

}
(140)

For the first term, we have:

n∑
i=1

(i− ei) · I
{
ei /∈ L

}
≤

n∑
i=1

(i− argmin
j /∈L

[
djm,h(s) + kj > ki − 1

]
) = Tn,L (141)

To see why this holds, consider the following cases. If ei /∈ L, then:

(i− ei) · I
{
ei /∈ L

}
= i− ei

=i− argmin
j

[
djm,h(s) + kj > ki − 1

]
=i− argmin

j /∈L

[
djm,h(s) + kj > ki − 1

] (142)
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However, if ei ∈ L, then

(i− ei) · I
{
ei /∈ L

}
= 0 ≤ i− argmin

j /∈L

[
djm,h(s) + kj > ki − 1

]
(143)

Combining the two cases gives the desired result.
Now for the second term,

n∑
i=1

(i− ei) · I
{
ei ∈ L

}
=

n∑
i=1

∑
j∈L

(i− j) · I
{
j = ei

}
=

∑
j∈L

n∑
i=j

(i− j) · I
{
j = ei

}
≤

∑
j∈L

n∑
i=j

(i− j) · I
{
j ∈ argMki

}
=

∑
j∈L

ϕj,n.

(144)

Here the last line follows Equation (23). For any visit j ∈ OnK , from Lemma 16, we have:

ϕj,n ≤
√
Tn + 4

√
4Tn + 1 (145)

For any visit j /∈ OnK , we have ϕj,n ≤
√
Tn. Combining the above two cases, we have:

n∑
i=1

(i− ei) · I
{
ei ∈ L

}
≤|L|

√
Tn + |OK | 4

√
4Tn + |OK |

≤|L|
√
Tn + 4C(Tn)3/4,

(146)

where the last line is due to Lemma 17.
Finally, combining the first and second term gives:

Tn ≤ Tn,L + |L|
√
Tn + 4C(Tn)3/4 (147)

Since Tn ≥ (8C)4, we have Tn − 4C(Tn)3/4 ≥ 1
2Tn. This implies:

Tn,L ≥
1

2
Tn − |L|

√
Tn (148)

which is equivalent to:

min
L∈[n]

{
|L|+

√
Tn,L

}
≥ min

l

{
l +

√
1

2
Tn − l

√
Tn

}
(149)
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Since the right hand side is concave in l, its maximum is reached when l = 1
2

√
Tn. So we have:

1

2

√
Tn ≤ min

L∈[n]

{
|L|+

√
Tn,L

}
(150)
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