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Abstract

This paper considers multi-agent reinforcement learning (MARL) where the rewards are received
after delays and the delay time varies among agents. Based on the V-learning framework, this paper
proposes MARL algorithms that efficiently deal with reward delays. When the delays are finite, our

algorithm reaches a coarse correlated equilibrium (CCE) with rate @( H VKS Ix 4 H i/\/?sj) where

K is the number of episodes, H is the planning horizon, S is the size of the state space, A is the size
of the largest action space, and Ty is the measure of the total delay defined in the paper. Moreover,
our algorithm can be extended to cases with infinite delays through a reward skipping scheme. It
achieves convergence rate similar to the finite delay case.

Keywords: Reward Delays, Markov Games, Multi-Agent Reinforcement Learning

1. Introduction

Multi-agent reinforcement learning (MARL) finds extensive applications such as recommendation
systems (Zhao et al., 2020), medical treatments (Li et al., 2022; Martinho et al., 2021), multi-agent
robotics systems (Brambilla et al., 2013; Malus et al., 2020; Choi and Ahn, 2010), autonomous
driving (Kiran et al., 2021), etc. In these multi-agent problems, individuals aim to learn to interact
with the environment under the influence of other agents.

Motivated by the empirical success of MARL, there is a surge of recent studies focusing on de-
signing MARL algorithms with theoretical convergence guarantees such as V-learning, V-learning
OMD, SPoCMAR, etc (Jin et al., 2021; Song et al., 2021; Daskalakis et al., 2022; Mao and Basar,
2022). In these algorithms, agents rely on real-time observations of the reward values to update their
policies or value functions. However, in reality, rewards generally come with delays. For example,
in multi-agent robotics systems (Duan et al., 2022), it takes time for the robots to communicate
and gather the information of other agents, leading to delays in rewards. Another example is the
medical treatment process (Li et al., 2022), where the effectiveness of a treatment strategy cannot
be observed immediately. It generally takes a long time for a patient to respond and recover. In
addition, the delays are typically heterogeneous, depending on factors such as the status of commu-
nication channels or thepatient’s physiological state. All these real-life examples suggest that it is
crucial to understand how delays affect the learning process and how to design RL algorithms that
could accommodate reward delays efficiently.

There has been extensive empirical work on MARL with reward delays. Different approaches
are proposed to handle delays, including but not restricted to evaluating curiosity (Shao et al., 2019),
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learning temporal structures (Hauwere et al., 2011), predicting strategic interactions between agents
(Tang et al., 2018), and predicting the environment (Firoiu et al., 2018) with neural networks. How-
ever, from the theoretical perspective, few results are known for MARL. Other related settings
include single-agent reinforcement learning (SARL) and multi-arm bandit (MAB). For SARL, two
recent work (Lancewicki et al., 2022; Jin et al., 2022) studies adversarial reward delays. Unfor-
tunately, their methods suffer from the curse of dimensionality when directly extended to MARL.
Other previous work (Walsh et al., 2009; Katsikopoulos and Engelbrecht, 2003) only focuses on
constant reward delays. For MAB, Gyorgy and Joulani (2021); Zimmert and Seldin (2020); Gael
et al. (2020) tackle adversarial reward delays while Cesa-Bianchi et al. (2016); Neu et al. (2010) fo-
cus on constant reward delays. In the MARL setting, there also exist lines of work studying state or
action delays in multi-agent settings (Agarwal and Aggarwal, 2021; Bouteiller et al., 2020b; Chen
et al., 2020), but the settings studied in these papers are different from the reward delay considered
in our paper and thus are out of scope of this paper.

Our Contributions. In this paper, we focus on a specific type of MARL model, the general-sum
Markov games (Shapley, 1953; Littman et al., 2001). We propose the delay-adaptive multi-agent
V-learning (DA-MAVL) to learn coarse-correlated equilibria (CCEs) under reward delays, in which
the learning of the agents can be finished in a fully decentralized manner. Namely, every agent runs
its own learning algorithm without communicating with others. Note that this is nontrivial because
different agents may receive reward for the same visit at different episodes due to the heterogeneous
delays among agents which might lead to misalignment and divergent behavior. Our DA-MAVL
algorithm circumvents this problem by carefully selecting proper reward information for learning
and aligning the behaviour of the agents, leading the algorithm to converge to CCEs.

In the case of finite delays, our algorithm achieves the CCE-gap as small as @(% +

L\/\/Eﬁ) with K episode-samples (Theorem 1). Here H is the planning horizon, S' is the size of

the state space, A = max,, |A;,| is the largest size of one agent’ action space, and Tx can be seen
as a measure of the total delay. In the worst case, /7 is the order of O(v/K), which implies the
CCE-gap is as small as (’)(#) This dependence of K matches the original result of V-learning

(Jin et al., 2021; Song et al., 2021), indicating that DA-MAVL successfully aligns the behaviour of
the agents. Moreover, both terms are independent of the number of agents, meaning that DA-MAVL
scales nicely with the system size. Our proposed DA-MAVL algorithm can be easily extended to
cases with infinite delays. With a novel skipping metric inspired by Zimmert and Seldin (2020),
our algorithm can skip the infinite delays without previous knowledge of the delay sequence and
achieve the CCE-gap similarly to the finite delay case (Theorem 1). To the best of our knowledge,
our results give the first convergence rate guarantee for general-sum MGs under adversarial reward
delays.

Due to the space limit, we defer “related work™, detailed algorithms, proofs, and simulation
settings in the appendix of the online report (Zhang et al., 2022) of this submission.

2. Problem Setup & Preliminary

2.1. Markov Games with Reward Delays

We study general-sum Markov games (MGs, also called stochastic games in Shapley (1953)) with
reward delays. In its episodic and tabular form, an MG can be defined by the following tuple:

MG (Hv S {Am tmepnns AP ey {Tmb tmenn nelm)s {d%,h(S)}me[M],he[H],ses,ne[K])- (1)
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Here we use [m] to denote the set of {1,...,m}, and in the subscripts, m € [M] stands for the
agents, k € [K] stands for the episode, h € [H] stands for the time step over the finite horizon.
S is a global state space with cardinality S = |S|. A, is the action space of agent m. Define
A = max,,¢[p] | Am|. The joint action space is given by A = A; x - - - x Ay, and the joint action
isgivenasa = (a1,...,ay). Py(s’|s,a) with s, s’ € S, a € Ais the transition function for step h.
Tm,h(S, @) is a deterministic reward for agent m at step i when the current state and joint action are
s and a. The sequence {d},, ,(5) }me[a) he(H],sesnen Tepresents the delays of the rewards which
will be introduced in detail in later paragraphs. Without loss of generality, we assume that every
episode k starts from a fixed initial state s;." At every step h, every agent observes the current state
s’,?;, takes action aﬁ% - The environment then transits to the next state st 41 according to P, until
step H + 1 is reached.

Visits and happening order: When the agents visit state s at step h for the n-th time, we say that
the n-th visit of (h, s) happens, and n is the happening order of this visit.

Delays: In this paper, we allow the delays of the rewards to be heterogeneous among different
agents m, different visits (h, s) and different happening orders n. In specific, for the n-th visit of
(h, s) which happens at episode k, agent m will receive its reward 7, 5 (s, a) by the end of episode
k+ dy, ,(s). When dy, ,(s) = 0, our model is the classical MG where the reward ry,, 1,(s, @) is
received by the end of k.

(Un)received visits, (un)usable visits: When the reward of a visit has been received, we call the
visit a received visit; otherwise, we call it an unreceived visit. It is worth mentioning that visits that
happen early are not necessarily received early.

We denote the episode in which the n-th visit of (h, s) happens as £} (s). At the beginning of
episode k7(s),” for agent m, because of the reward delays, some of the first n — 1 visits of (h, s)
may not be received. In this case, we define index e” , () as the earliest unreceived visit:

m,h
e (s) := min {j Ll (s) + kL (s) > Ki(s) — 1,5 € [n — 1]}. )
If all of the first n — 1 visits have been received, we define
e%h(s) =n. 3)

It means that all the visits of (h, s) that happen earlier than the e}, , (s)-th visit have been received
before episode &}’ (s) starts; but the e, , (s)-th visit has not been received yet.

We call a received visit as usable if and only if all visits happening earlier have all been received.
Before episode kj!(s) starts, the usable visits of (h,s) would be the visits that happen before the
€m.n(8)-th visit, i.e., visits with happening order 1,2, ..., e}, ;(s) — 1.

In our algorithm, to ensure that the agents are aligned, we only use some of the usable visits at
every episode. Consequently, the performance of our algorithm strongly relates to the number of

unusable and unreceived visits. We define a counting sequence {7,7" ;. (5) }ine[a) he[H],seS,ne[K] 3S:

n n
Trn(s) =3 (i—ei () =3 (2 — min {j L@ () + K] (s) > K (s) - 1}) @)
i=1 i=1
where 7.7 (s) counts the accumulated number of unusable and unreceived visits of (h, s) till the
n-th visit. Note that in the classical MG setting without reward delays, we have 7,7, (s) = 0.

1. For any MG with initial distribution w, one can always add a step with only one state ahead and let the transition
function be p for all actions, leading to an equivalent MG with a fixed initial state.

2. Without causing any confusion, we will use “at the beginning of episode k” and “by the end of episode £ — 1”
interchangeably.
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2.2. Objectives - Coarse Correlated Equilibrium

Agent m’s policy is denoted as 7, = {7y n}tne[). The policy at step h is 7y @ Q2 X (S X
APl xS — Ay, where Tm,, Maps a random sample wy, from probability space €2 and a
trajectory (s1,ai, ..., Sy) to a point in probability simplex A 4. An important subclass of policy
is the independent Markov policy, with m,, , : & — A4, maps the current state to a point in
probability simplex A 4, .

A joint policy 7 is a set of policies {7 }e[ar) of all agents. If the random samples {w;, €
O} ne[m) are shared among all agents, policies of all agents are correlated. In this case, we denote
the joint policy m as 7 = m O @2 ®...® 7y, and call 7 as a correlated policy. We also use
Mem = T1O. . . Tim—1 OTm+1 - . - O to denote the policy excluding agent m. If the randomness
of mp, is independent of other policies 7y, i.e., the random samples {wy, € Q},¢|p] are shared
among agents except agent m, we denote the joint policy as m = m,,, X T—p,.

For a joint policy 7, we define its value function for agent m as:

H
Vian(sn) == Eﬂ[ Z T (ks any)|sp |, Vm e [M]. Q)
h'=h

Given policy m_,, the best response for agent m is defined as the best policy that maximizes the

VmXT=m  For notation simplicity, we denote

value function for agent m, i.e., = argmax, V"

3
the value function of the best response as Vn:’;r;’" = Vg";l’ﬂ’m. Our objective is to find a joint policy

7 that is an e-coarse correlated equilibrium (CCE) defined as follows:

Definition 1 (Coarse Correlated Equilibrium (CCE (Young, 2004))) We define the CCE-gap of
a joint policy T as: T -
CCE-gap(r) := max (V,)77™ — V.7 1)(s1). (6)
me([M] ’ ’
A joint policy 7 is a CCE if the CCE-gap is zero:

CCE-gap(m) = 0. 7

A joint policy 7 is an e-CCE if the CCE-gap satisfies:
CCE-gap(m) < e. 3)

When agents reach a CCE, they have no incentive to deviate to any independent policies.

3. Delay-Adaptive Multi-Agent V-Learning

In this section, we present our main algorithm: Delay-Adaptive Multi-Agent V-Learning (DA-
MAVL). Similar to V-learning in Jin et al. (2021); Song et al. (2021), DA-MAVL contains two
consecutive algorithms - i) the training algorithm (Algorithm 1), where agents learn and store a set
of independent Markov policies {frfn h}me[ M),he[H),ke|K]> and ii) the output algorithm (Algorithm
2), which constructs the final output policies (which can be correlated and non-Markov) {7, } e[
from the set of independent Markov policies {fr?’fm}me[ M),he[H],ke|K]- The training algorithm is
decentralized, i.e., agents update their own policies with their own delayed rewards and without
communication between agents. The algorithm framework resembles the V-learning algorithm but
comes with a mechanism that carefully chooses usable visits for learning. This mechanism enables
agents to align their behaviour under the influence of heterogeneous reward delays and leads the
algorithm toward convergence (see more discussions at the end of next subsection).
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Recall that kj}'(s) is the episode when the agents visit (h, s) for the n-th time. For agent m,
we also define ﬁﬁl 1 (8) as the count of happened visits of (h, s) and define ﬂﬁl 1, () as the count of
usable visits of (h, s) at the beginning of episode k.

3.1. The Training Algorithm

We now present the training algorithm for DA-MAVL (Algorithm 1). The algorithm contains three
major processes, which we name as ‘Preparation’, ‘Learning’ and ‘Sampling’. At each episode k,
for every agent m and (h, s), the three processes are carried out iteratively through episodes:

* In the ‘Preparation’ process, we keep track of three important sets, namely the set of visits to be
used F, 1,(s) (including all usable visits that have not been used previously), the set of unusable
visits M;h(s) and the set of unreceived visits M, ; (s). Usable Visits in F, (s) will be fed
into later processes and will no longer be used again in future episodes. Unusable and unreceived
visits in M, (s) = M;ﬁ(s) UM, ;(s) are stored in memory until they become usable.

Note that for set M = M, ,,(s) (or M = M__, (s)), whose entries are tuples (i, a, #V V' r)
(or (i, a,, v,V )) indexed by the first element 7, we define arg{ M} := {i} as the set of indices.

* In the ‘Learning’ process, visits in JF,, ,(s) are fed into subroutines “VALUE_UPDATE’ and
‘POLICY_OPT’ (Algorithm 3 and Algorithm 4 in Appendix C.1 in Zhang et al. (2022)) con-
secutively in their happening orders. Subroutine ‘VALUE_UPDATE’ keeps track of an “opti-

mistic” value estimate V/,, ;(s) by using all visits in JF,, ;(s) with parameters «; and Bfﬂh(s)

Note that o; can be viewed as the learning rate and Bﬁn 5 (s) is a bonus term. Subroutine ‘POL-
ICY_OPT’ runs an adversarial-bandit-type algorithm (similar to the algorithm in Zimmert and
Seldin (2020)) to update the policy, where the bandit loss is calculated using the optimistic value
estimates V', ,(s).

Note that in Algorithm 1 and Subroutine ‘VALUE_UPDATE’, we also introduce a pessimistic
value estimate, V., ;(s). This pessimistic estimate is an auxiliary variable that is not needed for
running the algorithm but is used in the proof.

* In the ‘Sampling’ process, every agent chooses its action based on the updated policy, and the
next state is sampled. Finally, every agent stores related information, receives delayed rewards
and moves on to the next step h + 1.

Discussions - The role of usable visits. As previously mentioned, one key challenge for the decen-
tralized learning algorithm is to avoid misalignment under heterogeneous reward delays of different
agents. Our algorithm addresses this challenge by only using usable visits for learning in subrou-
tines ‘“VALUE_UPDATE’ and ‘POLICY_OPT’. The main intuition is to ensure that the happening
order of the visits is also the order in which they are used in the subroutines. Consequently, although
the reward of a visit might be received and used in different episodes for different agents, the orders
in which the visits are used remain the same among agents. This enables agents to keep aligned
without any communication during the training algorithm and leads to better performance.

To better understand the role of usable visits, we also compare our algorithm numerically with
the naive algorithm, where visits are immediately fed into subroutines once they are received (see
Appendix C.2 in Zhang et al. (2022) for details). Notice that in the naive algorithm, the reward
of the same visit may be used in different orders among agents, which causes misalignment of the
agents. The numerical results are discussed in Section 6, where we indeed observe that with the
notion of usable visits, our algorithm outperforms the naive algorithm. Additionally, we also tried
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to analyze the performance of the naive method, yet failed to give a rigorous bound due to the
misalignment caused by the heterogeneity of the delay. However, it remains an open question to
prove or to disapprove whether the naive method would converge to a CCE.

Algorithm 1: DA-MAVL Training for Agent m
Init: V(h, s), ﬁ%h(s) — 0, ﬂ?n’h(s) 0, 7;2’,1(3) < 0, Fn(s) < 0, M, 1,(s) < 0;
for Episode k. =1,...,K do
Receive initial state s%;
for Step h=1,...,H do
// Preparation
s« st
for (i,a,%, V', V' ,r) € M/ ,(s) do
ifvj <i,j ¢ arg{M,, ,(s)} then

‘ Save (i, a, V.V, 1) to Fpn n(8); Remove (7, a, V.V, r) from M;rl’h(s);
7 () = T () + Lm () = g () + P (9)
T (8) = Tow' () + My (5)]:
/l Learning

Vi n(8),VE 1 (s) < VALUE-UPDATE,, 5, o (Finn(s), n);

7k . (:|s) < POLICY_OPT,, j, s (Fon,n(s), 70);

m,h
/I Sampling

’

Take action afrm ~ frﬁuh(‘\s); Observe next state sﬁﬂ;
for s’ € S\s do
_ —k—1/( . k—1[ 1.
n’;%h(s’) My (81); Qﬁ%h(s’) gy (81);
7" ’ AV PATR L. / VELg. 2k (g Ak—1( [,
mn (") = Vo n(8): Vg n(s7) <= Vo (87)s o n Cls) <= 7, (1)
for Step h=1,...,H do
= -~ 7k k - .
‘ Save (nfn,h(SZ)?afn,h’ Wﬁ(afn,hlsﬁ)» Vm,h+1(5]1§+1)vKm,h+1(5]fz+1)) to ,/\/lmh(s];;),
Receive delayed rewards for all states s;
for Delayed Reward (m, h, s,i,r) do
Extract and remove (i, a, T, V/7 K’) from M, (s);

Save (i,a,fr,V/,K/, r) to M;,h(s);

3.2. Execution of the Output Policy

Algorithm 1 outputs a set of independent Markov policies {fr,’; h}me[ M],he[H],ke[K]- Based on this
policy set, we now construct joint policy ™ = {7 }me(nr) as the output of DA-MAVL. The policy
is defined by its execution in Algorithm 2. Notice that all random samples (line 1 and line 4) are
shared across all agents. This algorithm mainly follows V-learning in Jin et al. (2021); Song et al.
(2021) except for the modification in line 3. It ensures the estimated value functions in Algorithm 1
upper bound the policy performance. We refer readers to the original work for more intuitions.

4. Performance Guarantee and Proof Sketches

Recall that the counting sequence {77} }, () }me[ar), he[H],ses,ne[k] (Equation (4)) is agent m’s accu-
mulated count of unusable and unreceived visits till the n-th visit of (k, s). Also, recall that n* , (s)

6
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Algorithm 2: DA-MAVL Output for 7y,

1 Sample k ~ Uniform([K]);

2 forstep h=1,...,H do

3 Observe current state sp; n < max,, Q’fn n(8n);
Sample i from [n] with probability o,; k < ki (sp);
Take action a,, j, ~ frﬁ%h(-\sh);

4
5

is the count of usable visits of (h s) at the beginning of episode k. Using the two notations, we

define Tx = maxy,p, Y 57, T h( )( ) which will be used in bounding the CCE-gap after K

episodes. We will assume that the reward delays of the MG are upper bounded by some constant.

Assumption 1 The del bounded by dy, 4, that is, dn < dmaz-
umpti e delays are bounded by d,, ., that is me[M],heI[Illﬁﬁ,};eS,ne[K] m’h(s)_ maz

Now we are ready to present the performance guarantee for DA-MAVL:

Theorem 1 Under Assumption 1, forany § € (0,1), K > d2,,,St3 where 1 = log(4M HSAK /),

suppose Algorithm 1 is run for K episodes, then the following equation holds for the output policy
w of Algorithm 2 with probability at least 1 — §

CCE-gap(m) = max (V,L’ﬁ‘m - Vm”71)(31) < H3\/STi /K22 + H3\/SA/K. 9)

mée[M]

Under Assumption 1, it can be shown (with Lemma 38 in Appendix E.1 in Zhang et al. (2022)):

K

TL
TK:ISL?}?ZTW%?;}I( <maxz Z n—epy < maxanh < Kdpmaz-

sES s€S n=1 seS

Substituting it into Theorem 1 gives the CCE-gap of order @( H*S dm\“/”%H 3\/“’7‘). In other words,

in the worst case where the delays are always d,,,q, and every (h, s) is visited for K times, at most

_ A HS(dmaz+A) . . .
K = (9(672) episodes are needed for an e-CCE. The influence of the reward delays is
linearly bounded by term @(msiglm) and tends to 0 when d,,4;, goes to 0. Note that our result
bears an extra factor H compared with V-learning (Jin et al., 2021; Song et al., 2021), even when all
delays are zero. This is because we have to choose the parameters generously so that our algorithm

is adaptive to potential delays.
4.1. Proof Sketch of Theorem 1

The proof can be broken down into the following three steps.

STEP 1: Bound the ‘Policy Optimization Regret’. For notation simplicity, we let k,, denote
kj, (s). For every pair (m, h, s,n), we first define the policy optimization regret R ; (s):

B n(5) =, mace Z W[E(rm(s. @)+ Vinin () = (rhip + Vi (s50) ] 010

am€A m.
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where a = (am, a_,), of, is the weight which we define in Equation (22) in Appendix D in Zhang
et al. (2022), and the expectation is taken over a_,,, ~ frﬁim L(:[s)and s ~ Py (-|s, @). Intuitively, it
measures the performance of the first n outputs of subroutine ‘POLICY_OPT,,, 5, ;* in Algorithm 1,
i.e. Markov policies {fr’;; 1(8) }ie[n)- Under Assumption 1, we give the following upper bound:

Lemma 1 Suppose Assumption 1 holds. For ¥(m,h, s, k) € [M] x [H] x S x [K], the following
inequality holds with probability at least 1 — § /2

nA+T", (s
A+ Ton(s) )L+ o2 dmaz (11)

2
non(s) < 12H o~ n

In this lemma, the key difference from V-learning is that the subroutine needs to learn the n-th
output, i.e. frfr:‘,h(s), without access to all reward information of the first n — 1 visits of (h, s) due
to the reward delays. We have to measure the influence of the delays on outputs. By comparing it
with the no-delay versions, we can show that the influence of the delays can be reflected by term

T, (s)/n? and dppqs /1 in Equation (11).

STEP 2: Optimism and Pessimism. Utilizing the regret defined above, we carefully design
bonuses ,BZ’ n(s) and B in subroutine “VALUE_UPDATE’ as follows:

—=n _ pn zdmax _ H ’ Qdmaa:
Bm’h(s) = myh(s) + 2H TL, én =2 7[, + 2H T/,. (12)

With the bonuses, we can show that the value estimates an, n(s) and Kfm 5 (s) in Algorithm 1 upper

and lower bound the performance of policy ﬂfn he
Lemma 2 Suppose Assumption 1 holds. For¥(m,h,s, k) € [M] x [H] x S x [K], the following
inequality holds with probability at least 1 — §

_ ok ok
Vhu(s) 2 VST (s), VL (s) < Vi (s). (13)

In this lemma, policy wﬁ(s) can be seen as part of the output policy 7 in Algorithm 2, which is used
at steps from h to H. It is formally defined in Algorithm 12 in Appendix D in Zhang et al. (2022).
We note that it is nontrivial to ensure optimism and pessimism under the influence of heteroge-

neous reward delays among agents. Notice that Vfih n(s) and Kfm 5 (s) are calculated only with in-
k

me,h

. . . .il? k .
formation of agent m. However, the output policy 7}, asin V", ~™"(s) and Vﬂ:hh(s), is a correlated
policy that takes information of all agents into consideration. Therefore, under heterogeneous de-

__ 7k ok
lays, it is challenging for V;h(s) and K’fmh(s) to upper or lower bound VTL’ LM (s)and VB (s),

breaking the original optimism and pessimism results in V-learning (Jin et al., 2021; Song et al.,
2021). We carefully design bonuses as in Equation 13 to solve this difficulty and ensure optimism
and pessimism.

STEP 3: Bound the CCE-gap. Finally, given Lemma 2, it suffices to bound the gap between the

K
optimistic and pessimistic value estimates » (V,, ; — Zﬁ%l)(s’g).
k=1
As is mentioned in Step 2, the value estimates V', ,(s) and Kfmh(s) are calculated without
access to all information due to the reward delays. This fact increases the variance of the value
estimates. In the proof of this lemma, we carefully consider the number of unreceived and unusable
visits for every episode and analyze its cumulative influence across all episodes.
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5. Extension to Infinite Delays
5.1. The Skipping Scheme

The performance of the DA-MAVL algorithm in Section 3 heavily relies on the assumption that
delays are finite. One single infinite delay could prevent the algorithm from convergence because
all visits that happen later are unusable. In this case, it is worth skipping some of the rewards for
better performance. Following the intuitions of Zimmert and Seldin (2020), we extend DA-MAVL
and design a new skipping metric to deal with infinite delays in MARL. Details for the extended
algorithm (DA-MAVL with Reward Skipping) are presented in Appendix C.3 in Zhang et al. (2022).

The critical part of the ‘Skipping’ process is to determine when to skip a visit. When the n-
th visit of (h, s) happens, we maintain the skipping metric qb;;:h(s) = > i iy1(J — 1) if the i-th
visit of (h, s) is unreceived. Intuitively speaking, d)%h(s) upper bounds the contribution of the i-th

visit to 7,7, (s). It is beneficial to skip the i-th visit if (bi;?h(s) becomes large enough. Following
the intuition of previous reward skipping method in Zimmert and Seldin (2020) in the adversarial

bandit setting, we skip the i-th visit if qSi’anh(s) exceeds threshold | /7,7, (s). However, we would

like to point out that our design of the skipping metric (;5;’3,1(3) is not a direct generalization of
previous skipping method. Unlike the multi-agent setting considered in this paper, the adversarial
bandit setting does not need to consider the heterogeneity of reward delays among agents, thus their
algorithm update does not need to wait for visits to become usable. Correspondingly, the skipping
metric n — % in previous method would fail in our setting, because it no longer upper-bounds the
contribution of the i-th visit to 7,77 ;, (s).

5.2. Performance Guarantee for DA-MAVL with Reward Skipping

Recall the notation %}, (s) stands for the episode when n-th visit of (h, s) happens. With the skipping
scheme, we can also relax Assumption 1 to the following:

Assumption 2 ForV(m, h,s,n) € [M] x [H] x § x [K], there exists a constant C satisfying:
{i <n:dy,,(s)+ ki(s) > ki (s)} < C. (14)

Intuitively, Assumption 2 requires that for every pair (m, h, s, n), there are at most C' unreceived
visits before the n-th visit of (h, s)for agent m. This implies that either large delays do not appear
too many times or delays are not large enough to influence performance. It is worth noting that the
finite delay Assumption 1 implies Assumption 2 with C' = d,,4,. But Assumption 2 is more general
than Assumption 1 because Assumption 2 holds even if there are less than C' infinite delays.

Given a subset of visit indices £ C [K], at episode %} (s) when the n-th visit of (h, s) happens,

we define variable eZﬁL(s) as the earliest unreceived visit outside of L:

efn’fh(s) := min {j : dfn’h(s) + k:fz(s) > kp(s)—1,5€[n— 1]\5}. (15)
If all of the first n — 1 visits are received, we let e%ﬁl(s) = n. Now we define Tn'z}f (s) as follows:
n
Tow(s) = i—eny(s). (16)
i=1

It counts the accumulated number of unusable and unreceived visits outside of £ for the first n

. . . n L " .
visits of (h,s). Finally, we also define Tf ;f =Y ses :L’Z’h(s) (s). Intuitively, it counts the
accumulated number of unusable and unreceived visits outside of £ during the K episodes.

Now we are ready to present the performance guarantee for DA-MAVL with Reward Skipping:
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Theorem 2 Under Assumption 2, for any 6 € (0,1), K > C%5313 where . = log(4M HSAK /),
suppose Algorithm 9 is run for K episodes, then the following equation holds for the output policy
w of Algorithm 2 with probability at least 1 — §

KL
Ve N [SA
: < 3 : 2 3, /24 17
CCE-gap(m) S CH I}vllag( mﬁm{ + 2 (! +H L

Theorem 2 implies that DA-MAVL with Reward Skipping can still obtain convergence to CCE
when there are infinite delays. Consider the case where all delays are upper bounded by constant
dimaa, except for C infinite delays for every (h,s). Let L, , = {n : 3s,dy, ,(s) = oo} denote
all visit indices where the delay is infinite for some state s and fixed pair (m, h). We then have

|Lmn| < CS and Tnlf ’hﬁm’h < Kdpge. Substituting into Theorem 2 gives CCE-gap of order

(5( VS d"% A 3\/57‘), which is exactly the same as the result of Theorem 1.

6. Simulations

We simulate our algorithms in a simple single-state MG with M = 3,5 =1, A =2 H = 1. Due
to the space limit, the simulation settings are introduced in Appendix B in Zhang et al. (2022). We
only present the simulation results in Figure 1. We can see that our algorithm outperforms the naive
algorithm (mentioned in Section 3) when delays are finite. Moreover, our novel skipping metric
outperforms previous skipping method (mentioned in Section 5.1) when delays are infinitely large.

0175
—— Delay Sequence 3 0.40

Delay Sequence 2
—— Delay Sequence 1

0.150

0.125

0100

—— Naive Method
Previous Method
—— Our Method

—— Naive Method Soors

—— Our Method

0.050

0.025

A

0.00 0.000 0.00
0 2000 4000 6000 8000 10000 12000 14000 0 2000 4000 6000 8000 10000 12000 14000 0 2000 4000 6000 8000 10000 12000 14000
episode episode episode

Figure 1: Left: CCE-gap for Output Policy of DA-MAVL (Our Method) and the Naive Algorithm (Naive
Method); Center: CCE-gap for Output Policy of DA-MAVL under Different Delay Sequences;
Right: CCE-gap for Skipping Metrics in DA-MAVL with Reward Skipping (Our Method), in
Previous Work (Zimmert and Seldin, 2020) (Previous Method) and No Skipping (Naive Method).

7. Conclusion

This paper studies MARL with reward delays. For finite delays, we propose MARL algorithms
with a novel mechanism to choose proper visits for learning, so that agents can reach a CCE even
when facing heterogeneous delays. We also adapt our algorithm to cases with infinite delays using a
novel reward skipping metric. High probability bounds are given on the CCE-gap of our algorithms.
There are many interesting future directions, such as proving or disproving the convergence of the
naive algorithm (Appendix C.2 in Zhang et al. (2022)), providing lower bounds on the CCE-gap for
MARL with reward delays, relaxing Assumption 2 for infinite delays, extending current results to
MGs with function approximation, etc.

10
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Appendix A. Related Work

MARL algorithms with theoretical guarantees. In MARL, it is a standard objective to find CCEs
of the underlying MG (Jin et al., 2021). There is a recent line of work providing non-asymptotic
guarantees for learning CCEs of general-sum MGs. Generally speaking, existing model-based al-
gorithms (Subramanian et al., 2021; Liu et al., 2021) suffer from the curse of dimensionality in
finding CCEs (Jin et al., 2021; Song et al., 2021). They require samples exponentially related to the
number of agents to achieve the learning objective. Recent model-free algorithms (Jin et al., 2021;
Song et al., 2021; Daskalakis et al., 2022; Mao and Basar, 2022) have successfully broken the curse,
providing sample complexity not directly related to the number of agents. V-Learning in Jin et al.
(2021); Song et al. (2021) is one of the algorithms that achieve this breakthrough.

Another common objective in this setting is the Nash Equilibrium. However, it is proven PPAD-
hard by previous work (Daskalakis et al., 2009).

Delays in MARL. Different kinds of delays may occur in MARL, including but not restricted to
state delays (or observation delays), action delays and reward delays (or feedback delays) (Agarwal
and Aggarwal, 2021). We acknowledge that there exist lines of work on state and action delays
(Agarwal and Aggarwal, 2021; Bouteiller et al., 2020b; Chen et al., 2020), but they are beyond the
scope of this paper. In MARL with state delays, the major challenge is how to predict the current
state from previous information. In MARL with action delays, the challenge is to predict when
the actions will take effect. However, the focus of our paper is to better evaluate the current state
and action with available information instead of predicting what they are. Most paper concerning
reward delays in MARL is empirical (Shao et al., 2019; Tang et al., 2018; Hauwere et al., 2011).
As discussed previously, they resort to alternative mechanisms to guide the agents instead of using
rewards directly. Currently, the mechanisms are formed using deep neural networks that are hard to
explain theoretically.

Reward delays in MDP. Recently, empirical single-agent RL algorithms have achieved great progress
in handling reward delays (Bouteiller et al., 2020a; Arjona-Medina et al., 2019; Yin et al., 2018). In
contrast, theoretical aspect of the problem is relatively unexplored. The two available previous work
(Lancewicki et al., 2022; Jin et al., 2022) studies adversarial reward delays. Take the latter as an ex-
ample. For an adversarial MDP with state space size .9, action space size A, planning horizon H and
total delay D, their algorithm achieves the optimal gap O(H?S\/A/K + H%/*(SA)'/*\/D/K?)
with high probability after K episodes. This result matches ours (Theorem 1) in terms of episode
number K and total delay D. However, as mentioned before, these model-based methods maintain
exponentially many parameters that prohibit them from being tractable in the multi-agent setting.
Our algorithm, based on V-Learning, is a completely different model-free algorithm that success-
fully breaks the curse.

Reward delays in multi-arm bandit (MAB). There exist extensive theoretic work in MAB that
deals with delays. Gyorgy and Joulani (2021); Zimmert and Seldin (2020); Joulani et al. (2017);
Gael et al. (2020) tackle delays chosen by adversarial while Cesa-Bianchi et al. (2016); Neu et al.
(2010) concern constant delays. Typically, their algorithms gives optimal gap O/ A/K + D/K?,
where A is the number of actions, D is the total delay, and K is the number of episodes. All
the above literature provides precious insights for this paper. But the MAB setting is completely
different from MARL, since there are no state transitions and cooperation between agents.
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Appendix B. Simulation Settings

We simulate a simple single-state MG with M = 3,5 = 1, A = 2, H = 1. The agents visit state
s1. Reward r = 1 is given if all agents choose action one, and r = 0.5 is given if all agents choose
action two. Otherwise, reward r = 0.

Finite Delays. We first simulate DA-MAVL (Section 3) with respect to the naive algorithm (Ap-
pendix C.2) under delay sequence 1 as follows:

di1(s1) =20 —2-(imod 10), d3,(s1) =5, dz;(s1)=75. (18)

k
We plot the CCE-gap max;,c[ar (VTL’Z”"‘l — V,;rjfl)(sl) of every episode k in Figure 1 (left). DA-
MAVL (Our Method) achieves satisfying convergence results, which aligns with our intuition in
section 3.1. Contrarily, the naive algorithm (Naive Method) fails to converge in limited episodes.
We then show the influence of the delays on DA-MAVL in Figure 1 (center). Delay sequence
2 and delay sequence 3 are four and nine times the value of delay sequence 1. The numeric result
matches Theorem 1 in two ways: 1). The CCE-gap of our output policy converges to O; ii). The

CCE-gap of our output policy is positively related to d;qz-

Infinite Delays. For the simulations of infinite delays, we set the delays as follows:

,nmod 10 <5
else , dyq(s1) =5, dyi(s1)=5. (19)

aaon={
Namely, for agent 1, there will be five infinite delays every ten visits of s;. The numerical results for
skipping metric in DA-MAVL with Reward Skipping (Algorithm 9) (Our Method), skipping metric
in previous work (Zimmert and Seldin, 2020) (Previous Method) and no skipping scheme in DA-
MAVL (Algorithm 1)(Naive Method) is shown in Figure 1 (right). As is suggested in the figure,
the algorithm without delay skipping will not converge because of the infinite delays. However,
our algorithm with method skips all infinite delays and behaves as if they do not exist, and enjoys
superiority over previous skipping methods in the setting of this paper.

Appendix C. Algorithms and Subroutines
C.1. Subroutines for DA-MAVL Training (Algorithm 1)

Algorithm 3: Subroutine VALUE_UPDATE,,, ;, s for agent m for Algorithm 1

Init: n < 0, Vm’h(s) —H+1-hV, ,(s) <+ 0; Viun(s) = H+1—=h;V, .(s) < 0;
Receive F, n;

Vo1 (8) = Vi 1 (8) = By n(8); Vo (8) = Vo 1 (8) + B8 s m =
for (i,a,#, V', V' ,r) € Fdo
Vo n(8) = (L= i)V, (s) + ca(r + V');
Von(s) & (1= ai)V,, ,(s) + ai(r + V)
mn(8) & Vo p(s) + 5Z,h(5)2 Von(8) < Vo n(s) =B,
Vmﬁ(s) < min {H +1—h, vah(s),vmh(s)};zm,h(s) + max {0, meh(s),zm’h(s)};

15
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Algorithm 4: Subroutine POLICY_OPT,,, j, s for agent m for Algorithm 1

Init: Va € A, ﬁm7h(57 a) < 0;

Receive F,1;

2 for (i,a,7,V',V',r) € F do

3 for ' € Ado

s || ) =10 =0 2] [ [F i)
I:mvh(s, a) = ﬁmh(s, a)+ wilAfn’h(s, a;
w(8)wr) Ly, 4 (s,0))s

—

N &

™

5

=

<«

T
2
@
4
o
|
3
e

Parameters for the above subroutines are defined as follows:

H+1 L
Qnp, H + n’ nz1 ﬁYm,h(S) nm,h(s) nA + 7-7:7}1(8)7 n=z1
nA+T7,(s) d
- 2 m,h 9 Umazx
BZL,h,(S) — 12H TL +4H n L, n Z 1 ,
0, n=>0

| H3 d -
3 = U —14+2H> 2, n>1 w _{ an [T (1 — ai) Lon
Pp = n n ’ 1,

0, n=20

n =

(20)

Y

2
1 )

where log(4M HSAK/§), and 7,7} ;,(s) is a parameter maintained by Algorithm 1. Note that here

83, does not depend on (m, h, s).

C.2. Naive Multi-Agent V-Learning (Naive-MAVL)

Algorithm 5: Naive-MAVL Training for Agent m

Init: V(s, h), ﬁ?n,h(s) «— 0; @Sn’h(s) +— 0; Tﬂo%h(s) < 0; Finp(s) ¢ 0s M. (s) < 0

1 for Episode k=1,..., K do

2 Receive initial state s%;
3 for Step h=1,...,H do
4 /[Preparation
k.= ., =k _ k-1 ) k _ k-1
5 s s My (s) = (8) + L <y (s) = ny 7 (8) + [ F ()
7 71

6 Ton(8) < T (s) + M, (s)]:
7 /I Learning
8 Vi n(8),VE 1 (s) < VALUE-UPDATE,, 5, o (Finn(s), 0);
9 #%(-|s) 4= POLICY_OPT,, o s (Finn(s),n,0);
10 // Sampling
1 Take action af ~ #¥(-|s); Observe next state s INE
12 for s’ € S\s do
13 T n(8') = T (8)s () = 1 ()

Ve 7l k=100, S f— .
14 Vinai(8) < Vi (8); Vi () < Vo (s); 75 (ls) < Fp (1s);

s
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for Step h=1,...,H do

‘ Save (ﬁ’;%h(s’,i), ay, 7y (a|sh), Vﬁm,hﬂ(slfwl) vy, h+1(5h+1)) o M, u(s h):
Receive delayed reward for all states s;
for Delayed Reward (m, h, s,i,7) do
Extract and remove (i, a, T, V’, K’) from M;,h(s);

Save (i,a,fr,V/,K/, 7) 10 Fon(s);

Algorithm 6: Execution of Output Policy 7, for Naive-MAVL

Sample k ~ Uniform([K]);

for step h=1,...,H do
Observe current state sp,; n <— ﬂﬁ%h(sh);
Sample i from [n] with probability of,; k < k., ,(s1);
Take action @y, p, ~ %, 1, (|sn);

Notice that the random samples can not be shared across all agents, because the visits are used in

different orders for different agents in the subroutines.

Algorithm 7: Subroutine VALUE_UPDATE,,, j, s for agent m for Algorithm 5

Init: n < 0; f/m,h(s) —H+1-mV,,,(s)« 0 Vin(s) < H+1—h; Von(s) < 0;
Receive F,n,n;
Vm,h(s) < Vm,h(s> - 5:1,}1,(8); Ym,h(s) < ‘Zm,h(s) + én’ n<n— “F”

for (j,a,#, V' ,V'.,r) € F do
n<+<n—+1;
Vo (s) e (1= an)V,, (s) + an (r + V’);

Vo (5) € (L= @)V (5) + (4 V);

Em,h(s) A Vm,h(s) +BZ¢,h(3);~Y:m,h( ) A Y:m h( ) ﬁn;
meh(s) < min {H+ 1-— h,Vm,h( s),V } V.. 1(s) ¢ max {O Vo ( ),V h(s)};

» L—m,

Algorithm 8: Subroutine POLICY_OPT,,, ;, ; for agent m for Algorithm 5

Init: Va € A, Izm’h(s, a) <+ 0;
Receive F,n,n;n < n —
for (j,a,fr,vl,z’,r) € Fdo
n<+n—+1;
for ' € Ado
in, p(s,0)) = 1’ = o) [ 1577 ] / [fr vfn (s)]:

Lp(s,d") =L, ,(s,d") +wnly, (s, d

#1(ls) o exp (= (7 () /) Eyy (5. )
Empty F;

All parameters share the same definition with those in previous subsection.
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C.3. DA-MAVL with Reward Skipping

Algorithm 9: DA-MAVL Training with Reward Skipping for Agent m

Init: V(s, h), ﬁ?n,h(s) « 0, ﬂg%h(s) + 0, Tng,h(s) — 0, Frnn(s) < 0, M

for Episode k=1,..., K do
Receive initial state s%;
for Step h=1,...,H do
s« st
// Skipping
k—1
for (i,a, 7,V "V, r)eM,, ,L( ) do
Omn(5) < dip(s) +71

if ¢j;fh(s) >\ /T h( )then

n4<n+1;

/] Preparation
for (i,a,7, V', V', )EM;,L( ) do
ifvVj <i,jé¢ arg{/\/lm 1(s)} then

T (8) € Ty () + 1M, 4 (5):
/l Learning
k

// Execution
k ~k
for s’ € S\s do
k(s < nl 5(3) N CORSET
—k
Vinn(s) < Vo (); Viyon(s) <
for Step h=1,...,H do

Receive delayed reward for all states s;
for Delayed Reward (m, h, s,i,r) do

if (i,a,7,V V') ¢ M, ,(s) then

| continue;

Save (i,a,fr,vl,z’, r) to M:;vh(s);

ﬁ(—ﬁf,l7h( )—n h( )—l—l'n(—ﬂfmh(s):

‘ Save (z,a,w,V V' 1) to Fy n(s); Remove (4, a, 7, v’ V)

Vo (8), Z’fn’h(s) < VALUE_UPDATE,, 5, .
#¥(-|s) <= POLICY_OPT,y, j, s (Fin.n(s), 1, 70);

Take action af ~ 7% (-|s); Observe next state s INE

k—1
—=m,h

Kﬁ%ﬁ( S); 7k,

. w5 _
Extract and remove (z, a, 7,V ,V ) from ./\/lm,h s

from M

(Finp(s),m,

nuh(s) A Q;

Save (i,a,7,H,0,0) to Fp, (s); Remove (7, a, 7, V', V') from M. 1 (8);

m,h

_ . —k
‘ Save (”ﬁ@,h(sﬁ%aia Wﬁ(aZIS’fL), Vm,h+1(3]fi+1) Vﬁz h+1(5h+1)) to Mm h(slfz)
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Algorithm 10: Subroutine VALUE_UPDATE,,, j, s for agent m for Algorithm 9

Init: 7 < 0,7/ < 0,V ,.(s) <= 0,V ;(s) <= 0; V,, 1, (s) <= 0; V,, 1. (s) < 0;
1 for Episode k = 1,..., K do
2 Receive F, n, m;

—-n

31 Vin(8) = Von(8) = B (8): Vo n(5) = Vo (5) + B2 () 4= mi = m;
4 | for(i,a,#, V' V' r) e Fdo

S| Va® e =)V, ) +a(r+7):

6 || V) < A=)V, () + ai(r+ V):

7| V() 6 Vo (3) B 51V g (5) 4 V() = B0 (5);
8 | Vin(s) o min {H41=R,V,, (), V0 0(5) JiV () 4 max {0,V,,,.(9), V() }:

Algorithm 9 shares the same subroutine ‘POLICY _OPT,, ;, ;> with Algorithm 1. The definition of
‘VALUE_UPDATE,, , s’ is presented in Subroutine 10. Parameters for Subroutine 10 share the
same definitions with those in Subroutine 3 except:

T (5) [A
—n,n’ 2 m,h 2
,8&7;(5) — 24H=4C " L+ 18H gL, n>1 ,
0, n=20
[ AT 2 e
B (s) = 2H2++2\/7L, n>1 b
0, n=20

n n 12
’Ym,h(s) = Um,h(s) = ”M’ n > 1.
m,h

where 7,71 (s) is a parameter maintained by Algorithm 9.

Appendix D. Notations

In this section, we summarize and introduce the important notations.
Recall log(4M HSAK/6). Recall {ay, }nen and {wy, }rnen as defined in Equation (20). We also

define an auxiliary sequence {c, }ic[n] nen as follows:

i:{aiH?:iH(l—Ozj)’ n>i>1 0_{0, n >0

o (22)

n a;, n=14>1 » On = 1, n=0
We summarize the important properties of this sequence in Lemma 6.

Consider agent m and (h, s). n¥ , (s) denotes the count of usable visits, n¥ , (s) denotes the
count of happened visits at episode k. & ,(-|s), a¥ , and r* , denote the policy, action and
reward at episode k. M;IZ(S), M;]Z(s) and F* , (s) denote the set of unreceived visits, un-
usable visits and visits to be used at the beginning of episode k. In other words, they refer to
sets M, (s), M}, (s) and F,,, 1,(s) before the ‘Learning’ process of episode k. We also let
/\/l%h(s) = M;];(s) U M;]Z(s) When (m, h, s) is fixed in the context, the above notations will
be abbreviated as ny,, Ny, 7k (+), ag, g, My = M, U M: and Fj,.
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Consider agent m and the n-th visit of (h,s). kj'(s) denotes the episode when it happens.
eﬁl,h(s) denotes the earliest unreceived visit when it happens. For this visit, parameters ng%h(s),
Y (8)s %7h(s), £, are maintained by Algorithm 1 and its subroutines (Algorithm 3 and 4). Pa-
rameters 1, (5). 72, (5), (Bortn(5)}iefuls {827 (9)}iep and {85, (5)) efu) are maintained by
the Algorithm 9 and its subroutines (Algorithm 10 and 4). It is worth notice that the skipping metric
@™ (s) in Algorithm 9 can be written as:

m,h

n

‘7557}%(5) — Z (j—1i)-I{ie argMﬁih(s)} (23)

j=it1

When (m, h,s) is fixed in the context, the above notations are abbreviated as kn, €, 1n, Vn,
{Bintiem {5;,, Yiem and {in}icp-

For pair (m, h, s,n), we also define three bandit losses lAﬁl’h(s, a), I (s, a) and I (s, a):

7 1 k 7]6” k/'n ~Rn
I, @) = 220a = ale ) [H = vl = Vi (sf) | /|76 (als) + 7 u(9)]
1 7]{:” k:n kn
:Ln,h(sa (Z) = ? [H - Tm,h(& a’) - Vm,h—&—l(Sthl)} 3 where a = (CL, a,mﬁ), (24)
— 7]{:77.
mon(s,0) = — E H = Tn(s,0) = Vi ().

a‘:(aaafm,h)

~ K /
a—m,hNTl'J,Lmh: s'~Pp(s,a)

Here the first loss ZAZL 1 (s, a) is the bandit loss used in Subroutine 4, while the other two are its

variants. When (m, h, s) is fixed in the context, they can be abbreviated I,,(a), I,(a) and I, (a).
Consider agent m and the first n visits of (h, s). Recall R}, , (s) denotes the policy optimization

regret. Recall 7", (s) denotes the count of unusable and unreceived visits. In Algorithm 1, it can
be written as:

Tos) =Y i —angmin [d], ,(s) + k5 > k| =D i — e () = S IME ()], @29)
i=1 J i=1 i=1

where e}, ;,(s) and Mﬁ; »(s) refer to the variable and set related Algorithm 1. In Algorithm 9 with

reward skipping, we define the set of skipped visits of (A, s) during the first n visits of (h, s) as
O;,.1(8). Then T, (s) can be written as:

n n

Tmn(s) = Zl — argmin |, (s) +k; > kz] = Zl —emn(s) = Z IME L (s)], (26)
i1 Jg0L ()" i—1 i=1 ’

where e}, ;. (s) and Mfr’;,h(s) refer to the variable and set related Algorithm 9. We also define

77;,‘; (s) to denote the count of unreceived and unusable visits during the first n visits of (h, s), if
the delays of visits in £ are set to 0:

Ton(s) = Zz — arg min dfmh(s) +kj > k. (27)
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When (m, h, s) is fixed in the context, the above notations are abbreviated as R,,, Op, Tp, Tn 2.
Finally, we introduce policies {7r7kn h}me[ M),he[H),ke|K] defined by their execution procedures:

Algorithm 11: Policy Certification for 7rfn h
for Episode h' = h,...,H do
Observe current state sp/; n < max,, an b (Sh);
Sample i from [n] with probability o,; k < ki, (sp/);
Take action a,, j/ ~ 7?{3’1 wsm);

While definitions of {7rm nmeM]helH] k(K] a0d {Tm }me(ar) are similar, their differences are two-

fold: (1) 7" m.», Degins from a given k while 7., begins by samplmg a k from [K]; (2) ©F . 18 for
steps from h to H while m,y, is for steps from 1 to H. This definition mainly follows the certlﬁcatlon
process in Jin et al. (2021); Song et al. (2021). We refer the readers to their work for further details.

Appendix E. Performance Guarantee for DA-MAVL

As is stated in Section 4.1, proof of Theorem 1 is under assumption 1 and can be broken down into
three steps. In step one, we bound the policy optimization regret for Subroutine 4 (Lemma 1).
In step two, we establish the optimism and pessimism of our value estimates in Subroutine 3
(Lemma 2). In step three, we bound the gap between the optimistic and pessimistic value esti-
mates and prove the main theorem (Theorem 1).

E.1. Step One: Proof of Lemma 1

Consider any fixed pair (m, h, s,n). Let R, denote R}’ , (s), and let a* denote the optimal action
for the first n visit of (h, s). Utilizing notations /;(a), [;(a), regret R,, can be rewritten as:

n
i ki ’ ks ki k;
Ry, = max 3 | E (rmn(s,0) + Vi geia () = (75 + Viresa (550
acAm i a=(a,a—m,n) 7 ’ 7
a—m,h"’friim h SINPh(Sva)

—H Zn: ol [li(aki) - E(a*)} .
=1

(28)
We then decompose the regret as follows:
Ry = HY o) |liar,) — li(a")]
i=1
= H (1= a)) - Y willilar,) — li(a")] (29)
i=2 i=1

1=2
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Recall that My, denotes the set of unusable or unreceived visits of (h,s) for agent m at the
beginning of the ¢-th visit. We then define two cumulative losses for ¢:

Lil= >  wija),

j [ifl]\/\/lk-

Livi(a Z wjl; (a) + wili(a) + Z wjlj(a).

€] jEMkl.

(30)

Cumulative loss f/i(a) generates policy 7y, in algorithm 1. Cumulative loss L-H(a) is the cheating

version of L; (a), which includes all information of the first 7 visits. Then we have two corresponding
policies:

i, (- o exp [ = (m:/wi) La( )]

~ (31)
P () < exp | = i/ wi) Li ().

Then the weighted regret R), can be further decomposed as follows:

n

Ry =" wifli(ar,) — Ii(a")
i=1

_ Z w; { (ak )Tk, (aki)} + Z w; [l}(aki)ﬁki (ag,) — lAl-(aki)fr/zﬁ.+1 (aki)]
(32)

3 il g ax) = (0] + 30 i) ~ e

1173 11,4
We then give the upper bounds for Iy 1, I1 2, 1,3, I1 4 in the following lemmas.

Lemma 3 (The upper bound of I, 1 + 1 2) For V(m,h,s,n) € [M] x [H] x S x [K], the fol-
lowing equation holds with probability at least 1 — §/4:

Ty + Do < Wadmaat + 3 with () (24 + MG (5)] ) (33)
=1

Lemma 4 (The upper bound of I, 3) For V(m,h,s,n) € [M] x [H] x S x [K], the following
equation holds:
Wn,

77%,h<3>

I3 < L. (34)

Lemma 5 (The upper bound of I, 4) For V(m,h,s,n) € [M] x [H] x S x [K], the following
equation holds with probability at least 1 — 0 /4:

Wn

77%,h<3>

I 4 < L. (35)
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Combining the three lemmas and by union bound, the following equations hold for ¥(m, h, s,n) €
[M] x [H] x & x [K] with probability at least 1 — §/2:

n
R, =H - H(l — ) - <I1,1 +ho+ 13+ I1,4)
i=2

< Handmazt + HZ o (24 + My, ) + 2H—

A+
A M 1/ 4H21/” dimaa
+ | k:| A+7'
9
§12H2\/nA—|;7;1L+ 2dmaz H L.
n n

Here the third line comes from Lemma 6, the last line utilizes Lemma 1 in Streeter and McMahan
(2010), and the fact that 7; = Z}Zl | M, |.

(36)

E.1.1. SUPPORTING DETAILS

Lemma 6 The following properties hold for ¥n > i > 1:

o L noooap o 2 1 ap 2
\/5321:1\/53\/5 and nSZzzlnSn’

" maxiep) oy < 5
DD ay, =
©ap, =w; H?:z(l — ).

Proof Here the first three lines is from Lemma 4.1 in Jin et al. (2021), while the last line is from
Proof of Corollary 19 in Jin et al. (2021). |

—_
[y

+ﬁy

Lemma 7 The following property hold for ¥V(m, h,s,n) € [M] x [H] x § x [K]:

M ()] = n = el 1 (5) < dunaa- (37)

m,
Similar property hold for ¥(m, h, s, k) € [M] x [H] x § x [K]:
MG 1 (8)] = T (5) = 1, () = 1 < dinaa- (38)
Proof We first proof Equation (37). Consider any fixed pair (m, h, s, n). Recall that k,, denotes the
episode when the n-th visit of (h, s) happens, e, is from Equation (2) and (3).
If IMy,, | = 0, all first n — 1 visits are received, which gives e,, = n. The lemma clearly holds:

My, | =n—e, =0. (39)

If My, | > 0, e, is the first unreceived visit. According to the definitions of unusable and
unrecieved visits, all visits with happening order e, ...,n — 1 are unusable and unreceived visits.
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Consequently the count of unusable and unreceived visits are n—e,,. On the other hand, Algorithm 1
ensures all unusable and unreceived visits are included in set M, . Therefore,

Mg, | =n —e, — 1. (40)

We prove the other half of the equation by contradiction. Suppose e, < n — dpqz — 1, then
the e,-th visit has been delayed for at least d,,4, + 1 episodes. This contradict with Assumption 1.
Therefore e, > n — dnaz, Which completes the proof.

We now prove Equation (38). At episode k, visits with happening order 1, ..., n; are usuable
visits, while visits with happening order n;, + 1,...,7n; — 1 are unusable or unreceived visits. This
directly implies:

|IMg| =1 — ny,. 41
The other half of the equation follows directly from Equation (37). |

Lemma 8 ForV(m,h,s,n) € [M] x [H] x § x [K], the following inequality holds:
n . .
Ly Y0 winh w(9)l, (s, a). (42)
=1 (leAm

Proof [Proof of Lemma 8] Consider any fixed pair of (m, h, s,n).

n

I =3 williar,) = ey, (an,)|

i=1

(43)

Here the second and the last line follows directly from the definitions of /;(a) and [;(a). [

Lemma9 ForV(m,h,s,n) € [M] x [H] x S x [K], the following equation holds:
he<d X B ea(m,u Y daeut{a =) g
j=1 a€Am ijeEMY, (s)

Proof [Proof of Lemma 9] Consider any fixed pari (m, h, s,n).

D = 3 [l (o) = ) P )
- (45)
Z iak )7k, (ak;) - [1—W}.

Tk, (aki )
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By the definition of 7y, , (ax,) and 7y, (ax, ), we have:
Fr () OP{ = /) Lin(e) ] e { = (n/w)Lia)}
Tk, (an;) exp{ - (ni/wi)ﬁi(aki)} > eXP{ - (Ui/wi)f/iJrl(a)}

eXp{ — (mi/wi) Li(ar,) — (ni/ws) 2jemy, wjl;(ax,) — (mwz’/wi)fz‘(aki)}

- exp { = (m/wi)Lilay,) | (46)
i 5 »
= eXP{ o > wylilar,) — mli(ak)}
! JEMy,
i ; 5
>1- =2 Li(ak,) — nili(ag ).
21— > wililar) = nili(ax,)
JEMy,

Here the second line is due to the fact L; 1 (a) > L;(a). Substituting into Equation (45), we get:

n

Iig <Y wili(ar,)fk, (ax,) - (ﬂ > wjliar,) + niii(aki))
i=1 Wi JEMy,
n n
=> ni > wiliar,) + > mwili(ax,)
=1 jEMy, i=1
n n
= > 2 wh@He =af+ 3 > muwii(a)
i=1  jeEMy, a€Am i=1 a€Anm
" " 47)
“Y Y b Y mt{a =} + 3 Y nwiia
j=1lacAn i:jEMki i=1 a€EAm
n n
9D SITID DT PRETIED b pETts
j=lacAn, ijEMy, i=1 a€EAn,
n
< Z Z lj(a) (njwj + Z mwi]l{aki = a})
j=lacAn i:jEMk-i
Here the first line is due to the following fact:
i, o () < ) <y 48)
g (a;) + i
and the last inequality is because j < ¢ and because w; monotonically increases with . |
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Proof [Proof of Lemma 3] Consider any fixed pair of (m,h,s,n). With results of Lemma 8,
Lemma 9, we directly have:

Lii+1p Szn: Z Ii(a) [2101'%’ + Z njwjﬂ{akj = CLH

i=1 a€Am JHEMy,;
< Z Z E(a) [Z’LUZ‘% + Z njwjﬂ{akj = aH
i=1 a€Am j:iEMk-
3 Y fi@ -] o+ Y mut{a, )] o)
i=1 a€A,, J: 16Mk
< Z 2w;v; A + Z Z n;W;
=1 j: zEMk
+ Z Z [f ] [211)2% + Z n]wj]l{ak = aH.
i=1 a€An, 7t 1€Mk

Here the last line is because /;(a) < 1.
For the second term of the last line, switching the summation gives:

Z Z njw; = anw] Z 1_anwJ‘Mk‘ (50)

i=1 j:iEMkj i ze./\/l;C

Therefore

n (51)
+ Z Z [z(a) — lz(a)} . [Qwi’yl + Z njw]}l{akl = a}
i=1 a€Am, jHEMy
Notice that
2w,y + Z njwj]l{aki = a} < wy, (2% + Th‘dmax> < 2w dmazYi- (52)
j:iGMkj

where the first inequality is because ¢ > j and ¢ can be delayed for at most d,,,q, episodes. Then
by Lemma 4.3 in Gyorgy and Joulani (2021), the following equation holds for any fixed pair
(m,h,s,n) € [M] x [H] x § x [K] with probability at least 1 — §/(4M HSK):

S5 i@ -5@)] - o+ Y nut{e—a}] Swndet. s3)

i=1 a€Am JAEMy,;

By union bound, the above equation holds for all (m, h, s,n) € [M]x[H]xS x[K] with probability
at least 1 — §/4. Substituting the above results into Equation (49), we have the following equation
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holds with probability at least 1 — /4:

n
Li+1Lp< Zwi% <2A + |Mkl|) + Wpdmazt- (54)
=1

Proof [Proof of Lemma 4] Consider any fixed pair of (m, h, s,n).

[173 = Z Ww; [l;(aki)frkiﬂ (akl) — l;(a*)] . (55)

i=1

To bound the term, we apply Theorem 3 in Joulani et al. (2017) with:

pi(m) =0, Vi € [n],
T —_— w(a)logm(a),
qo() p a;Am (a)log 7(a) 56)
() = (L _ Wil 7w(a)logm(a 1€ [n].
qi() (m ml)a;m (a)logm(a), Vi€ [n]

Here we define wg = 19 = 1. Finally, we have:

Wi Wi—1, _ Wy

)< =2, (57)

n n
L < —Z(h'(ﬁ'ki_,_l) < logAZ(
1 o Ni—1 in

Proof [Proof of Lemma 5] The lemma follows directly from Lemma 4.3 in Gyorgy and Joulani
(2021). |

E.2. Step Two: Proof of Lemma 2

Proof [Proof of lemma 2] We first prove the optimism part of the lemma for any fixed pair (m, h, s, k).
Conditioned on the successful event of Lemma 1, which holds for probability at least 1 — §/2, we
prove the lemma by induction. For & = 0, it is clear that:

R 7.‘.1
Von(s) = H+1—h >V (s), (58)
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N AH?d, 00

L ny
optimism part holds for all ¥’ < k. Then for episode k and any (m, h, s):

t. Let Ny, = max,, n* ,(s). Suppose the

ny,
—k ) i k; ki k; 7
Vin(s)=a) - H+ Z ap, (%h + Vi1 (sp1) ) + B,
=1
Ny
_ 0 7 k; 7
—al CH+HY o [1 ll(an;’h)] + By,
=1
D
0 _
>a, -H +HZaiL {1 - lz(a*)} + <'Bﬂk Rnk>
i=1
n
2macH? = ks
= agk -H + %L + Z a%k E [rm,h(sa a) + Vm,h+1(8/) .
- ny = a=(a*,a_m,n)
Cl—m,h"/ﬁ—liim, ho SINPh(Sva)
(59
Here the third line is becuase of Lemma 1.
On the other hand,
f,mk Al " 7rki
M —m,h _ 7 h41:H>T i b1t
ijh (s) =max max Z a, E (T’rn,h(sa a)+ Vm7h+1 (s ))
Bh Bht1:H i1 a=(a,a_m,n)
a'Nu/fua—m,hNﬁ-’iim,h75/NPh(s7a)
Nk .i.ﬂ.ki
i Y —m,h+1 )
< maxz 'y, E (rm,h(sv a)+ Vit (s )>
Hh P a=(a,a_m,n)
aNuhvafm,hNﬁ'ﬁim hvslNPh(sva)
ny Tﬂki
i " —m,h+1 /
< max Z an, E (Tm,h(su a) + Vm,h+1 (s ))
Bh i1 a=(a,a_m.n)
aNtha—m,hNﬁliim h,SINPh(S,a)
N . 'I'Tl'ki
+ max Z oy, (Tm,h(sa a)+ V) hjr"f’hﬂ (5/))
Hp o a=(a,a_m n) ’
i=ny+1 ki
ANRSA—m R STy oS ~Pr(s,a)
ny .I.ﬂ.ki Nk
i M m,ht 1t
S H}ﬁXZ aﬂk _ (ijz(sy a’) + Vm,h+1 (8 )) + Z aNkH
v af(a,zfm,h) i=n;+1
aN/"‘hzafm,hNﬁ',lm hys/NPh(sza)
s
: ki 2 Ny — N
<3 ai, (rmn(s,@) + Vi () ) + 2H2 =2 2K
i=1 a:(a*vaf'm,h) k
ki /
A—m, ATy poS ~Pp(s,a)
s
4 ki / 2 dmaa:
< Z a@k E Tm,h(sv a‘) + Vm,thl(S ) +2H N :
i—1 a=(a",a_m,n) k
a—m,hNﬁiim h75,NIP)h(Sva’)
(60)
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Here the second line is because of the convexity of the maximum, the last line is due to the fact that
Np —ny, < (g — 1) — ny, = [Mg| < dpmaz, where the first equation is because n;, which is the
direct result of Lemma 7.

Finally, combining equations 59 and 60, we finish the proof of the induction and prove the
optimism part of the lemma.

Now we prove the pessimism part. For a fixed pair (m, h, s, k), the following hold with proba-
bility at least 1 — 0 /(2M HSK):

ny
Ve () =Y o, (b + Ve (i) = 8,
=1

ng ) 3
<diah, L, E (el @) T V() 8
i=1 a~i, ", s'~Pp(-|s,a) ~k
ny d
<Dah B (mma(a) 4150 (0) - 20
; a~it,t,s'~Pp(-|s,a) =k
n
B — ; Qdmax
= Z an, E rmn(s, @) + Vm h+1( s')) —2H t
i awﬁii,s’NPh(-|s,a) D
Nk Ty
+ (1 - I a- aj)) o ., E (Tmh(s @) + Vo (8 /)>
j:ﬁk+1 =1 awfrhl,s/wph(~\s,a)
ny d g
S (il 516 2 8, S,
i=1 a~7rh s ~]P’h ‘|s,a) =
n,
< - { 2 dmax 2 dimaz
- Z QN Tm,h S, a‘ + Vm h+1 2H"——u+2H
i1 anigis ~Ph [sa) o
N
<> a, (Tmhsa + V(s )
i=1 a~7rh s N]P’h ‘|s,a)
ok
= Vm?h( )

(61)

Here the second line follows Azuma’s inequality with propbability at least 1 — §/(2M HSK).

k
While the last line is the definition of Vghh(s). Finally, by union bound over all (m,h, s, k) €
[M] x [H] x § x [K], we finish the proof. [

E.3. Proof of Theorem 1

Proof [Proof of theorem 1] Consider any fixed pair (m, h). We start by upper bounding the term
K
> (Vﬁ1 h— Vﬁl 1) (s%). For any episode k, we slightly overload notations n;, = n’fn L(sF), k=

k=1
ki (s), By = B, #(sF). Then we have:
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(62)

=k

ki k; ki e}
Sag -H + Za Vit = Voo ni)(8p51) + B, — B

T

K K
= Voo = Vo) 6h) 1 < dinac | + > (Vi = Vi) (58) - 1, 2 s }

K
SH Z ]I{ﬂk < dmaw} + Z Z O‘izk (V];”L h+1 T Vﬁm h+1)(s;€zi+1) (63)

Iz,9
We then give the upper bounds for I 1 and I3 5 in the following lemmas.
Lemma 10 (The upper bound of I 1) ForV(m,h) € [M] x [H],
1 - )
I < H ; ( mh1 — Vn, h+1) (5h+1) + 4dmag H St (64)

Lemma 11 (The upper bound of I55) ForV(m,h) € [M] x [H],

Ino < 12da H2S1? + 56 H2V SAK L + 24H?\/ STy 1. (65)
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Substituting into previous equations, we get:

K

—k
Z(Vm,h — V()
=1

K K
1 —k
<H E H{ﬂk < dmax} + (1 + E) E (Vm,h—‘,-l - Kfn,h-‘rl) (Si-i-l)
k=1

+ 4dan H2S1 + 12d,0, H2S1? + 56 H2V SAK L + 24H?\/ STy 1>

K
1 —k
L2 HS + (1 + ﬁ) E (Vm,thl - qun,h+1> (shi1)
k=1

+ 16d,0e H?S12 + 56 H>VSAK L + 24H?*\/STx 1?

(66)

To see why the last line holds, we notice that the (d;,q, — 1)-th visit of any (h, s) will be received

when the 2d,,,4,.-th visit of (h, s) happens. This leads to

K
Hzﬂ{ﬂk < dmaa:} < HZ 2d ez < 2dmarHS.
k=1 seS

Iterating over h, we get:

K

S (Vs = VE D(s1)

k=1
<180 H3S1? + 56 H3V SAK L + 24H3\/ ST 1

K
1 —k
+ (1 + E)H Z (Vm,HH - Kﬁ@,HJrl) (skr1)
=1

SdmazH3S1? + H3VSAKL + H3\/STi1>.

Following from Lemma 2, the following inequality holds with probability at least 1 — §:

K
max (an’j{_m’k — V,;;fl) (s1) < AmanH2 82 + H3VSAK L + H3\/ STk 2.

mée[M] 1

By the definition of policy 7, we have the following equation when K > d2,, S:3:

max

max (V;ﬂ*m — Vmﬂ,1) (s1) < H3WL2 + H3\/m,

mée[M]
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E.3.1. SUPPORTING DETAILS

Proof [Proof of Lemma 10.] Consider any fixed pair (m, h), we define the following set X, (s):
Xn(s) = {:p L8], = 8,1y, () > n} (71)

Intuitively speaking, it collects episodes where (h, ) is visited and the n-th visit of (h, s) is usuable.
Rearranging the summation gives:

K ng .

Z Z O, (Vm,thl - Km,hH) (sp541)

k=1 i=1

K (72)
= Z (Vm,h—H - Km,h+1)(5h+1) Z ok

k=1 € X, (s)

For any episode € Xp, (s’fl), there are at most d,,,, unreceived and unusable visits of (h, slfL)
according to Lemma 7. So we have n, > Ny — dmer + 1. On the other hand, according to the
definition of X7, (s’fL) n, > M. This gives:

Ny > n, > maX{ﬁkaﬁm - dmam + 1} (73)

Notice here 7, strictly increases with z.
Based on the above observations, we conclude that for the i-th episode (i < djqz) in Xz, (sﬁ),
if denoted as x, we have:

For the i-th element (¢ > dyq,) in X, (SE), if denoted as x, we have:

QmZﬁx_dmax+1Zﬁk+(i_1)_dmax+1

i+ (i~ dae). as)
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Substituting the above two inequalities on 1, into Equation (72), then:

K
> (an,h+1 - Kg@,h—&-l) (shy1) D, apk

r€X7, (sk)

k=1
K
vh vk Eoyld
mh+1 — Lm,h+1 (3h+1) maz Oy, + nk—‘rz dmaz
k=1 1= dma:c"!‘l
K

(V];@,thl - Kﬁ@,ml) (sh+1) [dmaxaﬁk + 1+ %)}

K
1 —k
<(1+ ) > (Vm,h+1 - Kﬁ@,ml) (sh41) + dmas H Z o7 (76)
k=1
ﬁK s
<(1+ E) Z (Vm,h+1 vr, h+1> (1) + 2dmazn H Z 7
k=1 seS =1
K
1 —k
<1+ )3 (Vins = Voo ) (8h10) + 2mas S (0 K +1)
k=1
K
1 —k
<0+ ) (Voner = Vo) (shr) + Adman H2S1.

Here the second line follows the monotonicity of { a;}ne[ K> the third and fifth line follows Lemma 6,
and the last line is because n2 , (s). [

Proof [Proof of Lemma 11.] Consider any fixed pair (m,h). We inherit the definition of X, (s)
K

from the proof of Lemma 10. We first bound term » Bnk . ]I{ ng > dmax}
k=1

k=1
K K Ny ok
n A+ S
~Adpa H2 Y T ny > doay p +12H2 34 [ (%) {4 > das }
1 k k=1 s
X X a7
L
AdyaH2 Y ]I{@k > dmm} +1202 3 [ ]I{nk > dmm}
o1 "k 1 V Ik
KT
1202 ) [, H{@k > dmax}
k=1 D,
For the first term
K L 1
dma;tHz Z ni . H{ﬂk Z dma:t} = dma:vH2L Z Z Tbi (78)
k=1—F seSazeXy, () F
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Here set X . (s) collects all episodes when (h, s) is visited and the d,q,-th visit of (h,s) is
usable. Following the analysis for Lemma 10, for the i-th element (i < d,qz) in set Xg, ., (s), if
denoted as x, we have:

> dmax . (79)

Ny

For the i-th element (i > djpnq,) in Xg, . (s), if denoted as x, we have:

Ny > (dmaz + 1) — dimaz = 1. (80)

These inequalities lead to:
) i (5) ) » "
IEXEI(S) n <1+ i:d;aﬁl - < Inm) 5 (s) +2 < 31, 81)

where the first inequality is due to the monotinicity of 1/n. So the first term is bounded as follows:

A H’ Z =y > i < e H2S12. (82)
k= 1 =k

For the second term:

H2Z fb ]I{nk>dmax} <HWALY Y —~

L s€S 2€X 4,10 ()
m’h(s)

1

<H2\ A, - .
<H*VA ; [1 + '_dz \/ﬂ

S 1=dmaz+1
<2HVALY (/7K (s) +1) (83)

seS
<2H*VAu [SY " nk , (s) + 2H?SV AL

sES

<2H?*VSAK.,+ 2H?*SV AL
<4H*VSAK..

Here the second inequalities follows similar analysis of the first term, the fifth inequality holds
because Y . sTE , (s) = K and the last inequality holds because K > d2,,,St3.
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For the third term:

K [T ) To(s)
;h\"h Jh
S s ) sy SRR
k=1 S€ES 2€X g0, (s -
2 7mh 1
<H?) \/T, o —
seS $6deaz(s -
R A (84
<H?)" \/Tﬁj}i’h(S)(S)L : [1 + > —.]
seS i:dmaerlZ
K
<2H2Z Tf",;h /,2
SES

§2H2\/ STKLQ.

Here the last line utilizes the definition of 7.

K
Finally, we bound the term ﬁn 'H{ﬂk > dmax} as follows:
k=1""F

N\gle

o2 L
éik . H{Ek > dma.’r} =2H Z n7k ]I{nk > dmaac

§4H2\ﬂ2(\/ﬁ,’;h<s) +1) (8

sES

<8H*VSK.

Here the second inequality utilizes the analysis of Equation (83).
Combining all above four terms, we have:

=
I

i(ﬂnkw ) g > dmas |

k=1

(86)
<12d,ae H?S1? + 48H*VSAK L + 8H>VSK . + 24H?\/ ST 1>
<12d,ae H?S1? + 56 H*VSAK L + 24H?\/ STy 1>
[

Appendix F. Performance Guarantee for DA-MAVL with Reward Skipping

Proof of Theorem 2 is under assumption 2 and consists of four steps. We inherit all notations from
previous section, except that they refer to variables in DA-MAVL with reward skipping.

STEP ONE: Bound the ‘Policy Optimization Regret’. For any pair (m, h, s, n), upper bound of
R, (s) is established:
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Lemma 12 Suppose assumption 2 holds. For¥(m,h,s,n) € [M] x [H] x § x [K], the following
inequality holds with probability at least 1 — § /2:

s) < 20H20,/1’;L+ 1am 2. (87)
n n

Lemma 12 extends Lemma 1 to cases with infinite delays. In the proof of this lemma, we have to
upper bound the regret by the largest possible delay and the number of reward skips instead of
the maximum delay d,,q,, since the delays may be infinite. We then highlight their upper bounds,
i.e. Lemma 16 and Lemma 17, which play significant roles in showing that the influence of the

delays can be bounded by term H2C', /T, (s)/n?.

STEP TWO: Optimism and Pessimism. Utilizing regret R , (s), we carefully design the bonuses
(Equation (21)) and show that value estimates in Algorithm 9 are optimistic and pessimistic:

Lemma 13 ForV(m, h, s, k) € [M]x[H]| xS x[K], the following inequality holds with probability
at least 1 — 6:

—k T77Tlim,h k ﬂfli

Vin(8) 2V, 7" (), Vina(s) < V0 (s)- (88)
In the proof of this lemma, we separately consider the skipped and unskipped visits. Utilizing

the upper bounds on the largest possible delay, we can show the bonuses can make up for the
performance degradation of skipping visits and ensure optimism and pessimism.

STEP THREE: Next, we bound the gap between the optimistic and pessimistic value estimates:
K

N (Vs = VE D(sh). (89)

k=1
The gap, together with Optimism and Pessimism, leads to the following bound:

Lemma 14 Suppose assumption 2 holds. ForV§ € (0,1) and VK € N, let . = log (4HSAK/5).
Let policy 7 be the output of Algorithm 2 after running Algorithm 9 for K episodes. The following
equation holds with probability at least 1 — 6:

K K
Z (VTL’E”"”“ — Vn’;g) (s1) S CH? maxz j;;h( )(s)LQ + H3VSAK.. (90)

k=1 seS

=K
STEP FOUR: Bound the CCE-gap. Finally, we give an upper bound on ) __g THZ’Z”L(S) (s).

Lemma 15 ForV(m,h,s,n) € [M] x [H] x § x [K], the following inequality hold:

() < 2EII€11n {yzy +4/T" (3)} + 64C2. 1)

ﬁ'ﬁ h(s)
Consequently, we can show that term ) s 1/7,, " (s) can be upper bounded :
ﬁ h(s K.L 2
S AT <2£nelfn S|L]+4/STX (164078 92)
seS

Intuitively, this upper bound shows that the influence of the skipped large delays is only reflected
by some constant |£|. As a direct consequence, we complete the proof of Theorem 2.
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F.1. Step One: Proof of Lemma 12

Consider any fixed pair (m, h, s, n). Recall that O,, denote that set of skipped visits of (h, s) during
the first n visits of (h, s). We first decompose the policy optimization regret R,, as follows:

R = HZ [ta) ~ tia)]
—H Z [ L(a*)] +H Z o, [li(aki) —li(a*) (93)

1€[n]\On i€Op

< anH|O+ Y o [li(ar,) — ()] - T{i ¢ On}.

1€[n]

Here the last line holds because of the monotonicity of {aﬁb}ie[n}
Consider the delays and losses defined as follows:

m i 1(5) i¢On

/i _J 0 i € Oy 94
m,h(saa) = { lfn,h(s’a)’ i¢ O, Od

i) = {kmmf“e“() Ki(s)—1, icO,

71 o " _ (_)A’ S On
lm,h(sva’) - E[l m,h(87a)] - { lfnvh(s,a), 7 ¢ On

When a fixed (m, h, s) is considered in the context, the above notations are abbreviated as d';, I';(a)
and l';(a).

Then the second term of R,, is exactly the policy optimization regret (without reward skip-
ping) with delays {d';}icrn) and losses {75(a) bicquae.an a0d {13(0) bicimac - Lot dipgy =
maX;e ] Min {d’ i — z} be the maximum delay during the first n visits of (h, s). Then we di-
rectly apply results of Lemma 1 and get the following with probability at least 1 — §/2:

Ry = anH|OW + HY a [ak) (a*)]-]l{igé(?n}

1€[n]

<ol yopp [PATTn o ppp e,
n TL n

We then upper bound O,, and d,, ..

95)

Lemma 16 ForV(m, h, s, n,i) € [M] x [H] x 8 x [K] x [n], let d'},, . 1, () denote the maximal
delay of (h, s) during the first n visits of (h, s):
d oz (5) —mz[n]cmln {dmh n—i}. (96)
1€en

the following equation holds:
d,maacmh( ) é 4 7;?7}1(5)"1'17

Gun(s) < /T () + (/4T3 (5)

€0
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Lemma 17 ForV(m,h,s,n) € [M] x [H] x § x [K], the following equation holds:

O ()] <201/ T3 1 (s)- (98)

Finally, with Lemma 16 and Lemma 17, we have:

A 2H?
Rng4uﬂcu/5i+12H%/—¢+12H2MZ%L+4H2WZ%L+ L
n n
2H?
< 20H*C MAfL+12HQ\L*L+A——% 99)
SZOHQCW/—%L+14HQ\WfL
n n

F.1.1. SUPPORTING DETAILS

Proof [Proof of Lemma 16] Consider any fixed pair (m, h, s, n). Recall ¢; ,, is the skipping metric
of the i-th visit when the n-th visit happens. It can be written as in Equation (23). Let d., ... denote
d/

max
mazm.n(8). Letip = arg max;c(, min{d';,n — i} denote the visit with the largest delay.

We first bound ®in. Since ¢; , grows monotonically with min{d';,n — i}, we only need to
consider ¢;, . If iy ¢ O,,, namely the iy-th visit of (%, s) has not been skipped, then:

bion < Tn- (100)

On the other hand, from the definition of ¢;; ,

maz

¢i0, Z ] > mam (101)

This gives d,,,,, < v/4Tn.
If ig € Oy, namely the io-th visit of (h, s) has been skipped, suppose it is skipped during the
no-th visit of (h, s). Thend,,,, = no — io. Then:

Diomo—1 < VTno—1 < VT (102)

On the other hand, from the definition of ¢;, 51,

no—1—ig / 2
_1— d -1
Digmo—1 = E j> (no i0)° _ (dnae = 1)* (103)

This is equivalent to d},,,,.. < v/47T, + 1. Combining Equation (102) and (103) we have:

¢i0,n :gbioﬂlo (Zszo,no 1+ dmax

(104)
<VTn+ VATn + 1.
Here the equation is because ¢;, , stops increasing after the ig-th visit is skipped.
Combining the above two cases finishes the proof. |
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Proof [Proof of Lemma 17] Proof of this Lemma largely follows proof of Lemma 4 in Zimmert and
Seldin (2020). Consider any fixed pair (m, h, s,n). Denote all visits in O,, in order as iy, i2, ...,
i|0,|- And suppose they are skipped during visits 47, i5, ..., zi 0, Then following the skipping
rule, we have:

D i /C = | D biyn/C
y=1 y=1

(105)

> \/¢zz,n + Zz;% ¢iy,n
= \/5 .

Here the second inequality is because of Lemma 18, the first equation is because ¢; ,, stops increas-
ing after the -th visit is skipped.
Solve the inequality on ¢;, ,, gives:

1+\/1+402y 1¢1y, (106)
bz 2 2C '
By induction, we can easily prove:
x
Gign = BYeh (107)
This directly gives:
|On| 2
O,
quw_ | ‘ . (108)

On the other hand, we have Z'O ! Gizn < dor_i Gzn < CTy, from Lemma 18. Combining the
two inequalities gives the desired result. |

Lemma 18 ForV(m,h,s,n) € [M] x [H] x S x [K], the following equation holds:
Y mn(s) < CToi(s). (109)
i=1

Proof [Proof of Lemma 18] Consider any fixed pair (m, h, s,n). Recall that sequence {; n }; ne[k]
in algorithm 9 can be written:

n

Gin = Z (j —1) - I{i € arg My, }. (110)

j=it+l
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Then simple algebra gives:

n—1 n—-1 n
Z¢i,n = Z Z (j—1) I{i € arg My, }
=1

i=1 j=i+1
n—1 n J

= Z Z I{i € arg My, } Z 1
i=1 j=i+1 e=i+1

(111)

n—1 n n
= Z Z ZH{Z € arg My, }
i=1 x=i+1 j=x

n x—1 n

= ZZZH{@ € arg My, }.

=2 1i=1 j=x

Notice that ¢ € arg My, implies the i-th visit is not usuable when the j-th visit happens. Since
x > 1, we have:

T € arg My;. (112)
This observation gives:
n—1 n o n z—1
Z¢i’n:ZZH{x€arngj}~ [Z]I{iEarngj}}. (113)
i=1 =2 j=x i=1

On the other hand, we have:

r—1 7j—1
d HicargMy} <> HicargMy}={i<j—1:di+k> kj}’
i=1 =1 (114)

<fi<ia+izj|<c

where the second inequality follows Assumption 2 and the fact that j — ¢ < k; — k;. Substituting
into Equation (113):

i@',n < Czn:znjﬂ{aj € arg/\/lkj}
i=1

=2 j=x

noJ
=C I My,

]z;xz:; {azearg kj} (115)
=CY My

Jj=2
< CTh.

|
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F.2. Step Two: Proof of Lemma 13

Proof [Proof of lemma 13] Consider any fixed pari (m, h, s). Conditioned on the successful event
of Lemma 12, which holds for probability at least 1 — d/2, we first prove the optimism part by
induction. For k = 0, it clear that for any (m, h, s) :

— 7.(1
V() =H+1—h> VL’,[’""‘(S)- (116)

Let Ny = max,, @fn 1 (). Suppose the lemma holds for all " < k. Then for episode k:

Vinn(s) = ab - H 4+ ab (15 + Vi i (s§4) ) T ¢ Oy )
=1
Ny
+3 ol H-1{i € O, } + Bt (s)
=1

)

Tl (5) A
:agk-H+4H2C:7’hL+4H2 =,
- ok 2k

n

o .
+Y ai, E [Pl @) + Vi ().
T a=(a*,a_m.n)

Lk ,
a—m,h’\‘ﬂ'_lymha s'~Pp(s,a)

ny

Here the last line follows directly from proof of Lemma 12.
On the other hand, the following holds according to Lemma 2:
Tﬂ,m 2(Ny, — ny, ) H?
h < Z ank

(rons, @)+ Vi () + =

a=(a*,a_m,p

~k;
aNthvafm,hNﬂ',lm7h

(118)

ki ng—n
(rmh(s, a) + Vm7h+1(s’)) +2H2E
a:(a*:afm,h) g

~k;
a“’/‘hvafm,hN”jm,h

Ny,
7
= Z aﬂk
=1

Here the last line is because 1, > Ni. From Lemma 7 and Lemma 16, we have:

ng —ny = |Mk| +1< d/mazmh( ) +1< 4\/ 47;2’2(8) +2. (119)
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This leads to:

T’ 7Mh <Za”k

(Tm,h(sa a) + V’:,;h_,_l(sl)) + 2H2m;—

a:(a*aafm,h) s
k;
AR —m ATy p
i JT(s)
3 7k7/ myh
P () + Vo (1)) + AH2 0 g —
i=1 a:(a*va—'m,h) Nk Nk

~k;
aNNh,va—m,hNﬂ_lm’h

L \/ Tk (5) A
(reni(5,0) + Vit () 4412V gy [ 2
k

Ny

T
<§ ol
- e a=(a*,a )

i=1 y&—m,h

~k;
anfip, ’a—m,hNﬂ-_Zm,h

(120)

. k
which directly leads to me n(s) > VJ;Z*’””L (s) and finishes the induction.
We now prove the pessimism part of the lemma. For V(m, h, s, k) € [M] x [H] x § x [K], the
following hold with probability at least 1 — §/(2M HSK):

V() = Z O‘nk( O h+1(3h+1)> i ¢ Ont =8, 4

< Z O‘nk( Vo h+1(5h+1)> Bo, 7

< Zazk B (rmh(s a) + V(s ,)>
=1 a~iti s nBy(]sa)
ng — VZE: 121
bt Tk o [0, g (121)
ny, ny T Tk
g
; ki
<Syeh L E (el £ V00)
i— aNﬁh’,s/NPh(~\s,a)
AT R () + 2 H3
NIy A L WY e
(X g —Ny,Nk
k
= VmWhh( )-

Here the third line follows directly from the proof of Lemma 2, while the last line is from the
definition of 6 7 and Equation (119). Finally by taking the union bound over all (m, h, s, k) €

[M] x [H] % Skx [K], we finish the proof. [
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F.3. Step Three: Proof of Lemma 14

Consider any fixed pair (m,h). For episode k, we slightly overload the notations and let n;, =

(s)

7K (s
ol (5). mg = 28, (55, Ky = K (55). () = A, (5) < /4754 (5) + 1. Then:

m,h

—

—k
(Vm,h - Kﬁ@,h)(sﬁ)

MNEM»

K
= Voo = Ve )68 g < haa(55) } + 30 (Vi = Vo) (58 - T mp = e (s5) |
k:lK N k=1
SHZH{nk < dmax } + Z m,h )(Sﬁ) H{nk > dmax( I}CL)}
k=1 k=1

(122)
To bound the second term, notice that:
—k
(Vm,h - Kﬁz,h)(slfi)

ny ny,
i . i 5 —k; 5 *er n
Sang + ZaﬂkH . ]I{Z € Oﬁk} + Zaﬂk (Tfn,h + Vm,h+l(8;€1+1)) H{Z ¢ Onk} + k k( ];L)
=1 =1
ng '
=3, (b V) T On )+ BT (sh)
=1

ny,
<ad H+ By (sh) + B (sh) + 3 ol H-I{i € O, }
=1

+ Zank( mh+1 SZH) an h+1(5h+1)) {i ¢ Og,}

<a H+,3 kvnk(sh) +Bnk7nk( z) +2aﬂkCH n:fh(sﬁ)

k; k; ki
+Za (mh—H Shi1) — th+1(8h+1)>'

(123)
Here the last line follows Lemma 17. Substituting into Equation (122), we get:

- k
> Von = V1) (sF)
k=1

K K ng

Z {nk < dmax Sh } + Z Z ank m h+1 Vm7h+1)(5h+1)

k=1 k=1 1i=1 (124)

1371 13,2

N

>
—~
)

B

Jl/k7nk

B (k) + Bt (sh) + 4CH?

> o) s 2 (o) |

VY
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The three terms are bounded by the following Lemmas:

Lemma 19 For any fixed pair (m,h) € [M] x

ﬁK
Iy <4H Y \/Tm’;;h s) +2HS. (125)

seS

Lemma 20 For any fixed pair (m,h) € [M] x [H],

K
1 sz k’ k ﬁﬁ;, (S)
I35 < (1+ﬁ)§ (th+1 —zm,hﬂ)(shﬂ) +8H2Y AT " (s)e+ 4H?Su. (126)

k=1 seS

Lemma 21 For any fixed pair (m,h) € [M] x [H],

=K
Is3 <96CH?) ”j;;h( )( )2+ 96H?VSAK (127)
sES
This Lemma leads to:
5k
Z(Vm,h - Kfn,h)(sz)
k=1
| X
H Z ( m,h+1 ffn h+1)(32+1) (128)
k=1
K
+108CH? e, h(s)(s)ﬂ +96H>*VSAK. + 6H?S.
seS
Iterating over h, we get:
LS
Z(Vm,l - Kﬁ,l)(sl)
k=1
=K
<108CHmax ) _ |/ ) ()2 4 06 H3VSAKL + 6HSu (129)

seS

nk (s
<CH3m,?XZ TmTL'L()(S)L2+H3vSAKL

)

Finally, conditioned on the successful event of Lemma 13, which has probability at least 1 — 4, the
Lemma 14 holds.
F.3.1. SUPPORTING DETAILS

Proof [Proof of Lemma 19] Consider any fixed pair (m, h). We inherit the definition of X, (s) from
the proof of Lemma 10 to denote all episodes where (h, s) is visited and the n-th visit of (h, s) is
received or been skipped. We then have:

I _HZ {nk <d . (sh } S H{n <d . (s )} (130)

k=1 S€ES z€X(s)
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Notice that the d/,,..(s)-th visit will be received or skipped when the (2d),,,..(s) + 1)-th visit hap-

pens. So we must have for every s € S:

> ns < dha(s) | < 20 (s) (131)
z€Xo(s)
Consequently,
K
Ii < HY 2d,.(s) <4HY | m;’;h )+ 2HS (132)
seS seS
The last line follows Lemma 16. |

Proof [Proof of Lemma 20] Consider any fixed pair (m, h). We have:

K
I32 = Z Z A, (Vinhtr = Vi ) (8351)
k=1 i=1

sf( Vbt~ Vhoner) (shin) [dna (sF)om, + (14 )]

VAT (s7) + 1
Ny
ﬁK
hS 4/4 'mh( )(S)+1

M=

1 K
<+

—k
(Vm,h+1 - Kﬁz,h-ﬂ) (5h+1) +2H?

e
Il
MR
e
Il

1

K
1 —k
<(1+ ﬁ) > (Vm,h+1 vy, h+1> (shi1) +2H?
k=1 seS  i=1
o (5)
1o (o k k 2 af () RO
(1+ E) Z (Vm,h+1 - Km,hﬂ) (Sht1) +2H ( AT, " (s)+1 Z A
k=1 s€S i=1
K
1 —k 4 ﬁTKn (s)
(Ut 2 (Vinr = Vo) (sh) + 482 Y (4700 () +1 )0
k=1 seS
K
1 —k AN C)
1+-)) (Vm,thl th+1>(3h+1) +8H?Y AT " (s)e + 4H?SL.
k=1 seES
(133)
Here the second line follows directly from proof of Lemma 20, the third line follows the definition
Of g (55). =

Proof [Proof of Lemma 21] Consider any fixed pair of (m, h) € [M]x[H]. We inherit the definition
of X, (s) from the proof of Lemma 10 to denote all episodes where (h, s) is visited and the n-th
visit of (h, s) is received or been skipped. We have:

45



MULTI-AGENT REINFORCEMENT LEARNING WITH REWARD DELAYS

K T (sK)
>~ (Bt by + Bt () +4CH 2 ) W 2 (o)}
Rt N (134)
o la
<32H°CY b2 (50 | 2023 |20 1 > (55}
k=1 k=1 V =k
(135)
Here the last line is from results in Equation (82).
Then for the second,
H2Z 7L H{nk 2 d{rnaa:( k)}
1
<H?) VA —
- Z L Z n (136)
seS IeXd;nw(s)(S) T
<2H? Z \JARE L (s)e+ 2H?SV A
seS
<4H*VSAK.
where the third line follows Equation (85).
Substituting the above results into Equation (134), we have:
K B T (sk)
— JBA\Sh
> (B (sh) + Bkt (sh) + 4CH Y20 ) 1y, > () }
k=1 o (137)
<96CHY T ) ()2 4 9612 VSAK
seS
|
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F.4. Step Four: Proof of Theorem 2

From Lemma 15, we can upper bound maX,, n Y scs \/ Tt

. ﬁK (S)7£
< m,h 2 1
<2 I}lniﬁinlén {S|E| + SEGS mh (s)} +64C*S (138)

— i K,L 2
=2 max min {S|ﬁ| +/STh } +64C<S,

where £ C [K]. Then from Lemma 14, we have:
= T
s T—m s T —m,
max (Vi3 = Vi) (s1) = max S (VT = vk ) (s1)

(139)

seS

SA

SC’H3maxmin{S|£|+\/STn€<’}LE}L2+H3 ——1
mh L ) K

F.5. Supporting Details

Proof [Proof of Lemma 15] Consider any fixed pair (1, h, s). When 7, < (8C)*, the desired result
trivially holds. We now consider 7,, > (8C)*. Then for any set £ C [K], we have:

n

7;1 = i’b — €; = Z(Z — ei) -]I{ei §é [,} + i(z — ei) . H{ei S ﬁ} (140)
i=1 i=1 i=1
For the first term, we have:
S - i) ]I{el- ¢ c} <Y (i — argmin [d{n,h(s) T . 1]) = Tnr (141)

i=1 i=1 J¢L

To see why this holds, consider the following cases. If e; ¢ L, then:

(i—ei)-]l{eigéﬁ}:i—ei

=i —argmin [d], () + by > ki — 1] (142)
j b

=i — arg min [dfn w(s) + ki >k — 1}
JEL ’

47



MULTI-AGENT REINFORCEMENT LEARNING WITH REWARD DELAYS

However, if e; € L, then

(1 —€;) -]I{el- ¢ E} =0 <i—argmin [df'n’h(s) +kj>ki— 1]

Combining the two cases gives the desired result.

Now for the second term,

Here the last line follows Equation (23). For any visit j € Op,., from Lemma 16, we have:

JgL

Gjm <N T + VAT, +1

For any visit j ¢ Og,, we have ®jn < V/T,. Combining the above two cases, we have:

i(z —€;) -]I{ei € E}

=1
<ILIVTn + |Ok| VAT, + |Ok|
<|L|N/Tn + 4C(T)%/4,

where the last line is due to Lemma 17.

Finally, combining the first and second term gives:

To < Tz + LIV Tn +4C(T5)**

Since 7, > (8C)*, we have 7,, — 4C(T,,)%/* > 575 This implies:

Tnc >

which is equivalent to:

LE[n]

DN | —

Tn
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— LIV T

min {|£! + \/7},5} > mlin{l + %7} — l\/’ﬁq}

(143)

(144)

(145)

(146)

(147)

(148)

(149)
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Since the right hand side is concave in /, its maximum is reached when [ = %\/ T,.. So we have:

%\/ﬁ < min {yﬁy + \/7;75} (150)

T Len)
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