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I. INTRODUCTION
A. Related Literature

(11, [2]

(3]

[4] studies the convergence of standard interference where
the base station functions for power control in cellular wireless
systems. the convergence for finding the

[5] considers quantized incremental gradient gradient over a
network, where each node Unlike our work, in [5] quantized
version of the primal variable but in the gradient step full
gradient information is assumed.

(6], [7]

II. PROBLEM STATEMENT AND MOTIVATIONAL
APPLICATIONS

In this paper we consider general problems on the form
minimize D(p).
inimize  D(p) (M

We denote by D* and P* the optimal value and the set of
optimizers to Problem (1), respectively. We use the notation
D and p to highlight the applications of the developed theory
to dual or primal decomposition [6] where (1) is a master
problem and p represents prices or dual variables. Throughout
this paper we make the following which widely hold in
practice (see the following subsections).

Assumption 1. P* is non-empty. Moreover, D is convex and
continuously differentiable with L-continuous gradient.

A. The Gradient Descent

It is well known that under Assumption 1 the gradient
descent method given by the iterations

x(t+1) = x(t) =)V f(x(t)) 2)

converges to X'* or to a arbitarly small neigborhod of A™*
under varis step-size rules. For example, if either (a) the step-
size y(t) = ~y is fixed and v €]0,2/L], or (b) v(¢) are non-
summable but square-summable. If only the gradient direction
is known, then recursion (2) reduce to

VI(x(1)
V£ @)
where (a) for fixed step-size y(t) = v and arbitrary e>0 the
step-size -y can be chosen small enough so that f(x(t)) — f*
for all sufficiently large ¢ and (b) if v(¢) is non-summable but
not square-summable the iterates x(¢) converge to X'*.

We now provide some practical application examples.

x(t+1) = x(t) = (1) 3)

B. Resources Allocation with Multiple Distributed Resources

Consider a network consisting of R and N re-
sources/sources and users/destinations, respectively. Each
source Then is to solve a

N R
maximize Ui(q;) — Ci(s;
SeRNE ; i(ai) ; i(s5)
subject to q; € Q;, for z =1,---,N RA)
S; ES@, forj=1,--- ,R
N
qu =S5,
i=1
_ NXR —
where q = (q1,--- ,qn) € R and s = (s1,-- ,8g) €

R, The Problem (RA) is coupled between the users due to the
coupling constraint Zivzl q; = s. A standard trick to decouple
a problem on the form of (RA) is to consider the its dual
problem related to the coupling constraint. The dual problem
is on the form (1) where the dual function D : Rf — R is
given by

D(p) = I;lggL(q,s,p) = L(a(p),s(p), p), 4)
where
N N
L(q,S,p) = Z Uz(Qz) - ZC](S]) - pT (S - qu> 3
i=1 j=1 i=1
and foralli=1,--- ,Nandi=1,---, R we have
qi(p) =argmax U;(q;) — p qi, (5)
q;€9;
Sj(pj) :argrr‘lsax — Ci(Si) — PjS;- (6)
S;€S;

We have the following result:

Lemma 1. Suppose forall i =1,--- , Nand j =1,--- | R
there exists p > 0 such that U; are p-concave and C;
are p-convex and Q; and S; are compact sets. Then, D is
continuously differentiable on R® and the gradient VD is
(R + L)/ p-Lipschitz continuous.

Proof. The fact that D is continuously differentiable under
the given assumptions follows directly from [8, Proposition
6.1.1], since L(q,s, p) is strictly concave for fixed p. Let us
now show that VD is (R + L)/u-Lipschitz continuous. [

Due to Lemma 1 the Algorithms (??) and (??) when the
gradient is broadcasted to the users However, as motivated in
the introduction, in many applications there are communica-
tion constraints on the brodcasted message from controller to
users. The results of this paper show that similar convergence



results as for (??) can be obtained even the gradient message
is qantified to log,(R + 1) bits per iteration if the sources
cooperate and to log,(2N) if the do not cooperate.

C. DC Optimal Power Flow
D. Primal Decomposition

The applications mentioned above exploit dual decomposi-
tion. However, the gradient methods for solving a problem of
the form (??) are used in primal decomposition. Hence the
theory developed in this paper can also be applied to all the
related applications. More details on primal decomposition and
their applications are found here [6] where (1).

Clearly, there is a new theory needed to address all the
complications mentioned above. In the following two sections
we demonstrate such theory.

III. QUANTIZED GRADIENT DESCENT METHODS

As demonstrated in the previous sections, many applications
of primal/dual decomposition demand economic communica-
tion where the broadcasted gradients are quantized to as few
bits as possible. This motivates the current work, where we
investigate general quantized gradient methods of the form

p(t+1) = p(t) —y(8)d(?), (7

with d(t) € D, where D is a finite set of quantized gradient
direction. We investigate what properties the quantization set
D needs to have so that the recursion (7) can “solve” any
problem of the form (1). To formally assert the meaning of
such a proper quantization we make the following definition.

Definition 1. We say that the set D is a proper quantization
of the gradient directions if for every optimization problem of
the form (1) where Assumption 1 holds and any initiation p(0)
we can choose d(t) € RE and v(t) € Ry, forallt €N, in
the recursion (7) such that

lim dist(p(t),P*)=0

t—o00

3)
In other words, every limit point of p(t) is in P*.

Definition 1 is not constructive since it’s validation requires
testing the dynamics (7) on every problem of from (1) where
Assumption 1 holds. Neither does Definition 1 provide an
algorithm from (7) since it does not say anything about how
to choose d(t) when D is known to be a proper quantization.
Moreover, Definition 1 gives no insight into other interesting
properties of the quantization set D; for example the minimal
size of |D| which ensures a proper quantization or how the
structure of D affects the convergence behavior of potential
quantized gradient methods. All the issues mentioned above
are addressed in this paper, particularly, answers to the fol-
lowing questions are provided:

A) What are equivalent constructive conditions to the set D
being proper quantization (Definition 1) which can be used
to easily determine if D proper quantization or to construct
such sets?

B) Given a proper quantification D, how can we construct an
algorithm from (7) such that lim;_, ., dist(p(t), P*) =

0, i.e., choose the proper d(t) € D? Moreover, what are
the number of bits needed to perform such an algorithm?
C) What is the connection between the fineness of the qun-
tizeion, i.e., the size of |D|, to the possible convergence
of the algorithm?
D) What is the minimal quantization, i.e., size |D|, so that D
is proper quantization?
In the following subsections we answer each of the ques-
tions above, but refer to later sections for many of technical
details.

A. Answer to Question A)

We now provide condition that are equivalent to D being
a proper quantization (Definition 1) but are constructive and
can be used to determine if a set D is proper quantization and
to construct such D. We then use this condition to provide
number of proper quantization sets D.

Definition 2. We say that the set D is a 0-cover of the
directions in RN if > 0 and for every x € RY there exists
d € D such that

cos(ang(x,d)) > 6. )

We say that the 0-cover D is tight if there exists a vector
x € S such that maxgqep cos(ang(x, d)) = 6.

The following result asserts the equivalence between Defini-
tions 1 and 2.

Proposition 1. Consider a quantizatin set D. D is a proper
quantization (Definition 1) if and only if there exists 6 > 0
such that D is a 0-cover for some 6 > 0 (Definition 2).

Proof. Let us start by showing by using contradiction, that D
being a proper quantization implies that there exists 8 > 0
such that D is 6-cover. Suppose there does not exist § > 0
such that D is a 0-cover. Then, since D is finite, there exits
a € R such that cos(ang(a,d)) < 0 for all d € D. In
particular, we have for all d € D that

(a,d) = [|all[|d|| cos(ang(a, d)) < 0. (10)

Therefore, it follows from Lemma 2, that if we choose p(0) =
a/||a|| then no matter how d(t) € D and v(t) € R are
chosen, ||p(¢)|| > 1 for all ¢ € N. In particular, if we choose
the optimization problem

minimize ||p||,
P

(1)
which clearly has the unique optimal solution p* = 0, then
dist(p(t),P*) = [Pl = 1,

for all ¢ € N. Since (12) holds for all chooses d(t) € D
and v(t) € RF, we can conclude that D is not a proper
quantization.

To show that D being a #-cover implies that D is a proper
quantization, we show that for any problem of the form (1)
where Assumption 1 we can choose of d(¢) € D and v € R
such that lim; o, dist(p(t),P*) = 0. The result follows
directly from Proposition ?? in Section ??.

12)
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Lemma 2. Suppose there exists a € RY such that {(a,d) <0
for all d € D. Then for any k € R, there exists x(0) € RY
such that for any (d(t))ien € DN and all t € N we have
x| = .

Proof. Choose x(0) = kag, where ap = a/||al|. Then by
using the recursions (7) we get for all ¢ € N that

[y

t—

<a0,X(t)> :/i<a07a0> - Z<a07d(t)> > K,

=0
where the inequality comes from that (ag,ap) = 1 and for all
d(t) € D we have
(ag,d) = (1/[al|)(a,d) < 0.

In particular, the whole sequence (x(t)):cn is in the halfspace
H = {x € RE|(ap,x) > x}. Clearly x(0) = ray is is the
optimal solution to

minimize ||x]|]|
X

13)
subject to x € H.
O
We now provide some examples of §-covers.
Example 1 (Minimal Example 1: |D;| = R+ 1). Set
Dy ={ei, - ,er,~1/VR}, (14)

where e; is the i-th element of the normal basis and 1 is R
dimensional vector with 1 in every component. Clearly, |D| =
R + 1 and therefore D can be coded using only log,(R + 1)
bits. We show in Section III-C that this is minimal quantization,
since in general if |D| < R then D can not be a proper
quantization.

We show in Lemma 3 in Appendix that Dy is a 0-cover with

) 1
VB + 2VR(R - 1)

Example 2 (Minimal Example 2: |Dy| = R + 1). To come
later.

Example 3 (+ Normal Basis: |D3| = 2R). Set

15)

D3 = {ela —€1,€2, —€2, -+ ,€R, _eR}'

Clearly, |D3| = 2N and hence log,(2R) bits are needed to
broadcast the quantized gradient direction.

Let us now show that Ds is 0-cover with = 1/+/N. Take
any x € RY and without loss of generality assume ||x|| = 1,
since the angle between vectors does not depend of the size
of the vectors. Then if we choose

d = sign(x;)e; where i= argmax;_; ... 7R|Xi|
then it holds that

cos(ang(x,d)) = (x,d) = x; - sign(x;) = |x;]

1
> —.
T VN

Example 4 (Signs of the gradients: |D4|=2" and §=1/+/N).
Set

D ={(1/VN)(er, €3, ser)|e; € {—1,1}}.

Here, each d € D represents one orthon of RY. Therefore,
this choose is well suited when the sources can not cooperate
and each source updates prize based on local estimate their
own part of the gradient, i.e., d(t) = sign(VD(p(t))). It is
easily checked that |D| = 2N hence log,(2V) = N bits are
needed to broadcast the quantized gradient direction.

We show that Dy is O-cover with § = 1/v/N. Take any
x € RY and without loss of generality assume ||x|| = 1.
Then if we choose d = (1/v/N)sign(x) then it holds that

R
cos(ang(x,d)) = (x,d) = % in - sign(x;)

1

1 & 1
> =3 xi=—|x|=—=.
VD D v, e vy
Next, we show how Definition 2 can be used to construct
a quantized gradient descent algorithm.

B. Answer to Question B)

Unlike Definition 1, Definition 2 acctually provides us with
tools to construct algorithms for solving Problem (1) when
D is a proper quantization. In particular, for p(t) € R we
can quantize the gradient VD(p(t)) with a d(¢) € D such
that (VD(p(t)),d(t)) > 60, we demonstrate the step of the
algorithm in Algorithm 1. In Section IV, we demonstrate
how to choose the step sizes 7(t) in Algorithm 1 to achieve
different convergence results. In particular, with constant step-
size, we show that for any € > 0 we can choose () = ~ such
that € > D(p(t)) — D* for all ¢ large enough. Moreover, we
show that when the step-sizes are non-summable but square
summable, i.e.,

> () =0,

> () < o,
t=0 t=0
then lim;oc D(p(t)) = D*. Note that these results are similar
to those obtained for the gradient method (??), where the full

gradient direction is known.

Algorithm 1: #-Quantized Gradient Descent (/-QGD)

Initialization: Choose x(0) € R";
for t=0,1--- do
Quantise Gradient: Choose any d(t) € D such that

(Vi(x(1)),d(t)) = 0
Gradient Step: x(t+ 1) = x(t) — v(¢)d(¢)

C. Asnwer to Question C)

We now demonstrate the connected As noted in, we con-
structed example of proper quantization sets D in both Exam-
ple ?? and ??.



The intuition behind the result is simple: in RY the cone
spanned by N vectors is inside a half-space in RY. We
formalize this idea in the following lemma.

Proposition 2. Suppose that |D| < N. Then D is not a proper
quantization (Defintion 1).

Proof. First consider the case where either |D| < N or

|D| = N and the elements of D are linearly dependent. Then

Span(D) is a proper subspace of RY, so there exists a normal

a € RY such that (a,x) < 0 for all x € Span(D). In

particular, D can not be a theta cover for any 6 > 0, since
(a,d)

cos(ang(a,d)) = Tall[d] <0.

Therefore, the result follows from Proposition 1.

Let us next consider the other case, where |D| = N and the
vectors of D are linearly independent, i.e., Span(D) = RY.
Define D € RY*¥ such that for i = 1,--- , N row i in D is
the i-th elemnt of D, where the elements have some arbitrary
order. Then D is invertable and we can choose a = D~}(—1)
where 1 € RY is a vector of all ones. Then we have for
i=1,---,N that (d;,;a) = —d;D~'1 = —1. Hence, as in
the previous case, we get that (a,x) < 0 for all x € Span(D)
implying that D can not be a theta cover for any 6 > 0, and
the result follows from Proposition 1. O

D. Answer to Question D)
IV. CONVERGENCE

In this section, we provide the convergence results for
Algorithm 1. We first investigate the convergence when the
step-size is fixed, i.e., y(t) = 7, in subsection IV-A and then
in in subsection IV-B and then provide results for diminishing
step-size, i.e., where y(t) — 0 when ¢t — oco.

A. Constant Step Size

For constant step-size we considering the following two type
of stopping criterion

IVD(x)|| <,
D(p(t)) — D* < e.

(Type-1)
(Type-2)

We note that when performing primal or dual composition the
hence (Type-1) tends to be more practical stopping condition.
In particular, for a given e-accuracy, we provide v and 7' € N
that can achieve either Moreover, we provide a tight lower
bound on the number of In both cases, we also show that
even when the stopping condition is

1) Stopping Condition of (Type-1): We provide couple to
capture different engineering needs, e.g., if the best perfor-
mance for fixed number of iterations, minimal number of
iterations for desired accuracy. Let us start

Proposition 3. For € > 0 we define the set
P(e) = {p € R|[|[VD(p)|| < e}.
The following holds:

(16)

add one result about
how theta .
a) cooresponsing to the Oc/L| then there exists T € N
. L h T' bounded by
size of quantization
< [Z0Wm0) - D]
- ~v(20e — L)
The upper bound (17) is minimized with the optimal step
size v* = e/ L.
b) For any step size v > 0 and scalar k > 0, if we choose

€ = k+vL/(20) then there exists T € N such that p(T) €
P(e), with T bounded by

< [RO)- D]

7)

(18)

c) For any tight 0-cover D, the bounds (17) and (18) are
tight, i.e., there exists a problem of the form (1) where
Assumption 1 holds and p(0) € RE such that p(T) € P(e)
only when the respective bounds (17) or (18) hold with
equality.

Proof. a) Let € > 0 be given and choose any v €]0, 20¢/L].
From Lemma 4 in the Appendix we get that for all p(¢) €
RE\ P(e) we have

D(p(t+1)) < D(p(t)) — 6(¢,7,0),

where d(e,7,0) > 0 is defined as in eq. (72). By recur-
sively using (20), it follows that if p(t) € RE \ P(¢) for
t=0,---,5—1 then

D(p(s)) < D(p(0)) — s d(¢, 7, 0).

Therefore, there must exists 7' < [(D(p(0)) —D*)/d(e,,0)]
such that p(T") € P(e), since otherwise we can use (20) with
s=[(D(p(0)) — D*)/é(e,~,0)] + 1 to get the contradiction
that D(p(s)) < D*, which can not be true since D* is
the optimal solution to (1). By rearranging [(D(p(0)) —
D*)/é(e,,0)], we get (17).

The optimal step-size v* = fe¢/L comes by simply maxi-
mizing the denominator in (17).

We show the result using contradiction and suppose that
[[IVD(p(t))]| > € for all T € N. Let us start by using
the contraction to provide the following lower bound on
(VD(p(t)),d(t)). For all t € N we have

a(t) < (VD(p(t)),d(t)),

19)

(20)

2L

ift=1,---,|To],

otherwise,

a(t) = {WD(P(O)),CI(O)) — Lnt,
| e,

(22)
and
(VD(p(0)),d(0)) — be
VL '
The bound (21) comes by combining the the following in-
equalities
(VD(p(0)),d(0)) — Lyt < (VD(p(1)),d(t)),
fe < (VD(p(?)),d(t)),

Th = (23)

(24)
(25)
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where (24) is obtained by recursively using

(VD(x(t)),d(t)) <Ly + (VD(p(t+1)),d(t)),
<Ly + (VD(p(t+1)),d(t+1)),

(26)
27)

where (26) comes from that D is convex with Lipschitz con-
tinuous gradients, see [9, (2.1.9) in Theorem 2.1.5], and (27)
comes from that D is symmetric #-cover. On the other hand,
(25) comes by using that ||[VD(p(t))|| > € for all ¢ € N.
Clearly, a(t) = max{fe, (VD(p(0)),d(0)) — L~t}.

We next use the inequality (21) to get a bound on D(p(t))—
D*. By using that the gradients of D are L-Lipschitz contin-
uous, we can apply the descent lemma, see for example [9,
eq. (2.1.6)] or [8, Proposition A.24], which states that for all
v we have

D(p(t+1)) <D(p(0) + (57~ (VDB(0.d(0) ) 7 9

<D(p(t) + 242 — alt)yy

: (29)
L, !
<D(p(0)) + 57t =7 )_a(i) (30)
=0
<D(p(O) + (I ~ o) an

To+1
+T0< 02 ’}/L—

=T
where (31) comes by noting that
t [To)
> ali) =(t— |To))be + Y ((VD(p(0),d(0)) — Lyi)
=0 i=0
|_TOJ +1

—t0e—| Ty | < 5

By substituting D* on both sides of (31) we obtain

7L+96<VD(p(O),d(O)>) .

D(p(t+1))—D* <D(p(0))—D*+T+ (2—96)

In particular, it follows that

D(p(t+1))—D* < 0

for all
2(D(p(0))-D*)
T >
recalling that D(p(¢)) — D* >0

b) This results can be obtained by using almost identical
arguments as used to prove part a). The only difference is
that now we have explicit form for ¢ when using (20), which
results in

L
5(e,7,0) =& <m n 2—9,7, 9) = k. 33)

O

Another interesting is where the This motivates the follow-
ing result, where we provide the optimal guaranteed accuracy
for provided bound 7™#* on the number of iterations. B

(VD(p(0)). d<o>>+9e) ,

Proposition 4. Let an upper bound T™** € N on number of
iterations be given. Then the optimal accuracy €* that can be
achivieved and the associated step size v* > 0 are given by

L, . 2(D(p(0))
=g and Y :\/ LT

— D*)

(34)

In other words, if we chose there is and for any € < €* there
exists a problem such that p(t) ¢ P(e) for t = 0,--- ,T™
and all v > 0.

Note: The following result includes some of the same
results as above, but also tells something about the Type-
II stopping condition.

Proposition 5. Set X(¢) = {x € RY|||Vf(x)|| < €}. For
any € > 0, if v €]0, L\F[ then the following holds.

a) For all x(t) € RN \ X(¢) we get
fx(t41)) < F(x(t)) —

whereéz—'y(zv f)>0
b) There exists T € N such that x(T') € X(¢) and

< [f)=1],

where [* is the optimal value to (1).
c) For the T in b) it holds all t > T that

(35)

L
(o) < £+ (e 502
for all t > T, where

= max{f(x

and lim;_, . f€ = f*.
d) If f is also p-strongly convex and T is chosen as in b)
then for all t > T we have

|x € X(e)} (36)

€2 L
1) <f*+ — — 37
Fx@®) <f +2H+<e+27)7 (37)
Proof. a) Take arbitrary € > 0 and x(t) € RY \ X(¢). Then
by using that the gradients are L-Lipschitz continuous, we can
apply the descent lemma, see for example [9, eq. (2.1.6)] or [8,
Proposition A.24], which states that for all v we have

FOx() =0 < F (1) ~(V Fe(t), D)+ (D]
= F(x(0)~ (V£ (x(1)) ()>v+§%

~x(0)+ (- (T (0. a0 )

where the equality comes by using that ||d(¢)|| = 1. We also
have

L _
5

—(Vf(x(1),d(t)) <

<0,

37 (39)

2l

(40)
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where (39) comes by using Lemma ?? together with that
x(t) € RN\ X(e) to get
(Vf(x(),d(t)) =[IVf(x(t))]| cos(ang(d(t), V(x())))

€
£ 41
2\/N7 “D

and (40) comes by that the step-size is choosen such that v <
2e
LVN’®

L €
§=—y(Zy-——) >0, 42
Y (2 gl \/N> 42)
and by combining (74), (39), and (40) get (35).
b) We show this by contradiction. Suppose that x(t) € RV
X (e) for all t < Tp, where

7, - [He0)=1]

Then from Part a) we have that

(@) = f7 < (f(x(0)) = f7) — 16,

for all ¢ > 0. In particular at time 7, we have that
f(x(Tp)) — f* < 0 which implies that f(x(Tp)) = f* <0,
and x(Tp) is an optimal solution of (1). Therefore, by the
optimality conditions, we must have V f(x(7p)) = 0, which
contradicts that x(Tp) € RY \ X (e).

¢) Choose T € N such that x(T') € X(e), such a T exist
from b). Then for all ¢ > T such that x(t) € X(¢) we have
from [9, eq. (2.1.7)] that

FOc()) D) + (VD) A0 + 297 @)
~fx(0) + ey + 57 @)
1) + e+ 50 @)
<t (e ¥ ’;w) ) (46)

where the equality comes by using that ||V f(x(¢))|| < € and
that ||d(¢)|| = 1. Then, for all x(t) € RY \ X(e) we have
from a) that f(x(t4+1)) < f(x(¢)). Hence, we must have that
x(t) < f<+ (e+ &v) v forall ¢t > T.

d) For any x(t) € X(e) we have that

Fx(B) <f* + iHVf(x(t))H?, “7)
62

Sf* + —, (48)
2

where (47) comes from using that f is p-strongly convex
and [9, eq. (2.1.19) in Theorem 2.1.10] and that V f(x*) = 0
for all x* € P*. O

B. Diminishing Step Size
Proposition 6. Suppose that lim;_, ., y(t) = 0,

N N
> () =00, and Y (1) (49)
t=0 t=0

then
Jim f(x(t)) = f*.

Proof. Define X (e) as in Proposition 5. Then, from Propo-
sition 5 a), for any ¢ > 0 we can find 4y > 0 such that
for all v €]0,4] and x(t) € RN \ X(¢) we have that

07 gv—jﬁ><0and

(50)

L €

Fox(t) =) <fx(0) 47 (57 =) 6D

Let us now show by contradiction that for all ¢ > 0 there
exist infinity many 7" € N such that x(7T") € X(e). Suppose
the contrary, that there is € > 0 and Tj € N such that x(t) €
RN\ X(e) for all t > Ty. Then since lim;_,o, Y(t) = 0, we
can choose T € N such that T > T and 7(¢) €]0,7] for
all t > T, and hence by (51) we have for all ¢ > T that

(1) (%7(15)— W) <0 and
Fx(t1)< F(x(t)) (1) (%(t)e) 52)
— 2 \/N 9
L L € L
+3 Ezj v ;v(ﬂ (53)

Now since ~y(¢f) is non-summable but square-summable
(cf. (49)), the right hand side of (53) diverges to —oo implying
that lim;_, o f(x(¢)) = —oo. However, liminf; o, f(x(t)) >
—oo f(x(t)) < f* > —oo by Assumption 1, contradicting
lim; o0 f(x(t)) = —o0.

Let us now show that for any € > 0 there exists 7" € N such
that f(x(t))—f* < eforallt > T,ie., lim;, f(x(t)) = f*.
Choose k = min{x1, ko } where

=y T (54)
<+ 3 (55)
where
£ = max{f(x H|f )| < ka2l (56)
such a ko exists since Vf is continues and f(x) = f*

for all x such that Vf(x) = 0. Now, from above, there
exist infinity many 7' € N such that x(T) € X(k), hence
since lim; oo y(t) = 0 we can choose T' € N such that

x(T) € X(k) and y(t) < for all ¢t > T. Hence, from
Proposition 5 c) for all ¢t > Jf e have that

o K 2K
roo) <5+ (nd ) S 6D
e 2621+ VN)
AR 9
<f* + + = f"+e¢, (59)
where (59) comes by using (54) and (55).
O

Proposition 7. Define T'= min{t € N|x(t) € X(¢)} then for
t =0,---T, want to say something about convergence rate.
The main problem is that even though we can show



Proof. For all x(t) € X(e) we have
sextern)< ety (5 -1 ”") @
+v<72 \/%) 1V (x (61)

where (60) comes by using (74) and Lemma ?? and (61) comes
from that x(t) € X'(e). We also have that

a (62)

O

APPENDIX

Lemma 3. Recall D, defined in eq. (14), Example 1, Sec-
tion III-A. D1 is a 0-cover with the 0 defined in eq. (15).

Proof. To obtain the desired result, we show that for € in (15)
it holds that for any x € S* there exists d € D; such that (2)
holds.

First consider the case where x; > 0 for some component
j. Then if we choose e; € D; we get

cos(ang(x, ;) = (x,e;) =x; > 0.

Therefore, we finalize the proof by showing that if x € S¥

and x; <@ fori=1,---, R then
1 R
cos [ ang x,—l)):— X; > 6,
( ( VR VR

Without loss of generality, let the components of x be ordered
so that
x; > 0,
X; < 07

ifi=1,--- K, and
ifi=K+1,---,R

where K is the number of positive components of x. Then it
holds that

R
1

—= iz = (63)
VRSV

> L (64)
-~ VR
1

- 65

VE ©

where (63) comes by using that 31° x? = 1 and the

inequality between the 1 and 2 norm, i.e.,

R R K
E Ix;| > E x7=,|1- E x2,
=K1 i=K+1 i=1

and that x; < 0, for ¢ > K, and (64) comes by noting that (63)
is decreasing and that x; < 6 for all 7. Now, by inserting our

choose of 8, see (15), in (65) we get

\FZ"_

( K
VE\ /R +2VR(R 1)

R24+2V/R(R-1)-K
- \/ R?+2VR(R—1) ) (60)
:_K—\/R2+2\/E(R—1)— .
VE\/R? + 2VR(R - 1)
__(R—1)—\/R2+2\/R(R—1)—(R—1) .
VE\/R? + 2VR(R - 1)
= VR (69)
\/E\/RQ +2VR(R — 1)
= 0, (70)

where (68) comes from that (67) is decreasing in K and K <
R — 1, and (69) comes by using that

R*+2VR(R-1)—(R—-1) = (R—1) + VR)>.

S

Lemma 4. Let D : R — R be a convex and continuously
differentiable function with L-continuous gradient. Suppose
e > 0, v €]0,20¢/L[, and 0 €]0,1] and p € RE \ P(e)
and d € ST where cos(ang(x,d)) > 0. Then it holds that

- 5(67 Y, 0)

<§’y—96> v > 0.

Proof. By using that the gradients of D are L-Lipschitz con-
tinuous, we can apply the descent lemma, see for example [9,
eq. (2.1.6)] or [8, Proposition A.24], which states that for all
~ we have

D(p —d) < D(p) (71)

where

6(67 v, 9) = - (72)

L
D(p —~d)<D(p) — <VD(p),d>v+§lldllr“v2 (73)

L
(o) + (57 (VD). T
<D(p) + (gv - 96) g (75)
where (74) comes from using that ||d|| = 1, (75) comes from

using cos(ang(x,d)) > 6 (p)|| > € (since p € RE\

P(e), and that

(VD(p),d) = |[VD(p)|| cos(ang(d, VD(p))).

The fact that d(e,y,0) > 0 is a direct consequence of the
choose v €]0, 20¢/L]. O



(1]

(2]

(3]

[4]

(3]

(6]

(71

(8l
[9]
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