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Abstract—The central goal in multi-agent systems is to
engineer a decision making architecture where agents make
independent decisions in response to local information while
ensuring that the emergent global behavior is desirable with
respect to a given system level objective. Our previous work
identified a systematic methodology for such a task using the
framework of state based games. One core advantage of the
approach is that it provides a two step process that can be
decoupled by utilizing specific classes of games. Exploiting
this decomposition could lead to a rich class of distributed
learning algorithm. However, a drawback of our previous
approach is the dependence on a time-invariant and connected
communication graph. These conditions are not practical for a
wide variety of multi-agent systems. In this paper we propose
a new game theoretical approach for addressing distributed
optimization problems that permits relaxations in the structure
of the communication graph.

I. INTRODUCTION

The goal in multi-agent systems is to establish a local
interaction framework where agents make independent deci-
sions in response to local information while ensuring that the
emergent global behavior is desirable with respect to a given
system level objective, e.g., [1]-[5]. These architectures
possess several desirable attributes including real-time adap-
tation and robustness to dynamic uncertainties. However,
realizing these benefits requires addressing the underlying
complexity associated with a potentially large number of in-
teracting agents and the analytical difficulties of dealing with
incomplete information. Furthermore, time-varying architec-
tures resulting from communication constraints inherent to
many multi-agent systems brings additional complexity to
the control algorithm design.

Game theory is a powerful tool for the design and control
of multiagent systems [5]-[8]. Utilizing game theory for this
purpose requires (i) modeling the agents as self-interested
decision makers in a game theoretic environment with a set
of choices and a local objective function; (ii) specifying
a behavior rule for each agent. The goal is to complete
both steps to ensure that the emergent global behavior is
desirable with respect to the system level objective. One
of the core advantages of game theory is that it provides
a hierarchical decomposition between the distribution of the
optimization problem (game design) and the specific local
decision rules (learning design) [7], [9], [10]. For example,
if the game is designed as a potential game [11] then there
is an inherent robustness to decision making rules as a
wide class of distributed learning algorithms can achieve
convergence to a pure Nash equilibrium under a variety of
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informational dependencies [12]-[15]. Therefore, if the Nash
equilibria of the designed game are also efficient with respect
to the system objective, then there is a rich class of robust
distributed learning algorithms for this multi-agent system.

In [10] we identified a systematic methodology for the
design of local agent objective functions that satisfies vir-
tually any degree of locality while ensuring all resulting
Nash equilibria represent optimal solutions to a global op-
timization problem. That design paralleled the theme of
distributed optimization algorithm design which can be con-
sidered as a concatenation between a designed game and a
distributed learning algorithm. Well-known distributed opti-
mization algorithms include sub-gradient methods [16]-[22],
consensus based methods [1], [2], or two-step consensus
based approaches [8], [23]. The core difference between
our game theoretical approaches and those algorithm design
approaches is that our focus is on the decomposition as
opposed to a particular algorithm. Exploiting this decompo-
sition could lead to a rich set of tools for both game design
and learning design that permits a broad class of distributed
learning algorithms.

However, a drawback of our previous proposed game
design methodology is the dependence on a connected,
undirected, and time-invariant communication graph. These
conditions are not practical for a wide variety of multi-
agent systems. In this paper we propose a new methodol-
ogy for addressing this task that permits relaxations in the
structure of the communication graph while still ensuring
the efficiency of the resulting equilibria. The communication
graph is allowed to be time-varying and even unconnected
at frequent times.

The key enabler for this result is the same as in [10], i.e.
the addition of local state variables to the game environment.
These state variables are utilized as a coordinating entity
to decouple the system level objective into agent specific
objectives of the desired interdependence. The difference
between this work and our previous work relies on the design
of local objective functions. Here, the resulting game is a
state based potential game [24] with a state based potential
function possessing a property which is invariant to the
structure of the communication graph. This is in contrast
to the design in [10] where the state based potential function
is dependent on the structure communication graph. This
invariant property of the state based potential function allows
our proposed methodology to distributively solve the global
optimization problem under almost any practical setting for
the time-varying communication graph. Therefore, there is
no specific time-varying rule modeled in this paper for the
communication graph. Our results shows that as long as the
communication graph is sufficiently connected over the time,
the distributed algorithm we propose will converge to the
optimal solution of the global optimization problem. More



rigorous arguments will follow in the later part of the paper.
The structure of the paper is as follows. Section II in-
troduces the problem setup and basic concepts for strategic
games. Section III provides a state based game design and
analyzes the properties of the designed game. Section IV
proposes a distributed learning algorithm to reach the equi-
libria in the designed state based game which represent
the optimal solution for the global optimization problem.
Lastly Section V provides a simple example to illustrate our
methodology and Section VI concludes the paper.

II. PRELIMINARIES
A. Problem setup

We consider a multiagent system consisting of n agents
denoted by the set N := {1,--- ,n}. Each agent i € N is
endowed with a set of possible decisions (or values) denoted
by V; which is a convex subset of R%, ie. V; C R%.! We
denote a joint decision by the tuple (vq,---,v,) € V =
[L;cn Vi where V' is referred to as the set of joint decisions.
There is a global objective of the form ¢ : R® — R that a
system designer seeks to minimize. We assume throughout
that the objective function ¢ is differentiable convex unless
otherwise noted. More formally, the optimization problem
takes on the form:

min,, @(v1,ve,...,0,) 1
s.t. v; € V;,Vie N

The goal of this paper is to establish a distributed inter-
action framework for this optimization problem where each
agent ¢ € N makes its decision independently in response to
local information. The agents’ decisions interact with each
other through local communication which is defined by a
communication graph. The difference between the problem
considered in this paper and the one in [10] is that we
now allow the communication graph between agents to be
time varying. We represent the information available to each
agent at time ¢ € {0, 1, ...} by an undirected communication
graph G(t) = {N,&(t)} with nodes N and edges £(t). By
convention, we let (i,7) € E(t) for all ¢ € N and t > 0.
Define the neighbors of agent 4 at time ¢ as N;(t) := {j €
N : (i,5) € &(t)}. The distributed learning framework
produces a sequence of decision v(0),v(1),v(2),... where
at each iteration t € {0,1,...} the decision of each agent ¢
is chosen independently according to a local control law of
the following form

vi(t) = F; ({”j(t - 1)}jeNi(t*1)> ’

Our goal is to design the local controllers { F;(-)}, ., within
the desired information constraints such that the collective
behavior converges to a joint decision v* that solves the
optimization problem in (1).

B. Strategic Form Games
A strategic form game consists of a set of players N =

{1,2,---,n} where each player ¢ € N has an action
set A; and a cost function J; : A — R where A £
Ap x ... x A, is referred to as the set of joint action
profiles. For an action profile a = (a1,...,a,), let a_;

IFor easa of exposition, we let d; = 1 for all ¢ € N. The results in this
paper hold for cases where d; > 1. Moreover, d; can be different from d;

if 5 # 7.

denotes the action profile of players other than player ¢,
ie, a_; = (a1,...,a;-1,0i41,...,a,). An action profile
a* € A is called a pure Nash equilibrium if for all i € N,
Ji(af,a* ;) = ming,c 4, Ji(a;, a*;).

III. STATE BASED GAME DESIGN

State based games represent an extension of strategic form
games where an underlying state space is introduced to
the game theoretic environment [9], [10], [24]. In [10], we
provided a systematic methodology for attaining a distributed
solution to (1) under the requirement of a fixed commu-
nication graph. In this section we modify the state based
game design to incorporate a time varying communication
graph. To facilitate the understanding of our method, We
begin by discussing our game design using the framework
of state based game. We then proceed to define the relevant
equilibrium concepts followed by analyzing the properties of
our designed game.

A state based game consists of the following elements:

e an agent set IV;
e a state space X;
« state dependent action sets of the form .A;(x) for each
agent ¢ € N and state x € X;
« state dependent cost functions of the form J;(z,a) € R
for each agent i € N, z € X, a € A(z) £ [[, Ai(2);
o a state transition rule in the form of Pi(x,a) € A(X)
for each time ¢. Here A(X) denotes the set of proba-
bility distributions over the state space X. We express
a state transition as z(t + 1) ~ Pi(x(t),a(t)) if the
probability for reaching z(t 4+ 1) from [z(t),a(t)] at
time t is strictly positive.
To establish a distributed interaction framework for the
optimization problem in (1), the objectives of our state based
game design are as follows:

(i) The state represents a compilation of local state vari-
ables, i.e., the state = can be represented as = :=
(21,...,x,) where each x; represents the state of agent
i.

(i1) The objective function of each agent ¢ is local and of
the form J; ({z;,a;};en,)

(iii) All “appropriate” Nash equilibria of the resulting game
represent solutions to the optimization problem in (1).

(iv) The resulting game possesses an underlying structure,
e.g. potential game [11]-[15] that can be exploited by
distributed learning algorithm.

A. A state based game design for distributed optimization

State Space: The starting point of our design is an under-
lying state space X where each state x € X is defined as a
tuple x = (v, e,G) with the following elements:

e v=(v1,...,v,) € R" is the profile of values.
e ¢=(e1,...,6,) is the profile of estimation terms where
e; = (e}, - ,e?) € R is player i’s estimation for the

joint action profile v. The term e¥ captures player i’s
estimate of player k’s actual value vg. The estimation
terms are introduced as a means to relax the degree of
information available to each agent.

e G is the undirected communication graph. We represent
the communication graph as G = (N1, Na,...,N,,)
where NN; is the neighbor sets of agent 1.



Action Sets: Each agent i is assigned an action set A;
that permits agents to change their value and change their
estimation through communication with neighboring agents.
Specifically, an action for agent ¢ is defined as a tuple

a; = (0, ;) where
. vl € R indicates a change in the agent’s value v;
= {élﬁj 58\\; indicates a change in the agent’s
estlmatlon terms e; where é¥ . ; € R represents the es-
timation value that player 7 passes to player j regarding

to the value of player k.
Since a player is only allowed to communicate with its
neighbors, the admissible actions for é; given the state x
is
5 kEN .

{{ 1—>] }]EN .
Here 0 means that player ¢ does not pass any estimation to
player j.

State Transition Rules: We now describe how the state
involves.

&, =0Yji¢ N,keN}.

o The evolution of the value profile v is captured by a
time-invariant, deterministic, and local state transition
rule of the form:

PP (x,a) = P*(x,a) = {v; + 0; }ien 2)

o The evolution of the estimation profile e is also cap-
tured by a time-invariant, deterministic, and local state
transition rules of the form:

Pf(x,a) = P°(z,a) = {eéc + n5ff}i + éf}i7keN 3)

where &F £ EJGN & i — Xjen, €i; and 0 is an
indicator function, i.e., 6! = 1 and §¥ = 0 for all k # .

o The state transmon for the communication graph G is
given as PY : X x.A — A(G) at each time ¢. Here G de-
notes the set of all undirected communication graph and
A(G) denotes the set of probability distributions over
this set. In practice d1fferent applications would have
different evolution rule P To ensure the generality
of our model, we do not assign any specific evolution
rule for P¢ and later we will show that as long as the
undirected G(t) is connected sufficiently over the time,
our approach can solve the optimization problem (D).
Notice that since the state transition rule P is allowed
to be time-dependent/variant, the evolution rule Pg can
also model the situation where the graph transition is
determined/affected by exogenous disturbances.

Notice that each agent i can update its own local state (v;, e;)
using local state and action information through Equation
(2,3). Since the optimization problem in (1) imposes the
requirement that v; € V;, we condition the available actions
for ©; to an agent ¢ on the current state x = (v, e) as:

.A;)((E) = {@1 Tv; U € V;} 4)
£ AY(z) x

The admissible action set is defined as A;(z)
AS ().

Invariance Property of State Dynamics: Let v(0) =
(v1(0), ..., v,(0)) be the initial values of the agents. Deﬁne

the initial estimation terms e(0) to satisfy Y,y €¥(0) =
n - v (0) for each agent k € N; hence, the initial estimation

values are contingent on the initial values. Note that satisfy-
ing this condition is trivial as we can set €}(0) = n-v;(0) and
el(0) = 0 for all agents i,j € N where i # j. Define the
initial state as x(0) = (v(0), e(0),G(0)). It is straightforward
to show that for any action trajectory a(0),a(1),--- ,, the
resulting state realization z(t + 1) ~ P;(z(t), a(t)) satisfies
the following equalities for all times ¢t > 1 and agents k € N:

n

Z eX(t) =n-u(t) (5)

i=1

Agent Cost Functions: The introduced cost functions pos-
sess two distinct components and take on the form

Ji(z,a) = J?(x,a) + a - JE(z, a) (6)

where Jj’ (+) represents the component centered on the ob-
jective function ¢; J¢(-) represents the component centered
on the state x; and « is a positive constant representing
the trade-off between the two components.”> We define each
of these components as follows: for any state z € X and
admissible action profile a € [];. 5 Ai(z) we define

J?(‘T,a) Z]eN ¢( €5, 375‘3?)
Ji(z,a) = ZjeNi ZkeN( j) _n(ﬁi)Q

where ¥ = PY(x,a) and € = P¢(x,a). The local cost
function in (7) is the main difference between the design
in the paper and the design in [10]. The rest of the paper
shows that the new local cost function design allows us to
deal with time-varying communication graphs.

(7

B. Analytical properties of designed game

Before analyzing the properties of the designed game, we
introduce one core equilibrium concept that we will use in
this paper. Define a state set X (z°,a’) as the set of all
possible ensuring states from the state action pair [z°, a°]:

X (29, a)—{x—(veg)
v = P“(x ,a9%),
e = P¢(z¥ ,ao)7
G is an undirected graph}

Definition 1. (Stationary Nash Equilibrium) A state pair
[x*,a*] is a stationary Nash equilibrium if
(D-1): for any x € X (z*,a*):

a; € Ai(r) and a; € argming ¢ 4,(,)Ji(7, a;,a”;).
(D-2): x* € X(z*,a").

The first condition is similar to Nash equilibrium concept
and the second condition requires that the state component v
and e are stationary. As the structure of the graph transition
rule PY can be very general, in the definition of X [z*, a*] we
1nclude all the undirected graph as possible ensuing commu-
nication graph. The two conditions implies that stationary
Nash equilibria represent fixed points of the better reply
process for state based games under any communication
graph transition rule Ptg That is, if a state action pair at
time ¢, i.e., [x(¢), a(t)] is a stationary Nash equilibrium, then

2We will show that as long as « is positive, all the results demonstrated in
this paper hold. However, choosing the right « is important for the learning
algorithm implementation.



a(7) = a(t) for all time 7 > ¢ if all players adhere to a better
reply process. The following theorem demonstrates that all
stationary Nash equilibria of our designed game are solutions
to the optimization problem (1).

Theorem 1. Model the optimization problem in (1) as a
state based game G as depicted in Section IlI-A with any
positive constant «. Then a state action pair [x,a] =
[(v,e,G),(0,€)] is a stationary Nash equilibrium in game
G if and only if the following conditions are satisfied:
(i) The value profile v is optimal for problem (1);
(ii) The estimation profile e satisfies that ef =g, Vi, k €
N;
(iii) The change in value satisfies 0; = O Vi e N;
(iv) The change in estimation satisfies ¢¥ . =0, Vi, j, k €
N.

The above theorem demonstrates that the resulting equi-
libria of our state based game coincide with the optimal
solutions to the optimization problem in (1). Moreover, from
this theorem, it is straightforward to derive the following
corollary:

Corollary 2. If a station action pair [z*,a*] =
[(v*,e*,G*),a*] is a stationary Nash equilibrium, then any
station action pair [(v*,e*,G),a*] is a stationary Nash
equilibrium for any undirected graph G.

The following theorem demonstrate that the designed
game possesses a property similar with potential games that
facilitates the design of learning rules to reach such stationary
Nash equilibrium.

Theorem 3. Model the optimization problem in (1) as a state
based game G as depicted in Section III-A with any positive
constant o. The following function ® : X x A — R

®(z,a) = d®(z,a) + - D°(z,a) 8)
where
(1345(1',(1) = Zd) €i, z»' 5 €) ©))
iEN
®(z,a) = DY () -nd @) 0
i€EN EEN i€EN

0= P"(z,a) and é = P°(x,a),

satisfies the following two properties:
1) For every state action pair [x,a] any player i € N any
action a; € A;(x),

Ji(z,d; a_;) — Ji(z,0) = ®(z,a),a_;) — D(x,a)

2) For every state action pair [x,a] and any ¥ € X (z,a),
we have (I)(:C a) = ®(&,0) where 0 is a null action
given as v; = 0,¢;,;, =0 for any i,k € N.

Moreover, ®(z,a) is a convex function over a = (0, é).

Property 1) and 2) of this theorem demonstrate that the
function ®(x,a) satisfies the properties of a state based
potential function defined in our previous paper [9], [10].
Thus we call this game a state based potential game and
®(x,a) a state based potential function.

Notice that ®(x,0) is independent of the communication
graph G. Therefore, even though the communication graph
G is time varying, Theorem 3 establishes that our state based

game design possesses an underlying structure that facilitates
the design of distributed algorithms to reach stationary Nash
equilibria. In the next section, we provide a distributed
learning algorithm to reach those stationary Nash equilibria
that were characterized in Theorem 1.

IV. GRADIENT PLAY

Since the state based potential function ®(x,a) is a
convex function over a = (9,é), we can apply gradient
play algorithm [9], [10] to develop a distributed learning
algorithm for the state based game depicted in section III.
In this section, we assume that V; is a closed convex set for
all 7 € N. The gradient play algorithm is given as follows:

1) Each agent ¢ initially random choose a value v;(0) and

set e! = nv;(0) and €¥(0) = 0 for all k # i. Set t=0;

2) At each time ¢ > 0 each agent ¢ selects an action a; (t)

(0:(t),é:(t)) given the state x(t) = (v(t),e(t),G(t))
according to:

L

a(t) = [76 2% (=8 e) } (11
i +
= |- m@um+%mx>—mm]
. oJ;
by = —e 2ialhd) (12)
ez—}] a=0
= (bl = Bly + 20 (b0 - 5 1))
where []+ represents the projection onto the closed convex

set A?(x); and € is the stepsize which is a positive constant.
Notice that each agent ¢ can selects its own action using
local information since J;(-) only depends on local
information.

3) Each agent ¢ updates the local state (v;(t+1),e;(t+1))
according to Equation (2) and (2) using its own local
information. The communication graph G(¢) is realized
according to P¢.

4) Increase t by 1 and return to step 2.

The following theorem establishes the convergences of the
gradient play.

Theorem 4. Suppose there exist an integer k > 0 such
that the undirected communication graph G(t) is connected
for at least one time step t € [nk,nk + k — 1] for all
n > 0. If the step-size is sufficiently small, and the sequence
(v(1),e(1)), (v(2),2(2)),- - produced by the gradient play
algorithm is contained in a compact subset of R*™, then
[v(t),e(t),a(t)] in the gradient play algorithm asymptoti-
cally converges to [(v*,e*),0] where [(v*,e*,G),0] is a
stationary Nash equilibrium with any graph G.

Proof: Notice that ®(x(t),0) is independent of G(¢),
therefore we can write ®(z(t),0) as ®(v(t),e(t),0). Then
we can show that ®(x(¢),0) is monotonically decreasing
along the gradient play algorithm. The proof of the
convergence follows exactly the same as the proof for
Theorem 4 in [9]. We omit the details here. a

Combining with Theorem 1, Theorem 4 demonstrates
that gradient play algorithm provides a distributed learning
algorithm to solve the optimization problem in (1).

Remark 1. The theorem requires a strong condition on the
undirected communication graph G(t), i.e. it is connected



frequently enough, the results can be extended to more
general cases. For example, it can be shown that if there exist
a finite k > 0 such that UFTF=1G(t) &2 (N, UTMEF1e(t))
is connected for all T > 0, then the gradient play algorithm
will converge to the stationary Nash equilibrium. As a
non-rigorous statement, as long as the union of G(t) over
a finite time horizon is connected frequently enough, the
gradient play algorithm will converge to a stationary Nash

equilibrium.
V. ILLUSTRATIONS

We will use a simple abstract example to illustrate the
problem and the method. Consider the following optimiza-
tion problem:

min vl Pu+q¢Tv
V1s..+,U5

s.t. v; €[04 CR
where ¢ = —[99 9 9 9] and

6 1 1 1 -1
1 7 1 -1 2
P=]1 1 8 2 -2
1 -1 2 9 3
-1 2 -2 3 9

The goal is to establish a local control law for each agent

¢ that converges to the optimal value v;. One possibility
for a distributed algorithm is to utilize a gradient decent
algorithm where each agent adjust their own value according
o 22 = 230 P(i,5)v(j) + q(i)v(i). As P is full-
itemized matrix, implementing this algorithm requires each
agent to have complete information regarding the decision
of all other agents.

Using the method developed in this paper, we localize the
information available to each agent by allowing them to have
estimates of other agents’ decision value. We simulate the
gradient play algorithm with a time varying communication
graph. In the simulation, at each time ¢ > 0, each the
communication link (7, j) is drawn randomly with a certain
probability. Figure 1 illustrates the results of the gradient play
algorithm and an animation movie of the simulation is avail-
able to download on website [25] which shows the algorithm
dynamics and the communication graph dynamics as well.
The top figure in Figure 1 shows the evolution of the cost
¢(v) using the true gradient decent algorithm (red) and our
proposed gradient play algorithm (blue). The figure shows
that the convergence rate is comparable to the centralized
gradient descent algorithm. Also we can notice that ¢(v(t))
for our distributed algorithm is not monotonically decreasing.
This is reasonable since the gradient play only guarantees the
potential function ®(x(¢), 0) monotonically decreasing. This
is confirmed in the middle figure of Figure 1 which shows
the evolution of the state based potential function ®(z(t), 0).
The bottom figure shows the evolution of agent ¢’s estimation
error as to agent 1’s true value, i.e., e} —wv1. Note that the error
converges to 0 illustrating that the agent’s estimate converge
to the right values as proved in Theorem 1 and 4.

VI. CONCLUSIONS

We utilize the framework of state based potential games
to develop a systematic methodology for distributed opti-
mization with a time-varying communication graph. This
work, along with previous work [9], [10], demonstrates the
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Fig. 1. Simulation results: The top figure shows the evolution of the
system cost using the true gradient decent algorithm (red) and our proposed
algorithm (black). The middle figure shows the evolution of the state based
potential function ®(x(t),0). The bottom figure shows the evolution of
agent 4’s estimation error as to agent 1’s true value, i.e., ei1 — v1. Note that
the error converges to O illustrating that the agent’s estimate converge to
the right values as proved in Theorem 1 and 4.

framework of state based potential games leads to a value
hierarchical decomposition that can be an extremely powerful
for the design and control of multiagent systems.
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APPENDIX
A. Proof of Theorem 1

Proof: Firstly we prove that the two conditions in
Definition 1 of a stationary Nash equilibrium, (i) a; € A;(z”)
for any 2’ € X(z,a) and (i) x € X(z,a), are equivalent to
Condition (iii) and (iv) in Theorem 1, i.e. action « is a null
action 0. For one direction, it is straightforward to show that
if the action a is a null action 0, then a; € A;(z’) for any
z' € X(z,a) and z € X(z,a). For the other direction, it is
also can be shown that if the action ¥ # 0 then z ¢ X (z,a)
and if the action é # 0, a; ¢ A;(z") for some .

Now notice that a = O ensures that the ensuing value
profile PY(x,a) = v and the ensuing estimate profile
P¢(x,a) = e, which means that

X(x,0) = {(v,e,G") : G is an undirected graph}.

Therefore the rest of the proof only need to show that the
condition in Definition 1, 0 € argming ¢ 4,(,)Ji(2", a;,0)
for any ' € X(z,0), is equivalent to that (v,e) satisfies
Condition (i) and (ii) in Theorem 1. Given a state T e
X(z,0), the condition 0 € argmin, ¢ 4,(,Ji(2', a}, 0) is
equivalent to:

8J;(w,a’,a_;=0)

/U] (04 —0) >0,Vi € N, 9! € AV()

—0,¥i,k € N,
a;:O

The two equations are equivalent to

[q&i\ei + 20 - nel — 2a-nv;| - (v —v;) >0,

Vi € N, o, € A (z). (13)
¢k7|ei - ¢k|ej - (20{(6? - ef)) = Oa
Vi,k € N, j € N;, (14)

Therefore, the rest of the proof only need to show that two
Equations (14, 13) are equivalent to Condition (i) and (ii) in
this theorem.

(<) If (v, e) satisfies conditions (i) and (ii), we have:
[¢il,] - (v —v;) >0, VieN, v;eV;, (15
k Vi, k € N. (16)

i = Uk,
Equation (16) tells that equation (14) is satisfied. Subsi-
tituting equation (16) into equation (15), we know that
equation (13) is satisfied. Therefore, both Equation (13) and
Equation (14) are satisfied.

(=) Now we prove the other direction. Suppose (v,e)
satisfy Equation (14, 13). Focus on equation (14) first.
Applying Lemma 5 in the following, equation (14) coupled
with the fact that ¢ is a convex function implies that for any
pairi € N,j € N;.&; = éj.

Given an connected and undirected graph G, we know
that e; = e; for all 4, 7 € N. Applying equality (5), we have
ei? = v, Vi, k € N, i.e. (v,e) satisfies Condition (i) listed
in the theorem. Subsitituting this equality into equation (13),
we have

[¢il,] - (0] —v;) > 0,Vi e N, v, € AY () a7y

Since ¢ is a convex function, this tells us that v is an

(&

optimal solution for problem (1). a
Lemma 5. Given a convex function ¢(z1,z2,...,2,) and
two vectors x = (x1,...,%,) and y := (y1,...,yn), if for

any k = 1,2,...n, we have ¢, — q5k|y = ag(yr — xx)
where oy, > 0, then T = y.

In our previous paper [10], we have proved this lemma.
However, there is a mistake in the proof. We provide a correct
proof here.

Proof: Since ¢ is a convex function,

$x) = oy)+ (@ -y Vgl

$y) = o(2)+(y—2)" Vel
Adding up the two inequalities gives 0 > (z — y)T(V¢|, —
Vélz). Since ¢pls — drly = a(yr — ) for all k,

0> Zak(m —y)? >0
k
Therefore = = y. g

B. Proof of Theorem 3

Proof: Tt is straightforward to verify that ®(z,a)
defined in Equation (8) satisfies Properties 1) and 2) in
Theorem 3. So we only need to prove that ®(z,a) is a
convex function over a = (0,¢é). Substituting equality (5)
into ®*(x, a) which is defined in equation (8),

IOEIEE S|

keEN ieEN keEN

- Sz (ze)
- sz )

kEN \i,jeN,j<i

d*(z,a) =

Therefore ®*(z,a) is a convex function of é. Since ® is
also a convex function of &, ®(x,a) is a convex function of
¢ as well. Thus ®(x,d) is a convex function over a = (0, )
for € is a linear function of (v, é). O



