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Abstract—The increasing distributed energy resources intro-
duce rapid and fast fluctuations in power supply and demand.
As a result, the control and economic optimization for power
networks need to operate at faster time-scales for reliability and
economical efficiency. In this paper, we consider the problem of
achieving real-time economic dispatch for power networks with
controllable loads. We first present the dynamics over the trans-
mission network under exogenous disturbances and formulate an
economic dispatch problem with the power network congestion
constraints. We then propose a saddle point design framework
in which system dynamics and the optimization problem are
combined to derive a completely distributed controller. As a
result, the closed-loop system asymptotically converges to an
equilibrium point where the optimization problem is solved. An
example using the IEEE 14-bus network illustrates the effective
performance of the control scheme.

Index Terms—Power system, optimization, distributed control,
frequency control, reverse-engineering.

I. INTRODUCTION

Conventional frequency control in power networks is de-
signed and implemented in a layered way, including primary,
secondary and tertiary control [1]. When disturbances occur,
the primary frequency control operates at a time-scale of sec-
onds to adjust the mechanical power input of generators based
on local frequency deviations. Then secondary frequency
control, aka Automatic Generation Control (AGC), takes place
at a time-scale of 10 seconds to minutes to restore nominal
frequency and scheduled interchanges of tie-lines. Lastly, the
tertiary control, aka Economic Dispatch (ED), operates at a
time-scale of minutes to determine the economically-efficient
nominal operating point of the mechanical power generation
and power interchanges of tie-lines.

This layered frequency control mechanism works well
because of high predictability and low uncertainty in the
system [2]. However, as renewable energy and dynamic de-
mand are introduced, the power grid will face increasing and
large uncertainties and variability in both supply and demand.
In order to maintain system-wide efficiency, reliability and
robustness under these changes, recent work has focused on
the redesign of conventional frequency control approaches
that combines different layers/time-scales together, in either
distributed, decentralized or centralized manner [2]-[11]. For
example, [2], [3], [4] presented distributed real-time control
architectures which merged primary, secondary, and tertiary
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frequency control for power networks with controllable loads,
so as to achieve system-wide efficiency and reliability. In [5],
[6], [7], [8], [9], conventional generation control was combined
with ED automatically and dynamically, providing optimiza-
tion views to redesign frequency control. In [10], [11], optimal
load control schemes were proposed, which were used to
balance power and/or restore the nominal frequency after a
disturbance.

In this paper, we merge and redesign conventional primary
and secondary frequency control for power systems. Moreover,
we consider controllable loads [12] participating in active
power regulation. Unlike most previous work, we propose a
saddle point design framework that enables power networks
to solve a general DC Optimal Power Flow (OPF) problem
dynamically, i.e., to achieve Real-time Economic Dispatch
(RED). The key steps of our approach include: (i) reverse-
engineer the power system model as a primal-dual gradient
dynamics [13], [9] to solve a saddle point problem; (ii) derive
a second saddle point problem for an ED problem which is
formulated as a DC OPF problem where the power network
congestion constraints are considered; (iii) combine the two
saddle point problems and derive a distributed dynamic feed-
back controller through optimization decomposition methods.
The resulting controller is completely distributed and scalable,
only requiring each bus communicating with its neighbors.
Moreover, the overall system asymptotically converges to an
equilibrium point where the DC OPF problem is solved and the
power network congestion constraints are satisfied. This saddle
point design approach is powerful and general in the sense
that it allows us to design control rules that drive the system
to a steady state solving other convex optimization problems
if we replace the DC OPF problem with the corresponding
optimization problem.

The rest of the paper is organized as follows: In Section II,
we present the model of a transmission level network under
exogenous disturbances, and formulate the RED problem. In
Section III, we propose a saddle point design framework to
solve the RED problem. In Section IV, we present numerical
examples using the IEEE 14-bus network to illustrate the
properties of the resulting control scheme. Conclusions and
future work are presented in Section V.

II. PROBLEM SETUP
A. Power Network Model

Consider a transmission level network with arbitrary topol-
ogy, described by a connected undirected graph (G|JL,&).
Here G is the set of generator buses, £ is the set of load



buses, and £ C (G L) x (G L) is the set of transmission
lines. Each generator bus contains only one synchronous
generator, and each load bus contains only one load which
is an aggregation of a certain number of users at the bus it
is connected to (alternatively speaking, each load corresponds
to a distribution level network). This can be realized through
introducing fictitious buses [14]. View all buses as voltage
sources and let the voltage of each bus be v;Z£6;,7 € GJ L,
where §; is the voltage phase angle with respect to the
rotating speed w?, e.g., 2 x 50Hz in Europe. Assume that the
network is working around a nominal operating point which
is determined by an ED problem at a more slower time-scale.
In this paper, we make the following assumption, which is
commonly used in transmission level networks [15], [1].
Assumption 1: All bus voltage magnitudes are fixed, i.e.,
v;, 1 € G|J L are constant. The resistance of transmission lines
is negligible. Reactive power injections and flows are omitted.
To simplify the notation, in the rest of the paper, all state
variables denote time-varying deviations from their nominal
operating values. Let w; = Si,i € GUL and §;; = —6j; =
d;—90j,(4,j) € €. The dynamic model we use for the network
is derived through linearization and is given by [14], [1], [6]

Mo + Diw; = P, —di = Y Tydij, i €G (la)
(2,7)€E
Diw;=—Py, —di— Y Tydij, i€ L  (Ib)
(i,5)€€
bij = wi —w;, (i,§) €E (I¢)
Py, =T (Po, — Pa, — R7'wi), i €G. (1d)

Here M; > 0 is the generator inertia, D; > 0 is the damping
coefficient, Py, is the mechanical power input, P, is the
power consumption of controllable loads, d; is the disturbance
injection, e.g., variations on both supply and demand, and
renewable energy injections. Also, T;; = U?U?Bij cos (89 —
89), (i, 4) € £, where variables with the subscript zero denote
their nominal operating values, and B;; = Bj; > 0 is the
susceptance of the transmission line connecting buses ¢ and
7. The turbine-governor system for each generator is modeled
by Equation (1d), where P¢, is the command/control input to
the generator and T, , R; > 0 are constant parameters. Note
that we have simplified the dynamics of the turbine-governor
system using a first-order model as in [6].

Remark 1: Given Pg,,d;,i € G and Pr,,d;,i € L, the
equilibrium point of system (1) is:

ZiGQ(PCi - di) - Z'LEL‘,(‘PLi + di)

wi =w" = - ,i€G (2a)
' YicgucDit+Xieg R '

05 =0; =065, (i,j) €€ (2b)

Py, =Pc,— Rj'w}, i€G (2¢)

where §7,i € G|J L is the solution of
Z T;5(6; — 9;) = Pe, —di—(Di—f—R;l)wf, 1€§g
(i.5)€€

Z Tij(6; — 6;) = —Pr, —d; — Diw™, i € L.
(i,5)€€

The above equations result in multiple solutions for §;,i €
G £ but unique ¢;; = §; —d;, (4, j) € €. Thus, we conclude
that given Pc,,d;,i € G and Pp,,d;, ¢ € L, the states w;, d;;
and Py, of system (1) will converge to a unique equilibrium
point of system (1) as above (the convergence will be shown
later). This is in accord with Remark 5 in [10]. (Il

B. Real-time Economic Dispatch (RED)

Suppose that the network is operating around a nominal
state determined by an ED problem at a more slower time-
scale, and that a constant disturbance d;,i € G|J L occurs.
As a result, the frequency deviates from the nominal value. It
is expected that generators and controllable loads can adjust
their power generation Pg;,, ¢ € G and consumption Pr,,,7 € L
respectively in real-time using local information, not only to
release the overall system from stress, i.e., to restore the grid
frequency, but also to result in a better supply-demand balance,
e.g., minimizing generation cost, maximizing load utility,
and satisfying transmission line congestion constraints. These
goals lead to a steady-state optimization/DC OPF problem:

Pl g ) g

€L

(3a)

subject to Pyy, —d; — Y Ty5(6;—0;) =0, i€ G (3b)

(4,5)€E
—Pp, —d; — Z T;;(0; —05) =0, i € L (3¢)
(i,4)€€
PEin < Py, < PR ieg (3d)
PPn< P < PP e L Ge)
min < T8 — 6;) < PR (i,j) €€ (3f)

where C;(Py,) is the cost function for each generator,
U;(Pr,) is the Utility function for each controllable load,
Equations (3b)-(3c) represent power flow balance at each bus,
Equations (3d)-(3f) are capacity constraints for generators,
loads, and transmission lines respectively, and P'C“ii“, ng",i S
g, Pi‘fii“, Pr*™ie L, P{ﬁ‘&j , P}né"ij, (i,§) € € are corrgspond-
ing capacity bounds. Note that by setting le?éi‘J = Pjr%‘ij, the
scheduled power flow in line (7, j) can be maintained. For (3),
we have a related assumption, which is extensively used in the
literature [6], [10], [3], [4].

Assumption 2: Problem (3) is feasible. Moreover, each C;
is a strictly convex function in Py, and each U; is a strictly
concave function in Pr,.

Since the dynamics of Py, and d; are constrained by (1)
during the transient, they therefore cannot be instantaneously
set to the solution of problem (3). Note that Equations (3b)-
(3¢c) require the frequency to be restored when system (1)
reaches steady state, i.e., w; = 0,i € G|JL. According to
Remark 1, this results in PM = P¢,,i € G in steady state.
So we can reformulate problem (3) as one that can be used to
design Pg,,i € G and Py, € L, given by

i 300~ S0

€L

(4a)

subject to Po, —d; — | Ti(0; —0;) =0, i€ G (4b)
(i-1)€E



— P —d; —

Z T;;(0; —

(i,7)€€

6,) =0, i € L (4c)

PE™ < Po, <PE™ i€g (4d)
PPt < P <P ieL (4e)
PRE. < Ty(0;—0;) < PP&., (i,5) €€ (4D

where 60;,i € G U/j are ancillary decision variables. In fact,
we have replaced Pyy,,d; in (3) by Pc,,0; to derive (4).

Proposition 1: Given the control input Pc ,i € G and
P} i € L to system (1), where (Pg, , P;_,07) is the optimal
solution of (4), the equilibrium point of system (1) satisfies
Py = Pg.,i € Gand 67 = 07 —07,(i,j) € E. As aresult,
(P3y,, Pr.,07) is an optimal solution of problem (3).

According to the above proposition, the optimality of prob-
lem (3) is preserved after the reformulation. Finally, the Real-
time Economic Dispatch problem is described as: design
Pc,,i € G and Ppr,,i € L so that for given d;,i € G|JL,
system (1) is driven to an equilibrium point where the steady-
state optimization problem (3)/(4) is solved.

III. A SADDLE POINT DESIGN FRAMEWORK
A. Reverse-engineering

In this subsection, we reverse-engineer system (1) as a
primal-dual gradient dynamics [13], [9] to solve a saddle point
problem. The resulting saddle point problem will allow us
to embed the steady-state optimization problem for control
design. We first present two lemmas relating to properties of a
saddle point of a function and primal-dual gradient dynamics.

Lemma 1: Let f(z,y) € C% R* x R® — R satisfy:
for all x,y, V2f = 0,V2f =< 0. Then (Z,7) is a saddle
point of f, i.e., f(Z, y) < f(&74) < f(x,7), if and only
if Vo yfle=zy=y = 0. Here C? is the class of functions
that are 2 times continuously differentiable. V2 f(x) denotes
the Hessian matrix of f(x) with respect to . X > 0
(X > 0) denotes that a square matrix X is positive semi-
definite (positive definite). V. f(z) denotes the gradient (as a
row vector) of a scalar function f(z) with respect to x.
Proof: This Lemma is a corollary of the Karush-Kuhn-Tucker
(KKT) conditions, the proof of which can be found in [16]. W

Lemma 2: Let f(x,y) € C*: R® x R® — R satisfy: for all
x,y, V2f =0, Vi f =2 0. Then the trajectories of the primal-
dual dynamics [13]/saddle point dynamlcs [9] given by

e (91

- (a)
of
Ky<5y>

are bounded, where K, € R*** K, € RY*® are positive
definite constant matrices. Furthermore, if either Vg f=0or
Vf! f = 0 holds, the trajectories of (5) asymptotically converge
to a saddle point of f.
Proof: The proof follows the content of Section 2 in [13] and
Proposition 13 in [9]. |

Now consider a candidate Lagrangian Lo(0;;, Pu,,w;i) €
C? :RIEI x RI9! x RI9I - R given by

1
Lo==2_3p,

i€G

(5a)

(5b)

2

D;w; — Py, + d; + Z T,‘j(sij
(i,5)€€

+ Z 2D Py, — Z T;j055
i€G (i,7)€€
2
+22D P +di+ Y Tydi
el (i,5)€E
+ Z (Pu, — Po,)” 6)
i€g

where 6,5, Pay, ,w; are decision variables', and Pc,, Pr,,d; are
constant. Note that for simplicity, we have used the same nota-
tion as in the dynamics (1). Since Vg Py Lo = 0, \%8 Lo <0
are true, Lo is convex in d;;, Py, and strlctly concave in wj.
We can then formulate a saddle point problem as
min max Lg. 7
0ij,Pn;  wi 0 @
Through straightforward derivation, we can show that system
dynamics (1) is actually the saddle point dynamics (5) of Lg,
due to the following equalities:

OLo = M;w;, i € G (w; is given in (1a))
Gwi
OLo = fTijSij, (i,j) € &€ (&'j is given in (1c))
06;;
OLo _ —Tra,RiPy,, i € G (P, is given in (1d)).
8P]y[i ‘ ‘ ‘

Because of Lemmas 1-2, the following theorem can be proven.
Theorem 1: The trajectories of system (1) asymptotically
converge to a saddle point of problem (7).

B. A Saddle Point Design Approach

We now propose a saddle point design approach to solve
the RED problem defined in Section II-B. Formulate the

Lagrangian of (4) as
L(PCaPngzaszAu,ufza,ufzv ) l’lU’l] ZC PC

i€G

=S UL+ Y G| Po - di— Y Ty(0: - 6))
ieL 1€G (i,)€€

I ST TR S R RS wyrers
€L (i,j)€€ i€g
mdx + Z'ul mm PC + ZV Pmdx)

i€G €L

+Zv;<Pﬂi"—PL > (T8 - 6) — PRE)
€L (i,j)€€

+ D 15(PRE, — Tis(6: — 0))) ®)
(i,5)€€

where (i, pi7, 1y 11 € G, N,y vy yi € Loand I, 15, (i, 5) €
& are Lagrange multipliers (dual variables) for the constraints
in (4). For convenience, denote a = (u, iy, v, v; ,l:;,l”)

"Here we require &;; = —d,;,(4,5) € E. Thus there is only one free
decision variable between J;; and &;;.



and o > 0 means p;, i , v, v, , 15, 17; > 0. We then obtain

i ijo Yij
the following saddle point problem:
i L,.
Pcfgg,@i azr{)lu%f(a)\i P ©)
Under Assumption 2, strong duality holds [16]. As a result,
solving problem (4) is equivalent to solving problem (9).
Consider the augmented saddle point problem given by

min max

Lyog = Lo +~L
8i5,Pat,  Po, Pr, 05 a>0,C Aiyws e

(10)
where v > 0 is constant. We then have a related proposition
regarding the saddle point problems (7), (9) and (10).

Proposition 2: If (wy], 6%, Py, P&, Pr,, 07, Af o) s
a saddle point of L,.q, (w], 5;}, Pj\}i) is a saddle point of L
and (P, , Py ,07,C, Af, ") is a saddle point of L.

Since vgrij,PMi,Pci,PLwai Lyea = 0 and viu(iv\uaL”d =0
hold, under Lemma 2, the trajectories of the primal-dual
gradient dynamics given by Equation (11) are bounded. Note
that the projection in (11j)-(110) does not affect the result in
Lemma 2 [13]. In Equation (11), {{;, \;} = {; when i € G and
{Ci, A\i} = i when i € L, K¢, Ko, K¢, K+, K -,i € G,
KLNKOUK/\”KZ,%KU?J e L, KlfrJKl (Z,j) € & are
all positive constant representing the controller gains, ljj =
Ui, (i,5) € & is always true, and (h(y)); is the positive

o
ij

projection of a function h(y) on a variable z given by

(h(y)z = { ﬁfﬁi(o,h(y))

ifz>0
ifz=0

Power network dynamics:

M + Diw; = Pag, —d; — Y Ty3dij, i€ G (11a)
(i,5)€E
Diw; =Py, —di— Y Tydy, i€L (11b)
(i,7)€€
bij = wi —wj, (i,§) €E (11c)
Py, =Tyd (Po, — Pa, — R 'wi), i €G (11d)

Control input dynamics:

Pe, = Ko, (Ri(Py, — Pe,) = y(Ci(Pe,) + G+ i — 7))
ieg (1le)

Pr, = Ky, (wi +(UL(PL,) +\i — v +v7)), i € L (116)

Ancillary variable dynamics:

Power network dynamics
(11a)-(11d)/(1a)-(1d)

Optimal solution of
Control input dynamics | problem (3)/(4)

(11e)-(11f)

! Controller to solve
the RED problem

Ancillary variable dynamics
(11g)-(110)

Fig. 1: Block structure for system (11).
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Fig. 2: IEEE 14-bus network, with 5 generator buses, 9 load
buses and 20 transmission lines. The buses are numbered with
red blocks. The transmission lines are numbered with brackets.

v =K, (PP —Pr)t i€l (11m)
i = i (15 (0 = 05) — %“c)lt (i,j) €& (llm)
Ii; = K- (PP&,, — Ti(0; — b)), (i.j) €€ (llo)

It is important to note that controller (11e)-(110) is com-
pletely distributed, i.e., states are updated using only local
information and signals from their neighborhood.

Theorem 2: Under Assumption 2, the trajectories of sys-
tem (11) asymptotically converge to a saddle point of L,.q,
denoted by (w;,d7;, Pry,, PG, Pr,, 07, G Af, ). Moreover,

(Pxg,» P, 07;) is optimal solution of problem (3).

Theorem 2 immediately leads to the optimality and stability
of system (11), whose block structure is show in Figure 1. The

91‘ = Ky, Z Tij({Ci; i} — {Cj,)\j} — l;; + l;j), = gUg benefit of the saddle point design approach is summarized

(i,5)€€&
(ITg)

G=Ke | Po,—di— > Ty0:i—0;)|,i€G (lh)
(i,5)€€

Ni=K\ | -Pp, —d; — Z Ti;(0; —60;) |, i€ £ (110)

i = K (P~ PE ieG (1)
i =K, (PEN—Po)f i€ (10
i =K (P ~ PP el QD

as follows. First, the approach allows us to embed different
kinds of steady-state convex optimization problems, where
problem (4) is a typical example. Second, as long as the opti-
mization problem is distributed, e.g, with separable objective
functions and local constraints, the resulting controller is com-
pletely distributed. Third, the trajectories of the closed-loop
system are bounded, and can be further proven to converge to
an equilibrium point where the optimization problem is solved,
as illustrated in Theorem 2.

IV. NUMERICAL INVESTIGATIONS

We now present numerical investigations using the IEEE
14-bus network illustrated in Figure 2. The parameters of the
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trolled case. Right: controlled case.
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Fig. 6: Transmission line power flow. Left: uncontrolled case.
Right: controlled case.
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Fig. 7: Power flow through line 7 (blue), 13 (green), 14 (red).
Left: uncontrolled case. Right: controlled case.

overall system are randomly selected within ranges given by:
M,; € [8, 12], D, € [0.3,2], Tij S [20,30], TTGi S [3,7], R;, =
0.05, Y= 2, Kci = KLi = 15, Kgi = Kci = KM = K%ﬁr =

K‘u,f = Ku+ = Ky.f = i+ = Klf = 10’ Ci(PC1j =
ij i

i

< P2 and Uy(Py,) = —% P2, where ¢; € [0.01,0.2), PR —

—PE™ € [0.1,0.5], PP = —Ppin € [0.1,0.5], PR&

—Ppg, =1 except TCw = — .. = 0.5 (corresponding
to line 7), 7"323‘78 = — %“878 = 0.3 (corresponding to line 13)
and Pre = —Pre. = 0.8 (corresponding to line 14), all in

per unit (p.u.).
We consider a scenario consisting of two disturbances which
is realized as follows: the system is stabilized at the nominal

operating point at t = Os; at ¢ = 5s, there is a step change d; =
+2p.u. at bus 6; 40s later, there is a step change d; = —2.5p.u.
at bus 9. The simulation results are shown in Figures 3-7.
Compared with the uncontrolled case (shown in figures on the
left), we can see that the proposed control scheme restores the
grid frequency quickly under disturbances. Moreover, it can be
verified that the optimization problem is solved when system
reaches steady state, i.e., generation cost is minimized within
capacity limit, load utility is maximized within capacity limit,
and transmission line congestion constraints are satisfied.

V. CONCLUSION AND FUTURE WORK

In this paper, we have proposed a saddle point design
framework to solve the Real-time Economic Dispatch prob-
lem. Under exogenous disturbances, the distributed controller
derived through this framework asymptotically stabilized the
power network at an equilibrium point which solved the
steady-state optimization problem (3)/(4).

Future work will focus on nonlinear power system dynam-
ics under this framework. Another direction is to apply the
framework to solve tracking problems for linear systems.
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